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PREFACE. 


I have endeavoured in the following Treatise to exhibit the 
subject in a simple manner for the benefit of beginners, and 
at the s me time to include in one volume all that students 
usually require. In addition, therefore, to the propositions 
> which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation , which are of more 
recent origin ; these methods which arc of a less elementary 
character than the rest of the work, arc placed in separate 1 
chapters, and may be omitted by the student at first. 

The examples at the end of eacli chapter, will, it is hoped, 
furnish sufficient exercise on the principles of the subject, 
as they have been carefully selected with the view of illus- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The properties of the parabola, ellipse, and hyperbola, have 
been separately considered before the discussion of the general 
equation of the second degree, from the belief that the subject 
is thus presented in its most accessible form to students in 
the early stages of their progress. 


St John's College, 
Juhjy 1855 . 
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PREFACE. 


In the second edition the work has been revised and some 
additions have been made both to the text and to the exam- 
ples; the hints for the solution of the examples have also been 
considerably increased. 

March, 1858. 


In the third edition some articles which experience proved 
to be difficult for students have been simplified and improved, 
and a few additional illustrations have been introduced. In 
consequence of the demand for the work proving much greater 
than had been originally anticipated, a large number of copies 
has been printed, and a considerable reduction effected in the 
price. 

January, 1SG2. 
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PLANE CO-ORDINATE GEOMETRY. 


CHAPTER I. 

CO-ORDINATES OP A TOINT. 


1. Tn Plane Co-ordinate Geometry we investigate the 
properties of straight lines and curves lying in one plane 
by means of co-ordinates ; we commence by explaining what 
we mean by the co-ordinates of a point. 



Let 0 be a fixed point in a plane through which the lines 
X OX, Y' 0 Y, are drawn at right angles. Let P be any 
other point in the plane; draw PM parallel to OP meeting 
OX in M, and PN parallel to OX meeting OY in N. The 
position of P is evidently known if OM and ON are known ; 
for if through N and M lines be drawn parallel to OX and 
OY respectively, they will intersect in P. 

The point 0 is called the orig in ; the lines OX and 0 Y 
are called axes; OM is called thva&scissa of the point P; and 
* T. C. S. 1 
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CO-ORDINATES OF A POINT. 


ON, or its. equal MP, is called the ordinate of P. Also OM 
and MP are together called co-ordinates of P. 

2. Let OM = a, and ON—b, then according to our defi- 
nitions we may say that the point P has its abscissa equal to a , 
and its ordinate equal to b; or, more briefly, the co-ordinates of 
the. point P are a and b. We shall often speak of the point 
which has a for its abscissa and b for its ordinate, as the 
jfoint (a, b). 

3. A distance measured along the axis OX is however 
most frequently denoted by the symbol x , and a distance 
measured along the axis OY by the symbol //. Hence OX 
is called the axis of x , and OY the axis of y. Thus x and y 
are symbols to which we may ascribe different numerical 
values corresponding to the different points we consider, and 
we may express the statement that the co-ordinates of P are 
a and b, thus ; for the point P, x = a and y — b . 

4. The lines X OX, Y' OY , being indefinitely produced 
divide the plane in which they lie into four compartments. 
It becomes therefore necessary to distinguish points in one 
compartment from points in the others, for this purpose 
the following convention is adopted, which the reader lias 
already seen in works on Trigonometry ; lines measured along 
OX are considered positive and along OX' negative; lines 
measured along 0 Y are considered positive, and along OY* 
negative. (See Trigonometry , Chap, iv.) If then we pro- 
duec PN to a point Q such that XQ — NP, wc have for the 
point Q, x= — a, y — b . If wc produce PM to R so that 
MU = MI\ we have for the point It, x = a, y = — b. Finally 
if we produce PO to 8 so that 08 = OP, wc have for the 
point 8, x = — a, y = -b. 

5. In the figure in Art. 1 we have taken the angle YOX 
a right angle* ; the axes are then called rectangular . If the 
angle YOX be not a right angle, the axes are called oblique . 
All that has been hitherto said applies whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated ; this remark applies 
both to our investigations and to the examples which are given 
for the exercise of the student . 



POLAR CO-ORDINATES OF A POINT. 3 

6. Another method of determining the position of a point 
in a plane is b y means of polar co-ordinates . 



Let 0 he a fixed point, and OX a fixed line. Let P be 
anv other point; join OP; then the position of Pis determined 
if we know the angle XOP and the distance OP. The angle 
is usually denoted by 0 and the distance by r . 

O is called the pole, OX the initial line; OP the radius 
vector of the point P 9 and POX the vectorial angle. 

7. The position of any point might be expressed by 
positive values of the polar co-ordinates 0 and r, since there 
is here no ambiguity corresponding to that arising from the 
four compartments of the figure in Art. 4. It is however 
found convenient to use a similar convention to that in 
Art. 4 ; angles measured in one direction from OX are con- 
sidered positive and in the other negative. Thus if in the 
figure XOP be a positive angle, XOQ will be a negative 
angle; if the angle XOQ be a quarter of a right angle, we 

may say that for XOQ, 0 = — —. It is, as we have stated, 

not absolutely necessary to introduce negative angles, but con - 
renient; the position of the line OQ , for instance, might be 
determined by measuring from OX in the positive direction 

an angle =27r— - as well as by measuring an angle in the 

. . ^ 7T 

negative direction = — . 

o 

Also positive and negative values of the radius vector are 
admitted. Thus, suppose the co-ordinates of P to be j and a, 

1—2 



CO-ORDINATES OF A FOINT. 


that is, let XOP—^ and OP=a ; produce PC) to P\ so 

that OP' = OP, then F may be determined by saying its 

co-oldinatcs arc ^ and — a. Thus when^hjsradius vector is a 

negative quantify, we measure it on the same line as if it had 
been a positive quantity but in the opposite direction from 0 . 

Hence if /3 represent any angle and v any length the same 
point is determined by the polar co-ordinates /3 and — c as by 
the polar co-ordinates 7r-f 0 and r. 

8. Let x, y denote the co-ordinates of P referred to OX 
as the axis of x, and a line through 0 perpendicular to OA" as 
the axis of y. Also let 0 and /• be the polar co-ordinates of I\ 
If we draw from P a perpendicular on OX, we see that 

x = r cos 6, and y = r sin 0 . 

These equations connect the rectangular and polar co-ordi- 
nates of a point. From them, or from the figure, wc may 
deduce 

x 2 + y 2 = r 2 y - = tan 9 . 
x 

9. Wc proceed to investigate expressions for some geome- 
trical quantities in terms of co-ordinates. 

To find an expression for the length of the line joining two 
points . 



Let P and Q be the two points; g> the inclination of the 
axes OX, OY. Draw PM, QN parallel to OF; let x x , y x be 
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tlio co-ordinates of P, and or , , ?/ 2 , those of Q. Draw Pit 
parallel to OX. Then, by Trigonometry, 

PQ 1 = Pie +Qie- •APR . QR cos PRQ 
, = Pie + Qie + 2 PR. Qll cos 6>. 

But PR = — .i \ , and Qli = y t — y, ; therefore 

FOt = fo - ^J 2 + (y t - y,)‘ + 2 K - a) (y» - &) cos ® ■ ■ ■ • 0 ) » 

and thus tlie distance PQ is determined. 

Jf the axes arc rectangular, we have 

P( f = (•»*, - x,Y + (y„ - yj* (2). 

The student should draw figures placing P and Q in the 
different compartments and in different positions; the equa- 
tions (1) and (2) will be found universally true. 

From the equation (2) wc have 

*<f = x i + y? + + y> - 2 + yj*) ( 3 )- 

The following particular cases may he noted. 

If P be at the origin x x = 0 and y x = 0 ; thus 

l>(f = *?+!/ *• 

If P he on the axis of x and Q on the axis of y ) y x = 0 and 
a , t = 0; thus 

p<r-*:+y:- 

Let 0 X , r x be, the polar co-ordinates of P* and 0 2 , r 2 those 
of Q ; then, by Art. 8, 

x x — r x cos 0 X , y x = r x sin 0 X , 

x 2 = r 2 cos 0 2 , y 2 = r 2 sin 0 2 . v 

Substitute these values in (3) and we have 

PQ 1 = r i + r 2 “ % r i r % COS (^a ~ ^i)- 

This result can also be obtained immediately from the tri- 
angle POQ formed by drawing lines from P and Q to the 
origin. 
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C0-0BDINATE3 OP A POINT. 


10. To find the co-ordinates ofi the point which divides in 
a given ratio the line joining two given points. 



Let A and B be the given points, y, the co-ordinates 
of A, and a?,, y % those of B; and let the required ratio be 
that of w, to n 9 . Suppose C the required point, so that 
AO : CB :: «, : n,. Draw the ordinates AL, BM, ON; and 
AB parallel to OX meeting ON in D. Let x, y be the co- 
ordinates of G. 

It is obvious from the figure that 

LN _ AD _ AC 
NM~DR~ CB’ 


*-*i = *i. 

x t —x n t ’ 

«» + «» 

y »i+«. * 

In this article the axes may be oblique or rectangular. A 
simple case is that in which we require the co-ordinates of the 
point midway between two given points ; then n x =n, and 

(*»+*•). f y=i(yi+y^* 


that is, 


Similarly, 
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11. To express ike area of a triangle in terms of the co- 
ordinates of its angular points . 

Let ABC be a triangle; let x v y be the co-ordinates of 
A ; y, those of B; x 3 , y s those of O'. Draw the ordinates 
AL, BM , CN. The area of the triangle is equal to the 
trapezium ABML + trapezium BGNM - trapezium A CNL . 



The area of the trapezium ABML is $LM(AL + BM). 
This is obvious, because if we join BL we divide the trape- 
zium into two triangles, one having AL for its base and the 
other BM, and each having LMfox its height; 

thus, trapezium ABML = £ (x 3 - x t ) (y, + yj ; 

also, trapezium BGNM = \ (x 3 - x 9 ) (y 8 + y 8 ) ; 

and, trapezium A GNL = 4 (x 3 — x^ (y x + y 8 ) ; 

therefore triangle ABC 

= i {(*, - «,) (y x +y.) + (as, -xj(y,+ y s ) - (as, - as t ) (y,+y,)]. 
This expression may be written more symmetrically thus ; 

it (*.-*») (y,+y t ) +(*.-*») (y,+y,)+te-®,)(y.+y.)}*--U)- 

By reducing it, we shall find the area of the triangle 

= i { *,y, - *,y, + *,y, - w, + ®,y, - ®,yj ( 2 ). 

If the axes be oblique and inclined at an angle o>, the area 
of the trapezium ABML = + 2?jlf ) sin o>, and simi- 

larly for tne other trapeziums. Thus the area of the triangle 
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LOCUS OP AN EQUATION, 

will be found by multiplying the expressions given above 
by sin w. 

However the relative situations of A, B, 0 may be changed, 
the student will always find for the area of the triangle the 
expression (2), or that expression with the sign of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expres- 
sion (2), and changing 1 the sign of the result if it should prove 
negative. 


Locus of an equation. Equation to a curve. 

12. Suppose an equation to be given between two unknown 
quantities, for example, y — #-2 = 0. We see that this 
equation has an indefinite number of solutions, for we may 
assign to x airj value we please, and from the equation deter- 
mine the corresponding value of y. Thus corresponding to 
the values 1, 2, 3, ... of x 9 we have the values 3, 4, 5, ... of y . 
Now suppose ajline, straight pr. curved,, such that it passes 
through every point determined by giving to x and y values 
that satisfy the equation \y — x — 2 = 0; such a line is called 
the locus of the equation. It will be shewn in the next 
chapter that the locus of the equation in question is a straight 
line. We shall see as we proceed that generally every equa- 
tion between the quantities x and y has a corresponding locus. 

But instead of starting with an equation and investigating 
what locus it represents, we may give a geometrical definition 
of a curve and deduce from that definition an appropriate 
equation ; this will likewise appear as we proceed ; we shall 
take successively different curves, define them, deduce their 
equations, and Ijhgn investigate the properties of these curves 
by means of tha&^quations. We shall in the next chapter 
begin with tkp equation to a straight line. 

The connexion between a locus and an equation is the 
fundamental idea of the subject and must therefore be carefully 
considered ; we shall place here a formal definition which we 
shall illustrate in the next chapter by applying it to a straight 
line. 

UNjfc T he equation which^expressesjhe invariable rela- 
tioivjSwch exists Between the cq^ordVnates of eveijrpbint of 
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a curve is called the equation to the curve.; and the curve , the 
co^orditiatea o f every point of which satisfy a given equation, , 
is called the locus of that equation. . 

13. The student has probably already become fatniliar 
with the division of algebraical equations into equations of 
the first, second, third ... degree. When we speak of an 
equation of the n degree between two variables we mean 
that every term is of the form Aafy* ^rhere a and ft are zero 
or positive integers silch that a + ft is equal to n for one or' 
more of the terms but not greater than n for any term, and A 
is a constant numerical quantity ; and the equation is formed 
by connecting a series of such terms by the signs + and — , 
and putting the result =0. 

EXAMPLES. 3 

1. Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are 

(1) a?=l, y-l; (2) x— — 1, y = 2 ; 

(3) = — 1, y = l; (4) x = -l, y = -l; 

and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are 

(1) 3; (2) 0 = r = 3; 

(3) r 3; (4) r=-3; 

and indicate the points in a figure. 

ft 

3. The co-ordinates of P are — 1 and 4, and those of Q are 

3 and 7 ; find the length of PQ. , 

v 4. Find the area of the triangle formed by joining the 
first three points in question 1. 

5. A is a point on the axis of x and B a point on the 
n-ria of y; express the co-ordinates of the middle- point of 
AB in terms or the abscissa of A and the ordinate of B; shew 
also that the distance of this point from the origin = £ AB. 
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EXAMPLES. 


6. Transform equation (2) of Art. 11 so as to give an 
expression for the area of a triangle in terms of the polar 
co-ordinates of its angular points. Also obtain the result 
directjy from the figure. 

7. A and B are two points and 0 is the origin ; express 
the area of the triangle A OB in terms of the co-ordinates of 
A and B, and also in terms of the polar co-ordinates of A 
and B. 

8. A , By C are three points the co-ordinates of which are 
expressed as in Art. 11 ; suppose D the middle point of AB; 
join CD and divide it in G so that CG — 2GD; find the 
co-ordinates of G . 


9. Shew that each of the triangles GAB, GBG, GA C, 
formed by joining the point G in the preceding question to 
the points A > B, G, is equal in area to one-third of the 
triangle ABC. See Art. 11. 


10. A and B are two points ; the polar co-ordinates of A 
are 0 X , ; and those of B are 0 2 , r r A line is drawn from 

the origin 0 bisecting the angle A OB; if C be the point 
where this line meets AB shew that the polar co-ordinates 

of Care 0 = £ (01 + <? S ) and r= 9 A , 

1 * + 


11. Find the value of Cl 3* and AB* in question 8 in 
terms of the co-ordinates there used ; and shew that 


AC' + BC' = 2Cir + 2Aiy. 


12. Find the value of GA 2 , GB 2 , and GC 2 , in question 9 
in terms of the co-ordinates there used ; and shew that 

3 {GA 2 + GB'+GC') =AB* + BC*+ GA\ 
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CHAPTEE II. 


ON THE STRAIGHT LINE. 



We shall first suppose the line not parallel to either axis. 
Let ABD be a straight line meeting the axis of yin B. 
Draw a line OE through the origin parallel to ABD. In 
ABD take any point P; draw PM parallel to OF, meeting 
OX in M and OE in Q. 

Suppose OB=c, and the tangent of EOX=m\ and let 
x, y be the co-ordinates of P; then 

y = PM = PQ + QM 
= 0B+ QM 
=s c + OMtan QOM 
= c + mx. 

Hence the required equation is 
y = mx + c. 

OB is called the intercept on the axis of y; if (he line 


EQUATION TO A STRAIGHT LINE. 

crosses the axis of y on the negative side of 0 , c will be 
negative. 

We denote by m the tangent of the angle QOM or BAO, 
that is, the tangent of the angle which that part of the line 
which'is above the axis of x makes with the axis of x pro- 
duced in the positive direction. Hence if the line through 
the origin parallel to the given line falls between OFand OX, 
m is the tangent of an acute angle and is positive ; if between 
OY and OX produced to the left, m is the tangent of an 
obtuse angle, and is negative. So long as we consider the 
same straight line m and c remain unchangeable, they are 
therefore called constant quantities or constants . But x and 
y may have an indefinite number of values since we may 
ascribe to one of them, as x, any value we please, and find 
the corresponding value of y from the equation y — mx + c ; 
x and y are therefore called variable quantities or variables . 

If the line pass through the origin, c = 0, and the equation 
becomes 

y — mx. 

15. Wo have now to consider the cases in which the line 
is parallel to one of the axes. 

If the line be parallel to the axis of x , m = 0, and the 
equation becomes 

y=c. 

If the line be parallel to the axis of y, m becomes the 
tangent of a right angle and is infinite ; the preceding investi- 
gation is then no longer applicable. We shall now give 
separate investigations of these two cases. 

To investigate the equation to a line parallel to one of the 
axes . 



r 
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EQUATION OF THE FIRST DEGREE. 13 

First suppose the line parallel, to the axis of x. Let BG 
be the line meeting the axis of y in B ; suppose OB = b. 

Since the line is parallel to the axis of x, the ordinate PM 
of any point of it is equal to OB . Hence calling^ the 
ordinate of any point P, we have for the equation to the' line 

y = 5. 

Next suppose the line parallel to the axis of y. Let AD 
be the line meeting the axis of x in A ; suppose OA = a. 
Since the line is parallel to the axis of y, the abscissa of any 
point of it is OA. lienee calling x the abscissa of any point, 
we have for the equation to the line 

x = a. 

16. We have thus proved that any straight line whatsoever 
is represented by an equation of the first degree; we shall 
now shew that any equation of the first degree with two 
variables represents a straight line. 

"The general equation of tWe first degree with two variables 
is of the form # 

Ax + By+'C=0 (1), 

A , B y G being finite or zero. 

First suppose B not zero ; divide by By then from (1) 

G A 

y = ~B~B x «• 

t 

Now we have seen in Art. 14, that if a line be drawn 

G 

meeting the axis of y at a distance — from the origin, 
and making with the axis of x an angle of which the tangent 
fe — -g, then (2) will be the equation to this line. Hence (2), 
*nd therefore also (1), represents a straight line. 

If A = 0, then by Art. 15 the line represented by (1) is 
parallel to the axis of 

If 5=0, then (1) becomes 

Ax +(7=0, 
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0 

or Xss ~A' 

and from Art. 15 we know that this equation represents a line 
paralfel to the axis of y. 

Hence the equation Ax + By + (7=0 always represents a 
straight line. ' 

17. Equation in terms of the intercepts . The equation to 
a line may also be expressed in terms of its intercepts on the 
two axes. 



Let A and B be the points where the straight line meets 
the axes of x and y respectively. Suppose OA = a, OB = b. 
Let P be any point in the line ; x, y its co-ordinates ; draw 
PM parallel to 0 Y, Then by similar triangles, 

PM_AM 

OJB~AO ; 


that is, 


y_ °> — x 




18. It will be a useful exercise for the student to draw the 
straight lines corresponding to some given equations. Thus 
suppose the equation 2y -f 3x = 7 proposed; since a straight 
line is determined when two of its points are known, we may 
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find in any manner we please two points that lie on the line, 
and by joining them obtain the line. Suppose then x = 1, it 
follows from the equation that y = 2 ; hence the point which 
has its abscissa = 1 and its Ordinate = 2 is on the line. Again, 
suppose x = 2, then y = £ ; the point which has its abscissa 
= 2 and its ordinate = £ is therefore on the line. Join the 
two points thus determined and the line so formed, produced 
indefinitely both ways, is the locus of the given equation. 
The two points that will be most easily determined are 
generally those in which the required line cuts the axes . 
Suppose x = 0 in the given equation, then y = £ , that is, the 
line passes through a point on the axis of y at a distance \ 
from the origin. Again, suppose y = 0, then x = £, that is, the 
line passes through a point on the axis of x at a distance 
£ from the origin. Join the two points thus determined, and 
the line so formed, produced indefinitely both ways, is the 
locus of the given equation. What we have here ascertained 
as to the points where the line cuts the axis, may be obtained 
immediately from the equation ; for if we write it in the form 

,i — i 

7 + 7 ’ 

and compare it with the equation in Art. 17, 



we see that a = f and & = £. 

Again, suppose the equation y *= x proposed. Since this 
equation can be satisfied by supposing x = 0 and y = 0, the 
origin is a point of the line which the equation, represents ; 
therefore we need only determine one other point in it. Sup- 
pose x=l, then y = l ; here another point is determined and 
the line can be drawn. The line may also be constructed by 
Comparing the given equation with the form in Art. 14, 

' y=zmx. 

This we know represents a line passing through the origin 
and making with the axis of x an angle of which the tangent 
is m . Hence y = a? represents a line passing through the 
origin and inclined at an angle of 45° to the axis oi x. 
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Similarly the equation y — — x represents a line inclined to 
the axis of x at an angle of which the tangent is — 1 ; that .is, 
at an angle of 135°. Hence this equation represents a line 
through 0 bisecting the angle between OY and OX pro- 
duced to the left in the figure to Art. 14. 


19. The student is recommended to make himself tho- 
roughly acquainted with the previous Articles before proceed- 
ing witli the subject. In Algebra the theory of indeterminate 
equations does not usually attract much attention, and the 
student is sometimes perplexed on commencing a subject in 
which lie has to consider one equation between two unknown 
quantities, which generally has an infinite number of solu- 
tions. 


Our principal result up to the present point is, that a straight 
line corresponds to an equation of the first degree, and the 
student must accustom himself to perceive the appropriate 
line as soon as any equation is presented to him. The line 
can be determined by ascertaining two points through which it 
passes, that is, by finding two points such that the co-ordinates 
of each satisfy the given equation, and the line being thus 
determined, the co-ordinates of any point of it will satisfy 
the given equation. 


20 . Equation to a straight line in terms of the perpendicular 
from the origin , and the inclination of this perpendicular to the 
axis . 
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• 

Let OQ be the perpendicular from the origin 0 on a 
line AB. Take any point P in the line; draw PM per- 
pendicular to OA y MN perpendicular to OQ, and PR perpen- 
dicular to MN. Suppose OQ =p, and the angle QOjL = a. 
Let x, y be the co-ordinates of P; then 

00= ON+NQ = ON+PR 

= OM cos QOA + PM sin PMR 
= x cos a -f y sin a. 

Therefore the equation to the line is 
a? cos a + y sin a 

21. We have given separate investigations of the different 
forms of the equation to a straight line m Articles 14, 17, 20 ; 
any one of these forms may however be readily deduced from 
either of the others by making use of the relations which exist 
between the constant quantities. The' quantity which we 
have denoted by b in Art. 17' that is OB, is denoted by c in 
Art. 14 ; 

.*• & = c 00- 

In Art. 17, 

- = tan BA 0 = tan (ir — BAX) 
a x 

= — tan BAX\ 

in Art. 14 we have denoted the tangent of BAX by m, 

... t = - m ( 2 ). 

• a 

In Art. 20, OA cos a — OQ, and OB sin a = PQ ; that is, 


p => a cos a b sin (3); 

therefore from (2) and (3), m =* — cot a ......(4). 

Also if the equation 

Ax + Bp + 0=0, ^ C . I 

W *- w ' £* . ( 2 


T. c. ft. 
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OBLIQUE CO-ORDINATES. 

represent the straight line under consideration, then by 
Art. 16, 

A G , 

~ J9 = — jj — c — o (oj; 

4 = cot« and -2 = — ?— , .(6). 

B B. am a v ' 

By means of these relations we may shew the agreement 
of the equations in Arts. 14, 17, 20, or from one of them 
deduce the others. 


22. The student may exercise himself by varying the 
figures which we have used in investigating the equations. 
Thus, for example, in the figure to Art. 17, suppose the point 
P to be in BA produced, so that it falls below the axis of x. 
We shall still nave 

PM AM PM _ x — a 

OB' AO' ° r ’ ~ 

Now since P is below the axis of x , its ordinate y is 
a negative quantity, hence we must not put PM=y but 
PM = — y , because by PM we mean a certain length esti- 
mated positively. Thus 

y x — a 

b~~ ’ 

and therefore, as before, 


Oblique Co-ordinates * 

23. Equation to a straight line . 

We shall denote the inclination of the axes by o>. 

Suppose first, that the line is not parallel to either axis. 
Let ABB be a straight line meeting the axis of y in B. Draw 
a line OE through .the origin parallel to ABB In ABB 
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take any point P; draw PM - parallel to OF, meeting OX in 
M and OE in Q. Suppose OB = c, and the angle QOM= a. 



y = PM = PQ + QM= OB+ QM. 
QM sina 
OM sin (co — a ) 7 


a ? sin a 
sin (a) — a) * 

Hence the required equation is 
a; sin a 

y — — : / i "1“ Cm 

* sin (g> — a) 

If we put m for — — r the equation becomes 
r sm (ca — a) ^ 


y = f?ia> + c, 

as in Art. 14. The meaning of c is the same as before ; m is 
the ratio of the sine of the inclination of the line to the axis 
of a? to the^sme of its inclination to the axis of ^ since 
sin a is always positive, m will be positive dr negative accord- 
ing as sin (to — a) is positive or negative ; thus as before m 
will be positive or negative -according as the line through the 
origin parallel to the given line falls between OY ana OX, 
or between 0 Y and 0X\ The meaning of m coincides with 

that in Art. 14 when g> = ^, for then m * * tan a . 


2—2 
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24. 


Since 


sin a 

sin (© - a) 

m (sin © cos a — cos © sin a) = sin a ; 
m (sin © — cos © tan a) = tan a ; 


tana = 


m sin© 

1 + m cos © ' 


, tt m sm ® 

^ Hence sin a = - — jm » : — s\ > 

± V(1 + 2m cos © + m ) 

_ 1 *f m cos © 

cos a — ^ + 2m cos © + ra a ) * 

Since sin a is positive, we must take the upper or lower 
sign according as m is positive or negative. 

25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art. 16 
with the requisite change in the meaning of the constant m. 

- 26. To find the equation to a straight line in terms of the 

perpendicular from the origin , and the inclinations of the per- 
pendicular to the axes • 



Let OQ be the perpendicular from the origin on aline AB; 
let OQ « ©, OA *= a, OB m b. If we suppose QOA = a # we 
have QOB =* © — a ; denote this by fi; then 
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OQ = a cos a: a’=—^~ . 

’ cos a 

OQ = bcoa{J; •*. * = 

Substitute in the equation, Art. 17, 

and we obtain 

acosa + y cos/3=p. 

27. The following form of the equation to a straight line 
is often useful. 



Let Q be a fixed point in any line AB; h, lc its co-ordi- 
nates; let P be any other point in the line; x, y its co- 
ordinates; let QP= r, and the angle BAX = a. Draw the 
ordinates PM, QN ; and QR parallel to OX\ then 


x — h sin (o> — a) 

- • l 

sin a) 


l suppose, 


y — k sin a 

* = . = n suppose, 


x-h _ y — k 

— i — — * 

l n 


thus 
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POLAR EQUATION TO A STRAIGHT LINE. 


For the equation to the line it is sufficient to put 
x — h _y — k 

~l 5T • 

but it is useful to remember that each of these quantities is 
equal to r. 

If the axes are rectangular, l and n become respectively 
cos a and sin a, that is, the cosines of the inclinations of the 
line to the axes of x and y respectively. 

In the preceding figure P tails to the right of Q and x — 7i 
is* positive. If P were to the left of Q then x — h would be 
negative. Thus since x — It = Ir, the product hr must be 
capable of changing its sign ; this leads us to consider r as 
positive or negative according to circumstances. When there- 
fore we write the equation to a straight line under the form 

x — li y — k 


and ascribe to l and n the values given above, we conclude 

i that each of the expressions —j — and is numerically 

\equal to the distance between the point (A, k ) and the point 
\x , y), but that the sign of each expression will depend upon 
the relative positions of the two points. 


Polar Co-ordinates . 
28. Polar equation to a straight line . 



Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line, P any point in the line. 
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Suppose OQ**p, and the angle QOX=* ot. Let r, 0 be the 
poiar co-ordinates of P; then 

OQ= OPcoaPOQ; 
that is, cos (0 — a). 

This is the polar equation to the line. 


29. The polar equation may also be derived from the 
equation referred to rectangular co-ordinates. Let 

* Ax + By + 0=0 

be the equation to a line referred to rectangular co-ordinates. 
Put rcos0 for x, and rsin0 for y, Art. 8; thus 

Ar cos 0 4- Br sin 0 + C = 0 (1) 


is the polar equation. This equation may be shewn to agree 
with 

p = rcoa(0 — a) A. (2). 


For by Art. 21 we have 


-f fh.* t 


A. , , C p 

- s = cot« and = — r— . 
Is Is sin a 


Hohte (f) becomes 




cotarcostf + rsintf — P— 


which agrees with (2). 


sin a 



= 0 , 


30. The equation to a line passing through the origin 
is, by Art. 14, 


y — mx. 



Put rcosfl for x and r sin 6 for y ; the equation then 
omes 

r sin 0 = m t cos 9 } 
t an 6 — ra j 

0 =» a constant ; 


this is therefore the polar equation to a line passing through 
the origin. 
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81. We will collect here the different forms of the equa- 
tion to a straight line which hare been investigated, 


y =* wa? + c, 

Arts. 14 and 23. 

= constant, or, y = constant, 

Arts. 15 and 25. 

*+2-1=0 
a b * 

Arts. 17 and 25. 

x cos a+y sin a —p — 0, 

Art. 20. 

sin a 

* + '' - 

Art. 23. 

x cos a+y cos/8 -y = 0, * 

Art. 26. 

x — A y — h 

l - 

Art. 27. 

y = rcos(0 — a),~ 

Art. 28. 

Av cos 0 + Br sin 0 + C — 0, 

Art. 29. 

6 = constant, « 

Art. 30. 


EXAMPLES. 

Draw the straight lines represented by the following 
equations : 

(1) y + 2x = 4 ; (2) 2y - X = 2 ; 

(3) y + x = -2; (4) x-2y=4; 

| (5) y + 2*=0; , /(6) l = cos^-^;‘ 

( 7 ) 0 - 1 ; / (8 

/(9) ^O.^rV (10) ft«l. 
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CHAPTER III. 

PROBLEMS ON THE STRAIGHT LINE. 


32. We proceed to apply the results of the preceding 
articles to the solution of some problems. 

To find the form of the •equation to a straight line which 
passes through a given point* 


Let x l9 
suppose 


y x be the co-ordinates of the given poipt, and 
y = mx + c (1) 


to represent the straight line. Since the point (x t , y t ) is on 
the line, its co-ordinates must satisfy (1) ; hence 


y l ^mx l +c...^ ( 2 ). 

By subtraction, 

(sc-®,) (3); 


this is the required equation. 


The equation (3) of the preceding article obviously 
represents what 'is required, namely, a line passing through 
the point {x 1 ,y l ). , For the equation is of the first degree m 
the variables sc, y, and therefore, by Art. 16, must represent 
some straight line. Also the equation is obviously satisfied 
by_ the values sc = ® . ? y = y, ; “ttrstt "hr;* tfie'Tihe which ' fhe 
equatihn represents does pass through the given point. The 
constant m is the tangent of the angle which the line makes 
with the axis of ®, and by giving a suitable value to m we 
may make the equation (3) represent any straight line which 
passes through the assigned point. 
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EQUATION TO A STRAIGHT LINE 



The geometrical meaning of equation (3) is obvious. For 
let AB be any straight line passing through the given point 
Q. Let P be any point in the line ; x, y its co-ordinates. 
Draw the ordinates PM, QN ; and QR parallel to OX; then 


■fig- tangent PQR-, 


that is, - — — = tan BAX = m, 
x — x, 

which agrees with equation (3). 

34. In Art. 32 we eliminated c between the equations (1) 
and (2) and retained m ; we may if we please eliminate m 
and retain c. From (2) 

n-V *- 0 

77i = — . 

X, 

Substitute in (1), thus 

y — ff 1 ~ ° x + c; 

X* 

v /. yx l — xy 1 + c (x — x x ) = 0. 

This equation obviously represents a straight line passing 
through the given point, because it is an equation of the first 
degree and is satisfied by the values x=*x l9 y = y t * 

35. To find the equation to the straight line which passes 


through two given points * 
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Let as. , y l be the co-ordinates of one given point; x % , y % 
those of tne other; suppose the equation to the straight line 


to be 

y= mx+c (1). 

Since the line passes through ( x x , y t ) and (x a , y 9 ), 

y t =mx t + c (2), 

y t = mx a +c (3). 

From (1) and (2) by subtraction, 

y-y t = m{x-x l ) (4). 

From (2) and (3) by subtraction, 

y a -y 1 = m(x i -x l ) t 


hence m = — — — . 

x a -x t 

Substitute the value of m in (4) and we have for the 


required equation 

( 5 )* 

X % X x 

We may also write the equation thus, 

- *i) {y - 20 = (y, - yJ (* - ■ »,) («)• 


Some particular cases may here bo noted. Suppose y t =y v 
then (6) becomes (as,— a:,) (y - »,) = (>, therefore y=y t ; the 
required line is thus parallel to the axis of x. Similarly if we 
suppose as 9 =®,, then (6) becomes (a— w,) =0, there- 

fore x=x l ; thus the required line is parallel to the axis of y. 
Lastly, suppose the point (as,, y,) to be the origin; hence 
as =0 and y,==0; thus (6) becomes x,y—y 3 x. The student 
should illustrate these particular cases by figure^ 

36. The equation (6) of Art. 35 becomes by reduction 
x i!f - ay. + ® ® 0. 

* If we compare the expression on the left-hand side of this 
equation with the expression in brackets in equation (2) of 



PARALLEL LINES. 


Art. 11, we see the only difference is that we have x and y in 
the place of a? 8 and y 8 respectively. Thus the equation 
informs ns that the area of the triangle formed bv joining 
(a?, y), (x i9 v t ), [x % , y 9 ) vanishes, as should evidently be the 
case since trie vertex (x, y) falls on the base, that is, on the 
line joining (x t , y,) to (as,, yj. * 


37. To find the equation to the straight line which passes 
through a given point and divides the line joining two other 
given points in a given ratio . 

Let (A, k) be the first given point; let (x x , y 2 ), (a? 2 , y 9 ) be 
the two other given points ; let the given ratio in which the 
line joining the last two points is to be divided be that of n 
to w 9 ; then, by Art. 10, the co-ordinates of the point of 
division are 

n i + U % ' n i + n i 


Hence by equation (5) of Art. 35 the equation required is 


n 1 as, + «.a s t _ A 


(as -A) 


9 


or y—k 


«, (y.-&) + My.-fy 
n, (as, -A) + «,(*, -A) 


(x— A). 


38. ^ To find the form, of the equation to a straight line 
which is parallel to a given straight line . 

Let the equation to the given straight line be 


y = m x x + c, (1), 

and the equation to the other straight line 

y = «ias + c (2). 


Since the lines represented by (l) and (2) are parallel, they 
must have the same inclination to the axis of x ; hence 


m = m l . 



INTERSECTION OF STRAIGHT LINES. * J 

Thus (2) becomes 

y = m t x 4- c. 

The quantity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a given 
straight liae. 


39. To determine the co-ordinates of the point of intersec- 
tion of two given straight lines . 

Let the equation to one line be 

y = m 1 x + c l (1), 

and the equation to the other 

y = m t x+c 9 (2). 

The co-ordinates of the point where the lines intersect 
must satisfy both equations ; we must therefore find the values 
of x and y from (1) and (2). Thus # 

a,-* - *. , v = ^ 

m % —m x * m % —m x 
these are the required co-ordinates. 

\ 40. To find the condition in order that three straight lines 
may meet in a point. 

Let the equations to the lines be respectively 

y — m^x + c, (1), y = m i x + c i (2), 

y = m s x + c, (3). 

The co-ordinates of the point of intersection of (1) and 
(2) are 

e i m t 

i 


If the third line passes through the intersection of the first 
and second, these values must satisfy (&-. Hen^fhe neces- 
sary and sufficient condition is / ^ ^ „ 


\f • 

C,OT,-C,7W, 


9 


I ^ 


+ 0 , 




m % — m x 
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Let y = mx + c 

be the equation to the given line, and 

y = m'x + c' 

the equation to another line. Then the tangent of the angle 
between these lines is 

m — m' 

1 + mm' * 

If these lines are perpendicular, 

1 + mm = 0 ; 



Hence y = — — + o' 

represents a line perpendicular to the line 
y = mx + c. 

43. The result of the last article may also be^obtained 
thus, 



Let AB be the given line, so that tan BAX=sm. Let CD 
be a line perpendicular to AB; then 

tan D CX = — tan D CO 
= — cot BA 0 
1 
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LINE PERPENDICULAR TO A GIVEN LINE* 


Hence the equation to CD is 



where c' = OD • 

I 44. To find the equation to the straight line which passes 
through a given point* and is perpendicular to a given straight 
Hine . 

Let x l9 y t he the co-ordinates of the given point, and 

y = mx + c (1) 

the equation to the given line. The form of the equation to 
a line through (x lf yj is 

y-y, = m' {x-xj (2). 

If (2) is perpendicular to (1), we have 

mm +1=0. 

Hence the required equation is 

(*-*.)• 

45. To find the equations to the straight lines which pass 
through a given point and make a given angle with a given 
straight line . 
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Let AB be ,the given straight line; G the given point; 
h, 1c its co-ordinates ; /9 the given angle. Let the equation 
to AB be 

y = mx + c. 

Suppose CD and GE the two lines which can be drawn 
through C, each making an angle /3 with AB. Then 

tan GDX = tan {BAX + ft) 

l * r ' h '■ u "-_ m + tan ft 
z 1 t * * ^ 1 — in tan/9 9 


tan GEX = - tan CEA = - tan (/9 - BAX) 

_ m — tan /3 
1 + w tan /9 * 

Hence the equation to is 


m + tan ft 
l — m tan /9 


(x — h); 


and the equation to CE is 


m — tan ft 
1+m tan ft 


(x — h). 


46. The following particular cases of the preceding results 
may he noted. 


(1) Suppose m = 0 ; then the given line is parallel to the 
axis of x . The required equations then are 

y — k =* tan ft (x - h), 

and y — k — — tan ft (x — h). 


' (2) Suppose m = oo ; then the given line is parallel to the 
axis of y . And since 


m + tan ft 
l—m tan ft 


1 + 

m 

— tan ft 
m 


T. C. S. 
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EQUATIONS TO CERTAIN LINES. 


we have when m = oo , and therefore — = 0, for the equation 

m 

to CD, 

y — k = — (x — h)— — cot /9 (x — A). 

Similarly the equation to CE becomes 
y- k =* col fi (x — h). 

(3) Suppose m = tan j3. In this case the equation to CD 
becomes 




that is, y — Jc = tan 2y8 (x — h). 

The equation to CE becomes 

y-k = 0, 

so that CE is parallel to the axis of x. 


written 


(4) Suppose m = cot/3. The equation to CD may be 
tten in the form 


(y-lc) (l-m tan ft) = (m + tan/3) (x-h), 

and we see that when ra =cot/3 the left-hand side is zero; 
thus the required equation is then 

x — h = Q. 

The equation to CE becomes 

7 cot ^8— tan/3, .. 

^ — -(»-*) 


cos*/3 — sin a j8 . , 

— 2 cos/3 sin/8 ' X ' 

= cot 2/9(3! -A). 

(5) Suppose «i = — tan/9. Then the equation to CD 
becomes 


y-/e = 0, 
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and the equation to CE becomes 

, — 2tan/8 . 

= — tan 2/8 (a; —A). 

(6) Suppose m = — cot /8. Then the equation to CD 
becomes 

7 tan# — cot/3 , 7 . 

y-t- 2 — (x — h) 

= — cot 2/8 (x — h). 


The equation to C2? may be written in the form 

(y —k) (1 +m tan/3) = (m — tan/8) (x - A), 

and we see that when m = — cot /3 the left-hand member is 
zero ; thus the required equation is then 

X — h ass 0. 


(7) Suppose /3 = ^ . The equation to CD may be written 


mcot^ + l , 
y cot /3 — m 


7T 

When /8 = - we have cot/3 = 0; thus the equation becomes 

40 


y — h = (x — h). 


Similarly the equation to OZ7 takes the same fonn ; and thus 
the result agrees with that of Art. 44. 

We have discussed these particular cases as an example of 
the manner in which the stuaent should test his comprehen- 
sion of the subject by applying the general formulas to special 
examples* He will find it useful to illustrate these cases by 
figures. 


3—2 
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LENGTH OP A PERPENDICULAR. 


47. To find the length of ' the perpendicular drawn from a 
given point upon a given straight line . 



Let AB be the given straight line ; D the given point ; 


A, h its co-ordinates. Let the equation to AB be 

y = mx + c (1). 

The equation* to the line through D perpendicular to AB 
is, by Art. 44, 

-I . y -]e=- — {x-h) (2). 

Let x t , y x be the co-ordinates of E- then, by Art. 9, 

EE 1 = (x x - Kf + (y x - hy (3). 


It remains then to substitute for x x and y x their values in 
(3). Now, since a?,, y, are the co-ordinates of E } which is 
the point where (1) ana (2) meet, we have 
• 

t 1 

y x =mx x + c, and y l -k = --{x l -h); 

"lb 


mx l + e=‘k — — (x t —h); 


x. 


mk + h — mc 
' 1+m* 


7 
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and x l — h = 


mk — mVi — me 
~l + m? 


m 

1 + m 


- 9 (k — mh — c). 


Also 

nr?k + mh + o 
1+m . 

and 

7 TttA + C — k 

H' k - 1 + rf ! 

by (3) 



(k — mh — c) 9 
i +«i a 

Hence 

n „ k-mh-c 
^ = V(l + m*) ‘ 


The radical in the denominator maybe taken with the posi- 
tive or negative sign, according as the numerator is positive 
or negative, so as to give for BE a positive value. 

We may also obtain the value of BE thus ; draw the ordi- 
nate BM meeting the line AB in II ; then 

BE = BE sin BEE = BE cos EAM. 

Now OM = h ; EM = mh + c, and BM = k ; 

BE— k — mh — c. 

Also tan EAM —m; cos EAM — 
k — — c 


1 


i>JE7 = - 


f < £V 


V(i + w 2 ; 

Hence if on the line y — ttiaj — c = 0 a perpendicular be 
drawn from the point (h x , k l) and also a perpendicular from the 
point (A„, & a ), the ratio of the first perpendicular to the second 
is equal to the numerical ratio of k x ~ mh x — c to k 2 — wiA f — c. 
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LENGTH OF A CERTAIN LINE. 


48. To find the length of the line drawn from a given point 
■■in a given direction to meet a given line. 

% 

* Let (h, h) be the given point ; and suppose a line drawn 
from this point at an inclination a to the axis of a? to meet 
the line 

* Ax + By + (7= 0 (1), 

Let r be the required length; £c 1? y x the co-ordinates of 
the point where the line drawn from (A, k) meets (1) ; then f 
by Art. 27, 

ajj — A = rcos a, y 1 — A = rsina (2). 

But (x lt y,) is on (1), / j ' ,, r . 

.*. A (A + r cos a) + B (Jc + r sin a) + G= 0; 

^ Ah -f* Bh *f (7 

* ‘A. A coa a + B sin a ' 

4 * 49. In tfim chapter we have used equations of the form 
y-mx+c to represent straight lines. The student may 
exercise himself by solving the problems by means of the 
more symmetrical forms of the equation to a straight line, 

Ax + By + (7=0, 


?+f-l = 0, 

a o 


x cos a 4* y sin a — p = 0. 

The results of course can be easily compared with those we 
have obtained. For example, if in Art. 47 we represent the 
given line by the equation 

Ax + By + C = 0, 

the result obtained should coincide with the value of 
h — mh — c 
V(1 + m*) 

when for m we write — ~ and — ^ for c; that is, the result 
must be 


Ah + Bk+C 

7W+&) • 
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Similarly, if the given line he represented by 
x cos a + y sin a — 0, 

we shall find for the perpendicular on it from (A, k) 

± (A cos a + k sin a — p)f if 
Thus if the equation to a line be in the form 
x cos a + y sin a — p = 0, 

the length of the perpendicular drawn from a point on this 
line is the numerical value of the expression on the left-hand 
side of this equation , when for x ana y are substituted the co- 
ordinates of the given point. This result is of such great im- 
portance that ,we shall proceed to examine it more closely. 

50. We may however previously observe that if the equa- 
tion to a line be given in any form, we can immediately trans- 
form it so that it may be ’expressed in terms of the length of 
the perpendicular from the origin and the inclination of this 
perpendicular to the axis of x. For example, suppose the 
equation to be 

2x + 3y + 4 = 0. 

Change the sign of every term so that the last term may he 
negative ; thus the equation becomes , ( ■ 

— 2x — 3y — 4 = 0. 

Divide by V( 2 * + 3 a ) ; thus 

_2x 3y_ 4 

V13 a/13 V13 

This is of the form 

x cos a-fy sin a — p = 0, 

“ d0OSa — ^3- = ? = ^3- 

3w 

In this example a is an angle lying between ir and -5- . 
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Any other example may be treated in a similar manner — 
the rale being the following. Collect the terms on one side, 
and if necessary, change the signs so that the equation may 
be in the form Ax + By —(7 = 0, where C is positive ; then 
divide by V(A* + B *) ; thus the equation becomes 

Ax By G . 

</(A'+B'] + >J{A'+B‘) VU a +£“) ; 

this is of the required form, and 

A B _ G 

CO * <x ~</{A*+B')' * ma ~>J{A'+B*)' P ~ </ {A* + B*) ’ 

Thus every equation representing a straight line may be 
brought to the form 

x cos a + y sin a — p = 0, 

where p is a positive quantity, unless the line passes through 
the origin, and then p = 0. 

When we use the equation 

x cos a + y sin a — p = 0 

we shall always suppose p positive . 

51, The line whose equation is 

x cos a +y sin a — p = 0 

might bo called “ the line ( p , a), n since the constants p and a 
determine the line ; but when there is no risk of confounding 
it with another line, it may be more shortly called “ the line 
a,” and the equation may be expressed shortly, thus, “a= 0.’* 

We shall now give another investigation of the expression 
for the perpendicular from a given point on the line (p, a). 

Let AB represent the line (p, a), O the origin, P the 

S int (a?, y), so that P and O are on omos ite sides o f AB. 

aw OQ, PZperpendicuIar to AB, and parallel to oF; 
through M draw a line parallel to AB, meeting OQ and PZ, 
produced if necessary, in Q’ and Z‘ respectively. 
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Then OQ'=, OM cos a =x cos a; PZ' = PJf sin a sin a ; 
PZ= OQ' + PZ' — OQ = x cosot + y sin a—p. 



P 

If P and 0 be on the same side of AB we shall obtain for 
the perpendicular 

p — x cos a — y sin a. 

It will be found that these results will hold for all varieties 
of the figure. 


52. Or we may proceed as follows. 


Let x cos a + y sin a — p = 0 (1) 

be the equation to a straight line, and let x\ y be the co- 
ordinates of the point from which a perpendicular is drawn 
upon the line ; it is required to find the length of this per- 
pendicular. The equation to any line which is parallel to (1) 
and on the same side of the origin, may be written thus, i 

x cos a 4- y sin a — p =■ 0 (2 ) ,y 


where p is the perpendicular from the origin upon this 1‘tteii 
If this line pass through the point (x, y'), we must have i the 

x’ cos a + y' sin a — p' = 0 ; ^sidc 

p’ = x' cos a + y sin a. ar j n g 

f The length of the perpendicular from (x\ y') on (1) wil 
V — p if the point and the origin are on different sides of 
Tfne,“and j?jf they axe pfi the same side; that is, 

* #'cosa + y'sina — p 
Sn the former case, and in the latter case 


j p — x cosa— y sin a. 
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If the line parallel to (1) be on the opposite side of the 
origin, its equation will be 

x cos (tt + a) + y sin {tt + a) — p' = 0, 

where p is the length of the perpendicular from the origin 
upon it. If this line pass through the point (x 9 y) we 
must have 

x* cos a + y' sin a + p = 0 ; 

•\ p‘ = — x' cos a — y' sin a. 

The length of the perpendicular from (x\ y') on (1) will be 
the sum ofy and p , that is, 

p — x' cos a — y sin a. 

We may now suppress the accents on x and y, and we 
have the same conclusion as before. 


Thus the perpendicular from the point (x, y) on the 


x cos a + y sin a — p = 0 

is x cos a + y sin a — p, or ^p — x cos a — y sin a, , 

according as the point (x, y) and the origin are on different 
sides of the line or on the same sidta of it. 

The student will perceive that we speak here of the point 
(x, y) and the line a cos a + y sin a — p = 0, and that we use 
the same symbols x f y, in speaking of the point and of the 
line. But we do not mean that the point (a?, y) is to be on 
*he line, that is, we do not mean the x and y which are co- 
might 1 inates of the point (, x , y) to have the same values as they 
determi* for any point in the line x cos a + y sin a ~p = 0. We 
it with $t use x\ y as co-ordinates of the point to prevent con- 
a,” and but it is found convenient to adopt the notation here 
™ as the advantages more than .compensate for the in- 
f r* ed atten 'i° n which is required from the student in dis- 
tor tne the different meanings of the symbols. 

Le* 

S )int ; 54. We have in Art. 51 left the student to convince him- 
raw;f by drawing the figures in different ways, that the per- 
throucndicular from the point (a;, y) on the line (p, a) is always 

± (x cos a + y sin a — p) 9 
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the upper or lower sign being taken according as (a?, y) and 
the origin are on different sides, or on the same side of the 
line {p> a). We may also arrive af the result imperfectly, 
thus. We may first prove, as in Art. 47, that the perpendi- 
cular must always be equal to one of the two expressions 

± (x cos a +y sin a — p)> 

and may then proceed to distinguish the cases. Now the 
expression xcosa+y sin a— p is negative when the point 
(j x , y) is the origin, because it becomes then — p ; also this 
expression cannot change its sign so long as (a?, y) is taken on 
the same side of the line (p, a) as the origin because it can- 
not change its sign without passing through the value zero , 
and it cannot vanish until the point (a?, y) is on the line. 
Hence the expression remains negative so long as (x, y) is on 
the same side of the line (/?, a) as the origin. Similarly, if 
the expression is positive when the point (x, y) has any one 
position on the other side of the line (p, a), it will continue 
positive so long as (x, y) is on that side of the line ; and it 
may be easily shewn that the expression can be made posi- 
tive by suitable values of x and y ; hence it is always positive 
while (x, y) is on the opposite side from the origin'. We call" 
this An imperfect method, because the sentence in italics on 
which the method depends, has probably not sufficiently at- 
tracted the student’s attention up to this period of his studies 
to produce perfect conviction. 

55. If the equation to a line be x cos a +y sin a = 0, so 
that p = 0, we shall still have ± (x cos a 4- y sin a) as the 
length of the perpendicular from the point (x, y) on it. We 
may discriminate as follows, let the equation be so written 
that the coefficient of y is positive ; then for points on the 
same side of the line as the positive part of the axis of y , the 
perpendicular is x cos a + y sm a ; for points on the other side 
it is — (x cos a + y sin a). This is easily shewn J >y comparing 
a few figures, or as in Art. 54. 

Oblique Axes . 

56. The results in Arts. 32 — 40 hold whether the axes are 
rectangular or oblique; in Art, 33, however, m must have 
that meaning which is required when the axes are oblique. 
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To find the angle between two straight lines referred to 
oblique axes , 

Let co bo the angle between the axes; y = m x x 4- c 4 the 
equation to one line ; y = m 2 x + c g the equation to the other* 
Let a 1? a 2 be the angles which these lines make with the axis 
of x ; and /3 the angle between them. 

By Art. 24 


tan a x = 


m, sin co m Q sin a> 

z ■ ; tan ol — • 

1 + 77^ cos o> 8 1 + COS CO 


Hence tan £ or tan (a 8 — a x ) = 


1 + ?w 9 cos co 1 + cos co 


(1 + m x cos co) (1 + m a cos co) 

(m a — sin co 
1 + (wi x + ?n 2 ) cos co + myn a * 

Hence the condition that the lines may be at right angles is 
1 + {m x + m 2 ) cos m x m a = 0. 


57. To find the length of the perpendicular drawn from a 
given point on a given straight line . 

We shall proceed as in the latter part of Art. 47 ; the 
student may also obtain the result by the method in the 
former part of that article. 



Let AB bo the given straight line ; D the given point ; 
h 9 k its co-ordinates. 
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Let the equation to AB be 

y = mx + c. 

Draw DHM parallel to 0 Y, and DE perpendicular to AB) 
then 

DE^DHAnDEE. 

Now DU = DM — HM =Jc— (mh + c) = 4 — mh — c. 

Let BAX = a, then DEE or AHM= a> — a, 

and . s ,— , = m (Art. 24) ; 


•\ sin (oi — a) = 

/. DE= 


sin (a) — a) 
sin a 


sm <d 


in ^(1 + 2mcosa> + m 2 ) 

(h — mh — c) sin <o 
*J(1 + 2m cos « + m 2 ) * 


(Art. 24) ; 


If a line be drawn from D to meet AB at an angle its 
length will be DE cosec ^8, and will therefore be known since , 
DE is known. } 

If the equation to a straight line be in the form given in 
Art. 26, namely, 

x cos a + y cos ft —p = 0, 

the length of the perpendicular on it from the point (x, y) 
will be 

± (x' cos a + y 9 cos /9 — p). 

This may be deduced from the preceding expression, or it 
may be obtained in the manner of Art. 51. 


Polar Co-ordinates . 

58. To find the polar equation to the straight line which 
passes through two given points • 

Let r x1 0 X be the co-ordinates of one point; and r 2 , 0 9 
those of the other; and suppose the equation to the line 

rcos (0 — a) =*p> 



POLAR CO-ORDINATES. 


46 

that is, r cos 0 cos a + r sin 5 sin a (1 j. 

Since this line passes through the two points, we have x 
r t cos 0 X cos a + r x sin 0 t sin a =p (2), 

r % cos 0 2 cos a + r 2 sin 0 2 sin a = p (3). 

*/ 

From (1) and (2) 

r 


(r cos 0 — r t cos cosa + (r sin 0 — r x sin 0 2 ) sina = 0...(4). 

From (2) and (3) 

(r t cos 0 X — r 2 cos 0 2 ) cos a -f ( r x sin 0 t — r a sin 0 2 ) sin a = 0 . . . (5) , 

r CO3 0 — r t cos 0 t _ r sin 0 — sin 0 t 
r t cos 0 X — r 2 cos 0 2 sin 0 X — r 2 sin 0 2 * 

, After reduction we obtain 

rr t sin (0 4 - 0) + r ± r 2 sin (0 2 - + r 2 r sin (0- 0 2 ) = 0...(6). 

This equation has a simple geometrical interpretation ; for 
if we draw a figure and take 0 for the origin, and A, B, P for 
the points (r v 0J, (r 2 , 0 2 ), (r, 0), respectively, we see that 
equation (6) is the expression of the fact that one of the tri- 
angles OAF \ OBP y uABj is equal in area to the sum of the 
other two. {’ 

\ 

59. We have seen that a straight line is the locus of an 
equation of the first degree ; as we proceed it will appear that 
if an equation be of a degree higher than the first, the cor- 
responding locus will be generally some curve; we may notice 
hero some e xceptional cases. t j T ; 

Suppose the equation 

a?* — 4tax + 4a a + y* = 0 
be proposed ; this equation may be written 
(£C-2a) 9 + y* = 0. 

Hence we see that the only solution is 
y = 0, sc — 2a. 



EXCEPTIONAL CASES* 47 

Thus the Corresponding locus consists only of a single point 
on the axis of & at a distance 2a froin the origin. 

Again, suppose the equation to be 

^+^+1 = 0 . 

No real values of x and y will satisfy this equation; in this 
case then there is no corresponding locus, or as it is usually 
expressed, the locus is impossible . Thus, the locus corre- 
sponding to a given equation may reduce to a single point, or 
it may be impossible. 

60. We have seen that the equation to a single straight line 
is always of the first degree ; an equation of a higher degree 
than the first may however represent a locus consisting of two 
or more straight lines. For example, suppose 

( 1 ); 

y = * (2), ory = -x (3). 

If the co-ordinates of a point satisfy either (2) or (3), they 
will satisfy (1) ; t]^^is, every *point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
comprised in (3) is also comprised in (1). Hence (1) represents 
two straight lines which pass through the origin, and make 
respectively angles of 45° and 135° with the axis of x. 


61. An equation which only involves one of the variables, 
represents a series of lines parallel to one of the axes. Thus, 
if there be an equation f(x) =0, we obtain by solving it a 

series of values for a?, as cc = a 1 or x~a„, and each of 

these . equations represents a line parallel to the axis of y. 
Similarly f(y) = 0 represents a series of lines parallel to the 
axis of a?. / . , , , , , , 


An equation of the form = 0 represents ^ series of 


lines passing through the origin ; for by solving the equation 

we obtain a series of values for - , as = w,, = w,,.... and 

a? ^ * <*! 


x 


x 


pl- 


each of these equations represents a line passing through the 
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origin. Of course if an equation /(a?) = 0, f(y) = 0, or 
/(f) = 0 have no real roots, the corresponding locus is im- 
possible. 

The equation 

Ay 1 + Bxy + Ca? = 0 
may be put in the form 

a (i y+i??+ 0=0. 


Since this is a quadratic in f we obtain two values for it, 

suppose ^ = and f = m a ; hence the equation generally 

represents two straight lines passing through the origin. If 
Br be less than 4 A C, then m l and m 2 are impossible, and the 
only solution of the given equation is £c = 0, y = 0; that is, 
the locus is a single point, namely, the origin. 

62. It is obvious that if the locus represented by an equa- 
tion f(x, y) = 0 passes through the origin, the values a? = 0, 
y = 0 must satisfy the equation. We can thus immediately 
determine by inspection whether a proposed locus passes 
through the origin or not. 

63. In Art. 39 we determined the co-ordinates of the point 
of intersection of two given straight lines: the proposition 
may obviously be generalised. Let / (x, y) = 0,/ (a?, y) = 0, 
represent two curves, then the co-ordinates of the points where 
they meet will be determined by solving these simultaneous 
equations. It may be shewn that if one equation be of the 
nr 1 degree and the other of the n th , the number of common 
points cannot exceed win. (See Theory of Equations, Chapter 
XX.) 

64. We will exemplify the articles of this chapter by 
applying them to prove some properties of a triangle. 

The lines drawn from the angles of a triangle to the middle 
jooints of the opposite sides meet m a point. 

Let ABC be a triangle, D, E, F the middle points of the 
{u&es; take A for the origin, AB for the direction of the axis 
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of x , and a line through A perpendicular to AB for the axis 
of y. Let AB = a, and let x\ y' t be the co-ordinates of (7. 



Since D is the middle point of CB, the abscissa of D is 
4 {pc + a) and its ordinate ^ (Art. 10) ; since E is the middle 

point of A (7, the abscissa of E is — and its ordinate ; since 

2 2 

2' T is the middle point of AB , its abscissa is ~ and its ordinate 

2 

zero. Hence by Art. 36, 

the equation to AD is y — .(1) • 

° x + a w 

the equation to BE is y - (2) ? 

the equation to CF is y = (3). 

To find the point of intersection of (2) and (3) we put 

V {x-a) _ y' (2a? -a) . 
x ' — 2 a 2af — a * 

.•. [x — a) (2a?' — a) = (2a? — a) [x* — 2a) ; 

3aa; = a {pc' + a) ; 

.*. & = J (a?' + a). 

, Substitute this value of x in (2) and we find 
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We have thus determined the co-ordinates of the point of 
intersection of (2) and (3 ) ; moreover we see that these values 
satisfy (1) ; hence the line represented by (1) passes through 
the intersection of the lines represented by (2) and (3), which 
proves the proposition. 


The lines drawn from the angles of a triangle perpendicular 
io the opposite sides meet in a point. 

The equation to B 0 is (Art. 35) 

<■-*>» 

hence the equation to the line through A perpendicular to 
BG is (Art. 44) 

w- 

The equation to A C is 
y* 

hence the equation to the line through B perpendicular to 
AG ia 

y--p (*-«) ( 5 )« 

The line through 0 perpendicular to AB will be parallel 
to the axis of y, and its equation will be (Art. 15) 

x « x' (6). 

Now at the point of intersection of (5) and (6) we have 

and as these* values satisfy (4), the line represented by (4) 
passes through the intersection of the lines represented by 
^5) and (6). 


The lines drawn through the middle points of the sides of 
fct triangU respectively perpendicular to those sides meet in 
a point 
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The equation to the line through JD perpendicular to BC is 



a + aA 
2 ) 


(7). 


The equation to the line through E perpendicular to CA is 



The equation to the line through F perpendicular to AB is 



Now at the point of intersection of (8) and (9) we have 
a y x' fa x\ 

these values satisfy (7) ; hence the lines represented by (7), 
(8), and (9), meet in a point. 

Let us denote by P the point of intersection of the three 
lines in the first proposition, by Q the point of intersection of 
the three lines in the second proposition, and by R the point 
of intersection of the three lines in the third proposition ; we 
will now prove that P y Q, and R lie in one straight line. 
The co-ordinates 

of P are x = } (»' + a), 


of Q are x = x\ 

_ _ a 

of it are a; = - , 

A 


W= Y <*> ( d ~ x> ) 

y 2 “ 2 y' 


Hence the equation to the line passing through P and Q is 


y 3 ® — i (® + «) 


M- 


4—2 
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In this equation put * = £, then 



. ^ {a - y) ,y'.y' 

"jL *y 3 6 

y' g’(q-aQ J 
, . • • “2 ‘ ' 2 / ' 

Hence the point R is on the line represented by (10), for 
the co-ordinates of R satisfy (10). 


EXAMPLES. 

1. Find the equations to the lines which pass through 
the following pairs of points : 

(1) (0,1), and (1,-1). 

(2) (2, 3), and (2, 4). 

(3) (1,1), and (-2, -2). 

(4) (0, -a), and (0, — b). 

' * 2. Find the equations to the lines which pass through the 

point (4, 4) and are inclined at an angle ot 45® to the line 
y = 2as. 

/ 3. _ Find the equations to the lines which pass through 

the point (0, 1), and are inclined at an angle of 30® to the 
line # + «=2. 

4. Find the equations to the lines which pass through 
the origin and are inclined at an angle of 45® to the line 
«=» 2 . 
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5. Find the equations to the lines which pass through 
the origin and are inclined at an angle of 60® to the line 

J 6. Find the angle between the lines x + y = 1, y = a? + 2 ; 
also find the co-ordinates of the point of intersection. 

7. Find the angle between the lines x + yt/3 = 0 and 
x — ysj 3 = 2. 


8. What is the angle between x + 3y = l and x — 2y = 1 ? 

j 9. Find the equations to the lines passing through a 
given point in the axis of x, and making an angle of 45° 
with the axis of x . 

10. Find the equation to the line which passes through 
the origin and is perpendicular to the line x+y = 2. 

11. Find the perpendicular distance of the point (1,-2) 
from the line x + y — 3 = 0. 

> 12. Find the length of the perpendicular from the point 

/jj *fj 

(a, b) on the line - + 1 = 1. 

13. Find the co-ordinates of the point of intersection of 

the lines - + \ = 1 and ? + - = 1. 
a b b a 

r 14. Find the equation to the line which passes through v 
- the point (a, J), and through the intersection of the lines j_ ' 

Vr -+K-1, 2+JE-j. 

abba 

15. Shew what loci are represented by the equations 

( 1 ) + ( 2 ) 0,v. x 

(3) a?+xy=0, •'•-»/ (4) ** 3% « 0, i 

. (5) a?+y* + a‘ — 0, (6) x(y — a) = Q. 
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16. ' Interpret 

(1) (as - a) (y - 5) = 0, 

<(2) ■d—oy+b-by-0,4 

'\ (3) (x — y + a)*+(x + y — a)* = 0. 

% 

17. Wliat straight lines are represented by the equation 
, .. /■, y*-ixy + 3as‘ = 0? 

18. Shew that 3y a - 8scy — 3sc* + 30sc — 27 = 0 represents 
two straight lines at right angles to one another, a, 

19. Find the equations to the diagonals of the four-sided 
figure, the sides of which are represented by the equations 

x = l, y = 5, y = 

20. ABCDEF is a regular hexagon ; take A for the 
origin, AB as axis of sc, and a line through A perpendicular 
to AB as axis of y\ find the equations to all the lines joining 
the angular points of the hexagon. 

21. Given the co-ordinates of the angular points of a 
triangle, find the equation to the line which joins the middle 
points of two sides. 

22. Find the tangent of the angle between the lines 

y — mx = 0 and my -+■ sc = 0, 
when referred to oblique axes. 4/ 

23. Shew that whether the axes be rectangular or oblique 
the lines y + x = 0 and y — sc = 0 are at right angles. 

24. Given the lengths of two sides of a parallelogram 
and the angle between them, write down the equations to the 
two diagonals and find the angle between them ; taking one 
of the corner^ as origin, and the two sides which meet in that 
corner as axes. 

25. In the figure to Art. 76, take BA and BG as the axes 
of x and. y; suppose BA — a, BC*=c) and let h 9 k be the 
co-ordinates of D\ then form the equations to AC, BD, 
AD } CD. 
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/ 26. With' the notation of the preceding question, find 
the co-ordinates of the middle point*of A C ana those of the 
middle point of BD, and form the equation to the line passing 
through these two points. 

/ 27. With the same notation find the co-ordinates of the 

middle point of EF, and thus shew that this point lies on 
the line joining the middle points of AC and BD. 


f 28. If - + % = 1 and — 1 be the equations to two 

CL 0 CL 0 

'lines, which with the co-ordinate axes (rectangular or ob- 
lique) contain equal areas, and x, y be the co-ordinates of 
the point of their intersection ; shew that 

l J-V b 

x' a! —a,' 


29. Wliat points on the axis of x are at a perpendicular 


• X w 

distance a from the line - + ^ = 1 ? 

a b 


30. Form the equation for determining the abscissa of a- 


J/ 

point, in the straight line of which the equation is - + ~ = 1, 

whose distance from a given point (a, 0) shall be equal to a 
given line c. Shew that there are in general two such points, 
and in the particular case in which those points coincide 

c 8 (a 8 + 5*) = (aft + ba — al)\ 

31. Find the tangent of the angle between the two lines 
represented by the equation 

* Ay* + Bxy + Csc 2 = 0. 

32. Find the points of intersection of the straight lines 
Of + 2y — 5 = 0, 2a? + y — 7 = 0, and y — x — l = 0; and shew 

^tbat the area of the triangle formed by them is ~ . 

33. The $rea of the triangle formed by the straight lines 
y=sajtana, y—x tan£, y = a?tany+c, 

./ <? sin (a — 0) cos 9 y 
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34. Given the equations to two parallel straight lines, 
find the distance between them. 


^ 35. J)eterpiine the angle between the lines 

1 - = 4 cos 0 + 3 sin 0, - = 3 cos 0 — 4 sin 0. 

y* r r 

^36. Interpret F(0) = 0 ; for example, sin 30 = ' 

0 ~ V/ / U K |; 

^ 37. If the axes be inclined at an angle a), the condition 
that the lines ^ ^ „ , 

Ax + By -f (7 = 0, ud'a; + Z? y + O' = 0, 


may be equally inclined to the axis .of x in opposite direc- 
tions is 



B B' 

^ = 2 COS G>. 


38. In the preceding question, if besides being equally 
inclined to the axis of x the lines pass through the origin 
and are perpendicular to one another, the equation to' the 
straight lines is 

a? + 2xy cos a> +y 9 cos 2a> = 0. 

v/ 39. Two parallel lines are drawn at an inclination 0 to 
the axis of x through the two points whose co-ordinates are 
a, b, and a, V ; shew that the distance between these lines 
is (6' — b) cos 0 — (a! — a) sin 6. Hence determine the rect- 
angle whose sides pass through four given points, and whose 
area is given. I 

40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed lines at 
right angles to each other in the plane of the square; shew 
that the extremities of the other diagonals will at the same 
time moye upon two other fixed straight lines at right angles 
to each other. nJ 

y 41, AB and BO are two lines, perpendicular to each 
other, A is a fixed point, B moves along a given right 
line, and AB to BO is a given ratio; determine the locus 
,pf 0 . 
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42. OX and OY are fixed lines meeting in any angle; 
a line of given length slides along OX, and another line 
of given length slides along 0 Y. Find the locus of a point 
which is so taken that the sum of the areas formed by joining 
it to the ends of the moving lines is constant. 


: 43. Shew that the lines FC, KB, AL, in the figure to 
Euclid I. 47, meet in a point. 

/' 

44. If upon the sides of a triangle as diagonals, paral- 
t lclograms be described, having their sides parallel to two 
1 given lines, the other diagonals of the parallelograms will 

meet in a point. 

45. If from a fixed point 0 a straight line be drawn 

OABCD... meeting in A,B, any given fixed straight 

lines in one plane, and if 

i Lx 

7 OX~ 0A + OB + OG + ‘" 

X being a point in OA, the locus of X is a straight line. 


46. Shew that the area of the triangle contained by the 
axis of y and the iines 


is 


y^mp + c,, y=m a x + c a , 

( C 2 ~ </" 

2 (m, — to,) * 


47. 

lines 


48. 

lines 


Determine the area of the triangle contained by the 

y^mp+c,, y = m^} + c a , y-=m/c + o t . 

The area of the triangle formed by the three straight 

bo , ao ab 

y=ax-~, y = bx ~— , y = cx- T , 


(a — b) (J — q) (c — a) 

8 


is 
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CHAPTER IV Z' 

STRAIGHT LINE CONTINUED. 

65. We have seen that each of the equations 

Ax + By + (7=0, A x -i- By + G' = 0, 

represents a straight line. We will now interpret the equa- 
tion 

Ax + By + 0 + X (A'x + By + C' ) = 0 (1), 

where X is some constant quantity. 

I. Equation (1) must represent some straight line, because 
it is of the first degree in the variables x, y . (Art. 16.) 

II. The line represented by (1) passes through the inter- 


section of the lines represented by 

Ax +By 4* <7=0 (2), 

A'x-+B’y+ <7 = 0 (3). 


For the values of x and y which satisfy simultaneously (2) 
and (3) will obviously satisfy (l) ; that is, the point in which 
(2) and (3) intersect lies on (1). 

III. By giving a suitable value to the constant X the 
equation (1) maybe made to represent any straight line which 
passes through the intersection of (2) and (3). 

For let x l9 y l denote the co-ordinates of the point of inter- 
section of (2) and (3) ; suppose any line drawn through this 
noint, and let y % be the co-ordinates of another point in it. 
Now we have already shewn in II. that the line (1) passes 
through (x t , y t )] we have therefore only to prove that by 
giving a suitable value to X the line (1) can be made to pass 
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through (* t , y,), because two straight lines which have tw< ? ] 
common points must coincid e. Substitute g.. vTlor x and '!/ 

< respectively in^l), and determine X so as to satisfy the equa- 
tion. Thus 

Ax , +By t + C 
A'x t + . By, + C ^ 

Now use this value of X in (1) ; then the equation 
Ax + By + g (A'x + B'y + C") = 0...(4) 

represents a straight line passing through (a?,, y 4 ) and (a? 2 , y 2 ). 

We have thus proved that by giving a suitable value to X, 
the equation (1) will represent any straight line passing 
through the intersection of (2) and (3). 


66. The preceding article is very important, and com- 
monly presents difficulties to beginners. The student should 
not leave it until he is thoroughly familiar with the three 
propositions which are contained in it. The first proposition 
is obvious/ To prove the second proposition the student may, 
if he pleases, actually find the values of x and y which satisfy 
simultaneously Ax + By + (7=0, and Ax + B’y + C' =± 0, 
and convince himself, by substituting these values, that they 
do satisfy Ax + By+C+ \ (Ax + JB*y + C) = 0. There is, 
however, no necessity for solving the first equations, because 
it is evident that values of x and y which make Ax + By + C 
and Ax + B'y 4- O' vanish simultaneously must make 
Ax + By + C + X (Ax -f B'y + O') vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding article is usually the most dif- 
ficult — the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving different values 
to X, different lines are represented, and that we can thus 
obtain as many lines as we please , but this does not shew 
that we can by a suitable value of X in (1) represent any 
line passing through the intersection of (2) and (3). 
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For example, if the.straiglit. lines (2). .and (3) be D8E and 
FSG respectively, it might havej&ppened that nil the lines *«• 
represented by (1) fell within the angle F8D and none***» 



within FSE. It requires to be proved then that by giving to 
X a suitable value in (1) we can obtain the equation to any 
line through 8. 

67. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for example, in Art. 51 we have used the 
symbol a as an abbreviation for x cos a -f y sin a— p. In 
like manner we may denote such expressions as Ax + By + G, 

y—mx-c, - + f— 1 ,... by single symbols, as u, »,... 

Now it will be seen that the demonstration in Art. 65 applies 
to any form of the equation to a straight line as well as to 
the form Ax + By + U = 0 which we have used. Hence the 
result may be enunciated thus : — if u = 0 and v = 0 be the 
equations, to two straight lines, and \ a constant quantity, 
the equation u + \v = 0 will represent a straight line passing 
through the intersection of the two lines ; and by giving a 
suitable value to the equation will represent any straight 
line passing through the intersection of the two lines. 

68. If u = 0 and v = 0 be the equations to two straight 
lines, then as we have shewn, u + \v = 0 will represent a 
straight line passing through their intersection; it is sometitnes 
convenient to use the more symmetrical form lu+my = 0, 
where l and m are both constants. v It is obviousThat what h&s 
been said respecting the first form applies to the second ; in 
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fact the second is deducible from the* first by writing ~ for X. 

It must be remembered throughout this chapter that Z, m, 
n,... X,... are constants , though for shortness we may omit to 
state it specially in every article. 


69. Similarly if u = 0, v = 0, w — 0 f be the equations to 
three straight lines, and Z, m , n be constants, the equation 

lu + mv + nw^* 0 ( 1 ) \ 

will represent a straight line. Moreover, by giving suitable 
values to Z, m , n we may in general make this equation re- 
present any straight line whatsoever. For suppose we wish 
this equation to represent the straight line passing through 
(x x , yj and (x 2 , y 2 ). Let u l9 v v w x denote the values of u, v, 
w respectively when we put x x for x and y 1 for y; and let u 2 , 
v 29 w 2 be the respective values when x 2 and y 2 are put for x 

and y respectively. Then determine the values of — and ^ 

from the equations 

lu x + mv l 4* nw x = 0, 

* lu 2 + mv 2 + nw 2 = 0 ; 

suppose we thus find 

m__ fM n_ v 

7“X’ 7“x ; 

substitute these values in the equation 


and we obtain 


* 

or 




n 

i 


w = 0, 


U+ \ V + ^ W=S ° 9 
\u + fiv + vw = 0 f 


whioh represents the line passing through the points (x l9 y x ) 
and (x 29 y 2 ). 

We have said above that the equation (1) can in general 
be made to represent any straight line, because there are 
exceptions which we now proceed to notice. 
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When the lines represented by w = 0, ti^O, and 10 = 0 
meet in a point, the equation (1) represents a line which 
necessarily passes through that point. For since the three 
given lines meet in a point, u, v , and w vanish simultaneously 
at that point; therefore lu + mv-b nw also vanishes at that 
point, so that the line represented by equation (1) passes 
through that point. 

When the three given lines are parallel the equations 
w = 0, t? = 0, w=Q will be of the form 

Ax+By + 0, 

Ax + By + <7 8 =0, 

Ax + By+ C a = 0 f 

and thus equation (1) may be reduced to 




and this equation represents a line parallel to the given lines. 

Thus if the three given lines meet in a point or are 
parallel, equation (1) will not represent any straight line ; for 
the line represented by equation (1), in the former case passes 
through the point in which the given lines meet, and in the 
latter case is parallel to the given lines. 

We may shew that there is no other exception. For the 
only case in which the general investigation can fail is when 
, \, n, and v all vanish, that is, when 

v i w t ~ v i w t — 0 

i-o • * (2). 

We shall now prove that when equations (2) are satisfied, 
t the three given lines either all meet in a point or are parallel. 
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First suppose that the points (« t ,y,) And (a?,, y,) are not 
on any of the'three given lines; so 'that none of the quan- 
tities u,,e, t>„ to, vanish. 

From the first of equations (2) we have 
v, to,’ 

hence by Art. 47 it follows that the ratio of the perpendicu- 
lars from (*, , y,) and (x t , y,) on the line v = 0, is the same as 
the ratio of the perpendiculars from the same points on the 
line to sb o. Hence it will follow geometrically either that 
the lines « = 0 and to = 0 are both parallel to the line joining 
( x t> .Vi) an( i (*„ y s ), or else that these three lines meet in. 
a point. Similar results follow from the second of equations 
(2f, and from the third of equations (2). Hence in, this case 
if equations (2) are satisfied, the three given lines either meet 
in a point or are parallel. 

Next suppose that one of the two given points is situated 
on ‘one of the three given lines; suppose for example that 
wM= 0. Then from the first of equations (2) it follows that 
either v, = 0 or — 0. Suppose we take v, = 0. Then 
from the second and third of equations (2) we deduce 
either that u. = 0 or else that to t = 0 and v t — 0 ; in the 
former case the three given lines all pass through the point 
(r,, y,) ; in the latter case the lines v = 0 and to = 0 both 
pass through the two points (a?,, yj and y,), that is, 
two of the given lines coincide so that all three will reduce 
either to two intersecting lines or to two parallel lines. Sup- 
pose we take to, = 0 in conjunction with to, = 0. Then the 
line to = 0 passes through the given points (a?„ yj and (*„ yj). 
From the third of equations (2) we have 



and thus the lines «= 0 and t? = 0 either meet on the line 
joining the points (x lt y,) and (jr,, yj, or are parallel to this 
line ; that is, the lines u = 0, v = 0, and to = 0 either meet in a 
point or are parallel. 
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* 70. Let ec=0, $ = 0 be the equations to two lines ex- 
pressed in terms of the perpendiculars from the origin and 
their inclinations to the axis of x (see Art. 50), so that a is an 
abbreviation for a? cos a*fy sin a — p v and $ is an abbre- 
viation for cc cos -f y sin ft ; we proceed to shew the 
meaning of the equations a - /3 = 0 and a + fi = 0. 

Let SA be the line oc = 0, * * 

SB £ = 0; ‘ 

let SG bisect the angle A SB, and SB bisect the supplement 
of A SB; the angle DSC is therefore a right angle. Take 
any point P in SO and draw the perpendiculars PM \ PN on 
SA, SB respectively. If x, y be the co-ordinates of P, the 
length, of PM is a by Art. 54, and the length of PN is 
•Since SC bisects the angle A SB, PM=PN; therefore for 



any point in SC we have that is, the equation to 

SC is 

a = 0. >/ 

Similarly, the equation to SB is 
a «-/8. J 
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Thus a — £='0 and a+/9=0 represent the two lines which 
pass through the intersection of a = O’ and /S = 0 and bisect 
the angles formed by these lines. 

71. The student must distinguish between the lines 
a — ft = 0 and a + /? = 0 ; the following rule may be used : 
the two lines a==0, £—0, will divide the plane in which they 
lie into four compartments ; ascertain in which of these com- 
partments the origin of co-ordinates is situated; a— ft = 0 
bisects that angle between « = 0 and ft = 0 in ^wlucFlffi^ 
origin" of co -ordinat es lies . Tins is obvious from the*ThveitI-| 
gallon in the preceding article and the remarks in Arts.j 
53, 54. 

The equation a 4- A/8 = 0 represents a line such tha t A is 
numerically equal to the ratio of the perpendicular from any 
point of it on a = 0 to the perpendicular from the same point 
on )8 = 0. If A is positive the li ne « + A)3 = 0 liesjn the 
Same two of the four compartments just alluded to as the 
lijfe a + y3 = 0; if A be negative the line a -f A/3 = 0 lies in 
the Same two compartments as the line a — /3 =0. From 
the figure to Art. 70 we see that PM=* PS sin PSM and 

PN= PS sin PSN ; hence A or that is, A ex- 

presses the ratio of the sine of the angle between a = 0 and 
a + \ft = 0 to the sine of the angle between ft = 0 and a + \ft= 0. 

72. We shall continue to express the equation to a straight 
line by the abbreviation a = 0 when the equation is of the 
form ajcosa+y sin a — p = 0; when we do not wish to re- 
strict ourselves to this form, we shall use such notation as 

0, v = 0 y u = 0, 

Let u » 0, v a* 0 be the equations to two lines, the axes 
being rectangular or oblique; then u~ Av = 0 and u + Av = 0 
represent two lines passing through the intersection of the 
first twfa. Suppose, as in Art. 70, that SA, SB are the first 
two lines and SC, SB the second two; then will 

sin CSA sin BSA 
smTTSB ~ sin DSB * 

T. c. s. 
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For by Art. 57 it appears that if p be the perpendicular 
from a point (*, y) on tL line « = 0, then «=TTere «? s 
a constant quantity; similarly it p' denote the peroSsfw 
from the same point on o = o' th whe £ ?S 

stant quantity. Hence the equation or £_ V'_ Q 

•\ /A fit 

shews that = thus we see that numerically without 
regard to algebraical sign 

- sin GSA \p 

sin (J8B ~ 7 7 ’ 

Similarly, sin PSA _ 

J ’ sin DSB~~^’ 

. sin C8A sin PSA 
sin Otifi sin USB ' 

to some eIan^les? PPly the P nnci P les of the preceding articles 

7-« = q...(2)j a-g~0...(8). 

the valueVS and y “hilh V°*?* ** ? “ ** 

(2) will also satisfy h h 81multaneousl y satisfy (1) and 

the an^s^StS^iS & ^ 

to those of the triangleare aDgIes su PP^mentel 

— r + * r c«). 

i« 

smSST-ws aaa 
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74. If a = 0, /3 = 0, 7 = 0 be the equations to three lines 
which form a triangle, then any line may be represented by 
an equation of the form lx + m /3 + ny = 0 ; for the exceptional 
cases noticed in Art. 69 cannot occur here. 

Let a, b, c denote the lengths of the sides of the triangle 
which form parts of the lines a = 0, = 0, 7 = 0 respectively. 

Take any point within the triangle and join it with the 
three angular points ; thus we obtain three triangles the areas 

of which are respectively — ~ and — ~ . Hence 
ax + bj 3 + cy = a constant; 

the constant being in fact twice the area of the triangle taken 
negatively. ~ - — - - 

This result holds obviously for any point within the triangle 
determined by a = 0, £ = 0, 7 = 0. It will be found on ex- 
amining the different cases which arise that it is also t rue for 
any point without the triangle. Hence it is universally true. 

Suppose we require the equation to a line parallel to the line 
lx + m /3 + ny as Q. 

This required equation may be written 

lx + m /3 + ny + Jc = 0, 
where Jc is a constant. (Art. 38.) 

Or, since ax + bfi + cy is a constant, the required equation 
may be written thus, 

la + m /3 + (aa - 0, 

where Jc is a constant. 

75. The lines represented by the equations u~ 0 , v = 0, 
w ass 0, will meet in a point, provided lu + mv + nw is iden- 
tically = 0; njbeing constants. For if hi + mv + nw = Q 
identically , we have 

tu + mo 
w 



5—2 



68 


F.TAMPT.FS OP ABRIDGED NOTATION. 


Hence the equation w = 0 may be written 
lw + mv _ A 

— ' — V) 

n 

that is, the line w = 0 is a line passing through the inter- 
section of « = 0 and v = 0. 


76. The following example will furnish a good exercise 
in the subject. 



Let ABCD be a quadrilateral ; draw the diagonals AC, 
BD ; produce BA and CD to meet in E, and AD and BC to 
meet in F; join EF, forming what is called the third diagonal 
of the quadrilateral. Suppose 

w = 0, the equation to AB, (1), 

t> = 0 BC, (2), 

w = 0, CD (3). 

We propose to express the equations to the other lines of 
the figure in terms of u, v, w, and constant quantities. As- 
sume tor the equation to BD 

lu — mv — O (4), 

and for the equation to CA 

mv — nw = 0 (5). 

These assumptions are legitimate, because (4) represents 
some line passing through B, whatever be the values of the 



EXAMPLES OP ABRIDGED NOTATION. 


69 


constants l and m\ by properly assuming these constants, we 
may therefore make (4) represent BD.. Also (5) represents 
some line through C , and by giving a suitable value to w, we 
may make it represent GA. We may if we please suppose 
one of the three constants Z, m, n, equal to unity, but for the 
sake of symmetry we will not make this supposition. The 
equation to AD is y 

lu — my + nw — 0... 4 (6) ; 

for (6) represents a line passing through the intersection of 
lu — mv — Q and t 0 = O, N fhat is, a line through D\ also (6) 
represents a line passing through the intersection of w = () 
and mv — nw=* 0, that is, a line through A. Hence (6) re- 
presents AD. The equation to EF is 

?w + m0 = O (7); 

for (7) obviously represents some line through E, and since 
lu + nw = lu —'mv + nw + mv, (7) represents some line through 
F. Hence '(7) represents EF. 

Let G be the intersection of AC and BD. The equation 
to EG is 

lu — mo =0 (8) ; 


for (8) represents a line passing through the intersection of 
(1) and (3), and also through the intersection of (4) and (5). 
The equation to FG is 


lu — 2 mv + nw = 0 




for (9) represents a line passing through the intersection of 
(4) and (5), and also through the intersection of (2) and (6). 


Suppose BD produced to meet EF in H, and AG and 
EF produced to meet in K ; then it may be shewn that the 
equation to 

AH is 2 lu — mv + nw = 0 9 
that to CH is mv A nw — 0, 

KB\$ lu + mv = 0, 

KD is lu — mv + 2nw = 0. 


We have introduced this example,* not on account of any 
importance in the results, but as an exercise in forming the 
equations to lines. We proceed to another example. 
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77. If there be two triangles such that the lines joining 
the corresponding angles meet in a point, then the intersec- 
tions of the corresponding sides lie in a straight line. 



Let ABC be one triangle, A' If C the other triangle ; let S 
be the point in which the lines AA', BB', CC meet. Let 
the equation to Z?(7be w = 0, to CA w = 0, and to AB w — 0. 


Assume for the equation to 

EC lu + mv + nw = 0 (1), 

and to CA’ lu+iriv+nw = 0 (2). 


It is shewn in Art. 69 that the equation to EC may be 
written in the abovB form, and by the method of that article 
it may be shewn that by giving suitable values to the con- 
stants l , m', we may make (2),represcnt CA'. We will now 
prove that the equation to A1E may be written in the form 

‘ 'lu + mv + riw = Q (3). 

.The constant n' may be obviously determined, so as to 
make the line, represented by (3) pass through A'; let «' be 
so determined it remains to shew that the line (3) will pass 
through B'. ' From (1) and (2) it follows that the equation 

(? — l)u + (m — m > )v = 0 (4) 

represents some line through C; but (4) obviously represents 
a line passing through the intersection of BO and &A. Hence 
(4) is the equation to CC. 
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Again, the line represented by (3) by supposition passes 
through A; hence from (2) and (3) we ‘see that 


( m ' — m)v + (n — ri) w = 0 (5) 

is the equation to AA'. 

The equation 

(Z' — Z)w + (n — ri) w=0 (6) 


represents a line passing through the intersection of BG and. 
AB, that is, through B; and from (4) and (5) it follows that 
this line passes through the intersection of CC and AA, 
that is, through 8. Hence (6) is the equation to SB. 

Now from (1) and (3) it follows that the lines represented 
by these equations meet on the line (6). Hence (3) is the 
equation to A'B 

The required proposition now easily follows: for the line 
represented by 

lu + mv + nw— 0 (7) 

passes through the intersection of BG and B' O', of OA and 
G'A!, and of AB and A'B') that is, these three intersections 
are in the same straight line. 

Conversely, if there be two triangles such that the inter- 
sections of the corresponding sides lie in a straight line, then 
the lines joining the corresponding angles meet in a point. 
To prove this we may begin with the e lations to BO, GA , 
AB, B'G ', G'A' as before, and assume (;■ as the equation to 
some line through A'. Then (7) will rep* *ent the line pass- 
ing through the intersection of BG and & 0 , and of GA and 
O' A; now (3) is the equation to a line vpEHsing through the 
intersection of AB and (7); hence (3) must bt the equation to 
AB. Then from the form of (1), (2), and (3), it follows im- 
mediately that GG' passes through the intersection of AA 
and BB. 

It may be shewn also that the equation to the line whicli 
passes through the intersection of AB and AC ', and of AG 
and AB is 

lu + rriv + riw «s 0 (8). 

And the intersection of (8) with BO will lie in the line 
I’u + m'v + riw so 0.... X. (0). 
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Similarly the line joining the intersection of BA and BG' 
with the intersection of BC and BA will meet GA on (9). 
And also the line joining the intersection of GA and OB 
with the intersection of GB and O A will meet AB on (9). 

78.' The equation w + = 0 represents a straight line 

passing through the intersection of the lines u — 0, v — Q. 
lienee if there he a series of straight lines the equations of 
which are all of the form u + \v=0, and differ merely in 
having different values of the constant all these lines pass 
through a point, namely, the intersection of u = 0 and v = 0. 


EXAMPLES. 


1. Find the equation to the straight line passing 
'the origin and the point of intersection of the lines 


through 


x 

a 



a 9 + V lm 


f 2. A, A are two points on the axis of x, and B , B on 
that of y, at given distances from the origin ; AB and AB 
intersect in P, and AB and AB in Q ; find the equation to 
the straight linc.P#, and shew that the axes are divided 
harmonically by it. 

3. If a = 0, ^=i0, 7 = 0 be the equations to the sides 
of a triangle^ ABG opposite the angles A, P, G, prove that 
a sin A — ft sin P = 0 is the equation to the straight line 
bisecting AB from C. 

4. Prove by* means of such equations as that given in the 
preceding question the first proposition in Art 64. 

, 5. Shew that a cos A — ft cos P=0 is the equation to the 

perpendicular from C on AB. 

. 6. Hence prove the second proposition in Art. 64. 
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, 7 . If a, b, c be the lengths of the sides of a triangle 

opposite the angles A, B, C, respectively, prove that 

o cos A — y 8 cos B + (sin B cos A — sin A cos j3) = 0 

It 


is the equation to the line which bisects AB and is perpen- 
dicular to it. The equation may also be written 


( . asini?sin(y\ A ( n 
(“-■•- T i m 


l sin C sin A') 
2 sin B ) 


cos 5=0. 


/ 

Kh 


8 . Hence prove the third proposition in Art. 64, 

9. Interpret the equation aa. + bf3 = 0 . « 


~ . 

4 


10. Shew that aa -f bfi — cy = 0 is the equation to the line 
ich joins the middle points of AC and BG. 


^ 11 . Shew that 

a cos A + fi cos JB — 7 COS <7=0 

is the equation to the line which joins the feet of the perpen- 
diculars from A on BG, and from B on AG. 


12 . If lines be drawn bisecting the angles of a triangle 
and the exterior angles formed by producing the sides, these 
lines will intersect in only four points besides the angles of 
the triangle. 

13. If u = 0, v = 0 , w=~0 be the equations to three 
straight lines, find the equation to the line passing through 
the two points 


- — iL 

l~ m 


w 

„ 9 

n 



v __ w 
m 7 — w 7 


14. Find the equation to the straight line passing through 
the intersections of the pairs of lines 

2 au + bv + cto = 0, bv — e to = 0; 

2iw + ov+cio = 0, av — cio — 0. 


and 
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/ 15. If a = 0, # = 0, 7 = 0 be the equations to the sides of 
a triangle ABC , shew that the equation to the straight line 
which Joins the centres of the inscribed circle and the circum- 
scribed circle is 

a (cos B — cos C) 4* £(cos C — cos A) + 7(cos A — cos B) = 0. 

16. If the equations to the sides of a triangle ABC be 
w = 0, v = 0 , w = 0, and to the sides of a triangle A'B'C', 
u-a, v = b, w=c, then will AA', BB, and CC' meet in 
a point. 


17. If the lines AA f , BB\ CC', in the last question meet 
respectively the sides of the triangle ABC in D, E, F, shew 
that the intersections of BE and AB, of EF and BO, of FD 
and CA , will all lie in one straight line ; and that a similar 
property will hold for the intersections of the same lines with 
the sides of the triangle A!B'C'. 

18. In Art. 76, suppose the line joining F and G 
to meet AB in P and CD in Q ; then find the equations 
to CP, DP, AQ, BQ, in terms of the notation of that * 
article. 

19. From the middle points of the sides of a triangle 
perpendiculars are drawn (all internal or all external) and 
proportional to those sides; prove that the straight lines 
which join the angles with the extremities of the opposite 
perpendiculars pafc through one point. 

20. Let the three diagonals of a quadrilateral be produced 
to meet each other in three points, and let each of these 

I Joints be joined with the two opposite comers of the quadri- 
ateral; the six lines so drawn will meet each other three 
and three in four points. 

21. In the figure constructed in the preceding question 
the four lines which meet each other in any comer of the 
quadrilateral are so related that two of them are parallel to 
the sides, and two to the diagonals of some parallelogram. 
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22. Prove that the three points of intersection which are 
found in questions 4, 6, 8, lie on the straight line 

a sin A cos A sin (B — C) +fi sin B cos B sin ((7— A) 

+ 7 sin (7 cos (7 sin (Jl— B) = 0. 

f 23. Let any point P be taken in the plane of the triangle 
ABC, and from the angular points A, B, C, straight lines 
drawn through it cutting the opposite sides or the sides 
produced^ in a, b, c, respectively; let BC, be be produced 
to meet in d; CA and ca in a; and AB and ab in c; then 
shew that the points d, V, c' are in one straight line. 

Also prove that the straight lines BV, Cc, and Aa meet 
in one point; so also Cc\ Ad, and Bb; and Ad , BV, and 
Cc. 


f 24. Three points A\ B\ C' in the sides BC, CA, AB 
of a triangle being joined form a second triangle of which any 
two sides make equal angles with the side of the former in 
which they* meet. Shew that AA, BB\ CC ' are perpen- 
diculars to BC, CA, AB . 

* ^ 25. ABC is any triangle, 0 the centre of the inscribed 
circle, O the centre of the escribed circle which touches BC . 
The line 00* meets BC in D, and any straight line drawn 
through D meets A C in E and AB in F. The lines OF and 
O'E meet in P, and the lines OE and 0*F in Q. Shew that 
A, P, and Q lie in one straight line perpendicular to .00*. 
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CHAPTER V. 

TRANSFORMATION OF CO-ORDINATES. 

79. We have seen in the preceding articles that the 
general equation to a straight line is of the form y = mx -f c, 
but that the equation takes more simple forms in particular 
cases. If the origin is on the line the equation becomes 
y = mx ; if the axis of x coincides with the line , the equation 
becomes v = 0. In a similar manner we shall see as we 
proceed that the equation to a curve often assumes a more 
or less simple form, according to the position of the origin 
and of the axes. It is consequently found convenient to 
introduce the propositions of the present chapter, which enable 
us when we know the co-ordinates of a point with respect to 
anjr origin and axes, to express the co-ordinates of the same 
point with respect to any other given origin and axes. It 
will be seen that these propositions might have been placed 
at the end of the first chapter, as they involve none of the 
results of the succeeding chapters. 

80. To change the origin of co-ordinates without changing 
the direction of the axes 9 the axes being oblique or rectangular . 



X 
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Let OX, OF be the original axes*; OX', O'F the new 
axes; so that OX' is parallel to OX, and O'F to OF. 
Let h , & be the co-ordinates of O' with respect to 0. Let' P 
be any point ; x, y its co-ordinates referred to the old axes ; 
x\ y its co-ordinates referred to the new axes. 

Let F 0' produced cut OX in A ; draw PM parallel to OF 
meeting OX 1 in N ; then 

OA = h y AO' = k ; 

2 = OM=AM+ 0A=0’N+0A=x’ + h, 

^ = PJf=PX+Xif=PX+^0'==y' + i. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

81. To change the direction of the axes without changing 
the origin , both systems being rectangular . 



Let OX, OF be the old axes; OX', OF' the new axes, 
both systems being rectangular; let the angle XOX' = 0. 
Let P be any point ; 2 , y its co-ordinates referred to the old 
axes ; x\ y its co-ordinates referred to the new axes. Draw 
PM parallel to OF, PM’ parallel to OF, M'N parallel to 
OF, and M’R parallel to OX. 

Then 2 = 0M= ON- MN= ON - M’R 
- OM’ cos XOX' - PM ' sin Jf 'PR 
K = 2 ' cos0— y' sin0; 

V ; tv" X 
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TO CHANGE THE BISECTION 


y = PJ£= EM + PR - M 'N+ PR 
= x sin 6 +y' cos 0, 

Hence the old co-ordinates of Pare expressed in terms of 
its new co-ordinates. 

82. In the preceding article 6 is measured from the posi- 
tive part of the axis of x towards the positive part of the axis 
of y; therefore if in any example to which the formulae are 

j applied, OX' fall on the other side of 0X } 6 must be con- 
sidered negative. 

From the formulae of the preceding article, we see that 
<*? + / = 

this of course should be the case, since the distance OP is the 
same whichever system of axes we use. 

83. To change the direction of the axes without changing 
the origin , both systems being oblique . 



Let OX, OF be the old axes ; OX r , OY 1 the new axes. 
Let (XY) denote the angle between OX, OY; and let a 
similar notation be used to express the other angles which 
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are formed by the lines meeting at 0. Let P be any point ; 
x, y its co-ordinates referred to the old axes ; x', y its co- 
ordinates referred to the new axes. Draw PM parallel to 
OY, and PM' parallel to OY '; from P and M' draw PL, 
M'N perpendicular to 0 Y\ from M' draw M'R perpendicular 
to PL. Then 

x— OM, y=PM; 

x'=OM', y' = PM'.. 

Now PL = perpendicular from M on OY=x sin (XY), 
alBO PL = RL + PR — M'N+ PR 

= OM' sin X'OY+PM' sin Y'OY 

= x' Bin (X' Y)+y' sin {Y'Y); 

.*. * sin (XY) = x' Bin {X' Y) + y' sin ( Y' Y) (1). 

Similarly by drawing from P and M' perpendiculars on 
OX we may prove that 

y sin ( YX) = x' sin (X'X) + y' sin ( Y'X) (2). 

Equations (1) and (2) express the old co-ordinates of P in 
terms of its new co-ordinates; (YX) and (XY) denote the 
same angle, but we use both expressions for greater sym- 
metry. 

Let XOX' = a, XOY' = ft, XOY=v, then (1) and (2) 
become ** M 11 • ' y -- ""*~~ 

x sin a = x’ sin (© — a) + y' sin (a — ft) (3), 

y sin o) = ®' sin a +y'sin^ (4). 

84. Two particular cases of the general proposition in the 
preceding article may be noticed. 

If the original axes are rectangular o> = ^, and the equa- 

V * 

' ~ 

x = sc' cos a + y' cos ft, 

*' - 

y - x' sin a + y’ sin ft. 
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CHANGE OF ORIGIN AND DIRECTION. 


If the new axes he rectangular /3 = ? + «, and the equa- 
tions (3) and (4) become 

a? sin © = x' sin (o> — a) —y cos (g> — a), 

• ysina> = #'sina + y'cosa. 

85. Suppose we require to change both the origin and 
the direction of the axes; let x , y be the co-ordinates of a 
point referred to the old axes ; x\ y ' the co-ordinates of the 
same point referred to the new axes. By Arts. 80 and 83 
we have 

x = x l + h, 

y=Vi+k, 

where h and k are the co-ordinates of the new origin referred 
to the old axes, and 

_ x' sin (« — a) + y ' sin {to — /8) 

X t — • — . 

sin ay 3 

_ x sin a + y' sin j3 

y . ■ 

sin <o 

The expressions for x x and y x will simplify when one or 
each of the systems is rectangular. (See Art. 84.) 

86. The formulm which connect the rectangular and polar 
co-ordinates of a point in the particular case in which the 
origin is the same m both systems, and the axis of x coincides 
with the initial line, have already been given. (See Art. 8.) 
The following is the general proposition. 

^ To connect the polar and rectangular co-ordinates of a 
point . 

Let OX, 0 Y be the rectangular axes ; let 8 be tfhe pole 
and 8A the initial line. Let h, h be the co-ordinates of S 
referred to 0 ; draw 8X f parallel to OX, and let the angle 
ASX' sb g. 



POLAR AND RECTANGULAR CO-ORDINATES. 
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Let P be any point ; x , y its co-ordinates referred to the 
rectangular axes; r, 0 its polar co-ordinates. Draw PM; 
SC parallel to OF, the former cutting SX' in N, and ioin 
SP; then J 

x = OMy y = PM, 

r = SP, 0 = the angle PSA . 

And OC+ CM= OC+ SN 

= h + r cos (0 + a) (1), 

y = MN+PN=SC + PN 

' = i + rsin(0 + a ) ( 2 ). 1 

If a = Owe have )j (p-* //; 4/ 

a? = A+rcos0 (3), 

y=k + r sin0 (4). 

87. By means of the formulae of the present chapter we 
shall sometimes be able to simplify the form of an equation ; 
for example, the axes being rectangular, suppose we have 

jfi + at+tafitf** 2 :( 1 ). 

This equation represents some locus, and by ascribing 
different values to x and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an angle of 45°. In 

the formulae of Art. 81 put for 0 ; thus 

. T. c. s. 


6 
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EXAMPLES OP TRANSFORMATION 


X 


V2 ’ 


y= 


x'+y' 

V2 


( 2 ). 


Substitute these values in (1) ; thus 

(^ + y) 4 + (^-y) 4 + 6(^-./T=: 8; 

/. 2 (a/ 4 + Gx'Y + y' 4 ) + 6 (a 2 - y 2 ) 2 = 8, 
or £c' 4 +y 4 = l (3). 

Since (3) is a simpler form than (]), we shall find it easier 
to trace the locus by using (3) and the new axes, than by 
using (1) and the old axes. The student must observe that 
we make no change in the locus by thus changing the axes 
or the origin to which we refer it; that is, equation (1) 
represents precisely the same assemblage of points as (3); 
for instance, the point for which x=l and y=0 is obviously 
situated on the locus (3); now this point will by (2) have for 
its co-ordinates referred to the old system 

y= jz’ 

and these values satisfy (1), that is, this point is on the 
locus (1). 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Aaf-yP we substitute the values of x and y in terms 
of x' and y given in Arts. 80—84, we obtain 

A {ax' + by + h) a {cx + ey + Icf, 

where a, b, c, e, A, 7c are all constant quantities; by expanding 
this expression we shall obtain a series of terms of the form 
A'x’Y* where 7 + S cannot be greater than a+/3. Hence 
the degree of an equation cannot be raised by transformation 
of co-ordinates. Neither can it be depressed; for if from a 
given equation wc could by transformation obtain one of a 
lower degree, then by retracing our steps we should be able 
from the second equation to obtain one of a higher degree, 
'which has been proved to be impossible. 
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EXAMPLES. 

1. Change the equation r 2 ~ a 2 cos 2d into one between 
x and y. 

2. Shew that the equation 4 xy — 3a 8 = a 8 is changed into 
a? — 4y 8 = a 8 , if the axes be turned through an angle whose 
tangent is 2. 

3. Transform \Jx +. *Jy = \/c so that the new axis of x 
may be inclined at 45° to the original axis. 

4. The equation to a curve referred to rectangular axes 
is y 2 + 4 ay cot a — 4a# = 0 ; find its equation referred to 
oblique axes inclined at an angle a retaining the same axis 
of #. 

5. Shew that the equation x 2 y 2 = a (# 8 +y s ) will admit of 
solution with respect to y if the axes be moved through an 
angle of 45°. 

6. If x, y be co-ordinates of a point referred to one system 
of oblique axes, and x> y the co-ordinates of the same point 
referred to another system of oblique axes, and 

x = mx + ny , y = m'x + riy\ 

shew that 

m 2 + m 2 — 1 __ mm 
n 2 + ri 2 — I nri “ 


6—2 
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CHAPTER VI. 

THE CIRCLE. 

88. We now proceed to the consideration of the loci 
represented by equations of the second degree ; the simplest 
of these is the circle, with which we shall commence. 

To find the equation to the circle referred to any rectangular 
axes. 



CQ* + PQ* = CP*', 

that' is, {x - a)* + (y - If = <? 

or a? + y , — 2ax — 2by + a* + &* — c? = 0 

This is the equation required. 


( 1 ), 

( 2 ). 


EQUATION TO THE CIRCLE. 
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The following varieti.es occur in the equation. 

I. Suppose the origin of co-ordinates at the centre of the 
circle ; theii a = 0, and 6 = 0; thus (1) and (2) become 

J/lO + 1 x 2 + y 2 -c 2 = Q (3). 

II. Suppose the origin on the circumference of the circle ; 
then the values x = 0, y = 0. must satisfy (1) and (2) ; 
therefore 

a a -f 6 2 — <? = 0, 

which relation is also obvious from the figure, when O is on : 
the circumference ; hence (2) becomes .. <■ < 

x* + y* — 2aa? — 2 by = 0 ( 4 ). . / 

i- * ■ . - . 

III. Suppose the origin is on the circumference, and that * 
the diameter which passes through the origin is taken for the 
axis of x ; then b = 0, and a a = c a ; hence (2) becomes 

o? + y 2 — 2 ax = 0 (5). 

Similarly if the origin be on the circumference and the 
axis of y coincide with the diameter through the origin, we 
have a = 0, and V = c a ; hence (2) becomes 

x'+y'-Zby^O (6). 

Hence we conclude from (2) and the following equations, 
that the -equation to a ci rcle when the axes are rectangular 
is always oTthe form 

* ( 5c 2 + y 2 + ^03 + i?v+ (7 = 0, j* w 

i a t> si e 

where A , B, G are constant quantities any one or more of 

which in particular cases may be equal to zero. 

89. We shall next examine, conversely, if the equation 

m 3 ? + y 2 + Ax + By + £7= 0 (1) 

always has a circle for its locus. 

Equation (1) may be written 
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TANGENT TO A CIRCLE. 


I. HA l + B*-iC be negative, the locus is impossible. 

II. If A'+B* — 40= 0, equation (2) represents a point 
the co-ordinates of which are - — , — — . This point may be 
considered as a circle which has an indefinitely small radius. 

III. If A 2 + B 2 — ±C he positive, we see by comparing 
equation (2) with equation (1) of the preceding article that it 
represents a circle, such that the co-ordinates of its centre are 

— — , — and its radius %(A 2 + B* — ±C)k 
2 2 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

x* + y 2 + Ax + By + C = 0. 

For example, suppose 

r x 2 + y* -f 4ce — Sy — 5 = 0, 
or a; + 2) 2 + [y 4) 2 = 5 + 4 + 16 = 25. 

Here the co-ordinates of the centre are —2, 4, and the 
radius is 5. 


Tangent and Normal to a Circle . 

90. Def. Let two points be taken on a curve and a 
secant drawn through them ; let the first point remain fixed 
and the second point move on the curve up to the first ; the 
secant in its limiting position is called the tangent to the 
curve at the first point. 

91. To find the equation to the tangent at any point of 
a circle . 

Let the equation to the circle be, 

x* + y 7 = c* (1). 

Let x\ y be the co-ordinates of the point on the circle at 
which the tangent is drawn ; and x", y" the co-ordinates of 
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an adjacent point on the circle. The equation to the secant 
through ( x , y ') and (x'\ y") is 

y~y’= (x-x 1 ) (2). 

Now since (x, y’) and (sc", y") are both on the circumfer- 
ence of the circle, 

x n +y'*=<?, 

a + = 

by subtraction, 

x"‘-x' t + y" t -y' 1 = 0, 

or (x" - x) ( x " + x) + (y" - y) (y" +y')=0; 

y"-y' _ x" + x' 
x" -x' ~ y" + y * 

Hence (2) may be written . 

y ~ y '~~J^+~y {?> ~ X " ) (3)> 

* 

Now in the limit when (x\ y') coincides with (x\ y), we 
have x" = x, and y” = y ; hence (3) becomes 

y-y (*.-*) (*-»)• 

• Thus the equation to the tangent at the point (x\ y') is 

y-y'=-j(*-*) ( 4 ).. 

This equation may be simplified ; by multiplying by y f and 
transposing we have 

. xx’ + yy* =x' 2 + y' 2 ; 

• XX ^yy “ C a .... a a. (5^ a 

92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the line 
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malfp.a ■with the axis of x. For the equation to the tangent 
at (*', y') is 

yy' + xx' = o 3 , 


x . c 
or 

Let — ^ = w ; thus the equation becomes 

c 8 

y = th# + - 7 . 

* y 

c a . 

We have then to express ^7 in terms of m. 


Now 


x = — my , 


and 

x' 3 + y' 3 = <?-, 

•*. y* (1 + »*) = 

and 

»_ c 
y V(i + «»*) ’ 


Hence the equation to the tangent may be written 
y = mx + c \/(l + ?rc 2 )- 

Conversely every line whose equation is of this form is a 
tangent to the circle. 


93. The definition in Art. 90 may appear arbitrary to the 
Student, and he may ask why we do not adopt that given by 
Euclid (Def. 2, Book III.). To this we reply that the defini- 
tion in Art. 90 will be convenient for every curve, which is not 
the case with Euclid’s definition. The student however cannot 
at first be a judge of the necessity or propriety of any defini- 
tion ; he must confine himself to examining the consequences 
of the definition and the accuracy of the reasoning -based 
upon it. 

We may easily shew however that the line represented by 
the equation 


xx = c* 


•a) 
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touches , according to Euclid’s definition, the circle 

rf+y'^c* J (2), 

the point ( x',y ') being supposed to lie on the circle. To find 
the point or points of intersection of the line and circle we 
combine the equations (1) and (2) ; substitute in (2) the value 
of y from (1), then 



or a? (x 2 + y 2 ) — 2 c 2 xx + c 4 — c 2 y 2 = 0, 

or <?a? — 2 (?xx + c V 2 = 0 ; 

x * — 2xx r + x 2 = 0; 

.\ x = x; 

A from (1), y = 

Hence (1) and (2) meet in only one point, the point (x\ y). 
Hence (1) touches the circle according to Euclid’s definition. 

94. Also every line which meets the circle in one point 
only is a tangent to the circle. 

For suppose N 

x 2 + y 2 = c 2 ;J j: , 

to be the equation to a circle and . 

y = mx + n r 

the equation to a straight line ; to find the points of inter- 
section of the line and circle we combine the equations ; thus 
we obtain 

(mx + n) 2 + x* = c 2 

or (m 9 + 1) x 2 + 2mnx + n 2 — c 2 = 0 

to determine the abscissas of the points. Now this quadratic 
equation will have two roots except when ^ 

(m 2 + 1) (n 2 — c 2 ) = mV, 

that is, when n 2 = c 2 (1 -fm 2 ). 
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TANGENT TO A CIRGXE. 


Hence if the straight line meets the circle it must meet it 
in two points unless this condition holds, and then, by Art. 92, 
the line is a tangent to the circle. 


95. Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defi- 
nition of Art. 90 we may suppose both to move along the circle 
until they meet at some fixed point of the circle, and the 
secant in its limiting position will be the tangent at that 
fixed point. For let (x\ y) and ( x'\ y”) denote the two 
moving points on the circle, and (x 19 y 9 ) the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 


y-y=- 


f + y 




In the limit x' and x each = x x , and y and y" each = y l , and 
we obtain for the equation to the tangent at (x 19 y x ) 


y-y (*-*»)> 

which agrees with the former result. 


96. If the equation to a circle be given in the form 
(x - aY + (y - by - c* = 0, 

we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 

Let ( x y') be the point on the circle at which the tangent 
is drawn ; (a:", y") jyi adjacent point on the circle ; then ' 

(at — a)* + {y' — b)* — c J = 0, 

(x" — a) 1 + (y" — i)’ — c* = 0 j 

... ( * " _ 0 )» - (at - a)* + (y" - J) a - (y' - b)' = 0, 

or (x" — x') (x" + x' — 2d) + (y" — y') (y"+y'-2b) =0-... (1). 

Also the equation to the secant through (at, y') and {x”,y n ) is 

y" -y' 
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By means of (l) this may be written 

x" -f a/ — 2 a . /£vN 

y-y=- y " + Y-2b {x ~ x) 

Now in the limit x" — x' and y ' =*y' ; hence we have for 
the equation to the tangent at (x> y) 

y-y=-p- a A*-*) fl. 


y'-t> 


This may be written 


y-h-W-i)=-^[x- a -(x'-a) } ; 

(x — a) (x — a) + (y — b) {y — b) 

(5). 

97. Def. The normal at any point'of a curve is a straight 
line drawn through that point perpendicular to the tangent to 
the curve at that point. 

98. To find the equation to the normal at any point of a 
circle . 

Let the equation to the circle be 


x*+y* = c\ 


and let x\ y* be the co-ordinates of a point on the circle, then 
the equation to the tangent at that point is 

xx +yy' = c\ 

x' , c* 

or , — 

Hence the equation to a line through (x\ y f ) perpendicular 
to the tangent at that point is 

y-y ' =!?(*-*'), 


y 
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TWO TANGENTS FROM AN EXTERNAL POINT. 


Since this equation is satisfied by the values x = 0, y = 0, 
the normal at any point passes through the origin of co-ordi- 
nates, that is, through the centre of the circle. 


99. From any external point two tangents can be drawn to 
a circle . 

Let the equation to a circle be 

w a +y* = c* ! (1), 

and let h , A be the co-ordinates of an external point. Sup- 
pose x, y the co-ordinates of a point on the circle such that 
the tangent at this point passes through (A, A ). The equation 
to the tangent at ( x, y) is 

xx +yy' = c* (2). 


Since this tangent passes through (A, A) 
»y ** - A* '**■-**-» *-•*. 

nX + Icy =C ....... 

Also since (x' f y) is on the circle 


(3). 


*"+y , =c* (4). 

Equations (3) and (4) determine the values of x and y\ 
Substitute from (3) in (4), thus 



.-. x” (A® + A a ) - 2c'hx' + c 8 (c a - A 8 ) = 0. 

The roots of this quadratic will be found to be both possible 
since (A, Jc) is an external point and therefore A* + A* greater 
than c*. To each value of x' corresponds one value of f by 
(3) ; hence two tangents can be drawn from any external 
point. 

The line which passes through the points wheitff these tan- 
gents meet the circle is called the chord of contact. 


100. Tangents are drawn to a circle from a given external 
point ; to, find the equation to the chord of contact. 

Let A, A be the co-ordinates of the external point; x v y x 

the co-ordinates of the ■mint where nvu>. nf the tsmorenta frnnx 
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(A, Jc) meets the circle; a? 2 , y a the co-ordinates of the point 


where the other tangent from (A, Jc) meets the circle. 

The equation to the tangent at (x v yj is 

xx i+yyx=<? (!)• 

Since this tangent passes through (A, Jc), w t e have 

hx t + Jcy x = c* (2). 

Similarly, since the tangent at (x 2 , y 2 ) passes through 

(*»*)» 

hx 2 + Jcy % « c* (3). 


- Hence it follows that the equation to the chord of con- 
tact is 

sjj xh +yJc ass c 9 (4). 

Fof/4) is obviously the equation to some straight line ; also 
this line passes through (x x , yj, for (4) " is satisfied by the 
values lc = x v y — y v as we See "from (2); similarly from (3) 
we.coricIuSte thafthis line passes through (a? 2 , y a ). Hence 
(4) is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a circle from a given external point — draw the line which 
is represented by (4) ; join the points where it meets the circle 
with the given external point and the lines thus obtained are 
the required tangents. 

/*\ 101. Through any fixed point chords are drawn to a circle 
and tangents to the circle drawn at the extremities of each chord 
the locus of the intersection of the tangents is a straight line . 

Let A, h be the co-ordinates of the point through whicl 
the chords are drawn ; let tangents to the circle be drawn a 
the extremities of one of these chords, and let (x t , y 2 ) be thi 
point in which they meet. The equation to the correspond 
mg chord of contact is, by Art. 100, 

But this chord passes through (A, Jc ) ; therefore 

hx x -\rTcy x **c*. 
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CHORD OF CONTACT. 


Hence the point (x v yj lies on the line 
xh + ylc = c 8 ; 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

y f - 102. If from any 'point, in a straight line a pair of tangents 
he drawn to a circle , the chords of contact will all pass through 
a fixed point. 

Let Ax + By + (7=0 (1) 

be the equation to the straight line ; let (x, y') be a point in 

irclc; 


this line from which tangents are drawn to the circ' 
the equation to the corresponding chord of contact is 


xx +yy =c 

Since ( x\ y) is on (1) 

Ax + By +(7 = 0; 
therefore (2) may be written 

Ax + G 


then 


( 2 ). 


xx—y 


B 


= c 2 , 


J 1 

f — ^ t , 

y * — — 

& 


or (x - x-^-c' = 0 (3). 

f Now, whatever be the value of x , this line passes through 


; whe point whose co-ordinates are found by the simultaneous 
^equations 

yC 




that is, the point for which ' 


*b+o’=°; 


y=- : 


Be’ 


x = — 


Ac’ 

C ' 


103. The student should observe the different interpreta- 
tions that can be assigned to the equation 

xh+yk — <?=*0. 
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I. If (A, h) be any point whatever, the equation represents 
the locus of the intersection of tangents at the extremities of 
each chord through (A, A). (Art. 101.) 

II. If (A, A) be an external point, the equation represents 
the chord of contact . (Art. 100.) 

III. If (A, A) be on the circle, the equation represents the 
tangent at that point. (Art. 91.) 

In the following figures Q denotes the point (A, A), and 
RR the line 

xh+yk = c 2 . 



In* the first figure Q is within the circle, and the line RR 
receives only the interpretation I. 

In the second figure Q is without the circle, hence the line 
RR receives both interpretations I. and II.; if therefore tan- 
gents be drawn from Q to the circle they will meet it at the 
points where RR intersects it . 

■*. Jf Q be^the circle, then RR becomes the tangent at Q7 




CIRCLE REFERRED TO OBLIQUE AXES. 


Oblique Axes . 

104. To find the equation to the circle referred to any 
oblique axes. 



o n m x 

» 


Let a y be the inclination of the axes; let C be the centre of 
the circle; P any^point on its circumference. Let c be the 
radius of the circle ; a, b the co-ordinates of. G; x, y the 
co-ordinates of P. Draw CN, PM parallel tp OF, and GQ 
parallel to OX. Then 

CP 9 = GQ 2 + PQ 2 - 2 GQ . PQ cos CQP 

= CQ 2 + PQ* + 2CQ . PQ cos a> ; ^ 

IV / , ' 1 - - ' ' ■ ‘ 1 

that is, (® — a)*+(y — 5)*+ 2 (» — a) (y — b) cos® = c*; . 
or, a?+y*+ 2xy coaa» — 2 (a + b cos ®) x — 2 (& + acos ®) y 

+ a* + J* + 2 db cos ® — c? = 0. 


Hence the equation to the circle referred to oblique axes is 
of the form 

0/‘ <£+!f+2tBy<!o*<o + Ax+By + (7=0, 

- . ***** 

where A, B, 0 are constant quantities. 
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Polar Equation , 

To find the polar equation to the circle . 



Let S be the pole, SX the initial line ; C the centre of the 
circle, P any point on its circumference. 

Let SC=l, CSX= a, so that 7, a arc the polar co-ordi- 
nates of G ; let c be the radius of the circle; and let r, 0 be 
the polar co-ordinates of P. . 

Then CF* = PS 2 + CS*-2PS. CS.co&PSG; 

that is, c 2 ss r* + 1 2 — 2lr cos (0 — a) (I), 

or r a — 2 rl (cos a co s 0 + s in « sin 0) + P — c 9 = 0 .... (2). 

Hence the polar equation to the circle is of the form 

r 2 + Arcos0 + J3rsin0-|- (7=0 (3).;t " 

The polar equation may also be deduced, from the equation,* 
referred to rectangular axes in Art. 88, by putting r cos 0 and 
r sin 0 for x and y respectivel y ^ . 

If the. initial line bo a diameter we have a = 0, hence (1) 


becomes 

r*— 2Zrcos0 + P — <? = Q (4). 

If, in addition, the origin be on the circumference P = c 2 , 
••• r = 2Zcos 0 (5). 


T. C. 8. 


98 PERPENDICULAR OK THE TANGENT. 

t 

106. To express the perpendicular from the origin on the 
tangent at any point in terms of the radius vector of that 
point . 

Let SQ be the perpendicular from the origin on the tan- 
v gent at P, and suppose SQ=p\ then 

go 1 = SI* + PC* — 2SP . PC cos SPG 
:) J ; J = SP , +PC t -2SP. PC sin SPQ ; ■ 

V that is, F=r* + c*—2cp. 

In the figure S and C are on the same side of the tangent 
at P. If we take P so that the tangent at P falls between S 
and C, we shall find 

PsBr*+cP + 2 cp. 


107. These equations are sometimes useful in the solution 
of problems, or demonstration of properties of the circle. For 
example, take the equation (4) in Art. (105), 

r*-2rZco3 0 + P — , y / 

j by the theory of quadratic equations we see that the product 
; of the two values of r corresponding to any value of 0 is 
P — c*, which is independent oi 0. This agrees with Euclid 
III. 35, 36. 

Also the sum of the two values of r is 2 1 cos 0; hence if a 
line be drawn through the pole at an inclination 0 to the 
initial line, the polar co-ordinates of the middle point of the 
chord which the circle cuts off from this line are 

2Zcos 0 , . - A . _ ■ , _ / 

— and 0 ; that is, l cos 0, and 0. J 

the polaf e® nation to the locos of the middle point 
of the chord is 

r = Icon $, 

^hich by (5) in Art. 105, is a circle, of which the diameter 
'is L 


\V 


■A 


Hence 
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EXAMPLES. Vj 

1. Determine the position and magnitude of the circles 

(1) a? + y 2 -f fy — 4x — 1 = 0, 

(2) x 2 + y 2 + 6# — 3y — 1 = 0. 

2. Find the points of intersection of the circle 

y 2 + x 2 = 25 

with the lines 

y + x~— 1, y + = — 5, and 3# + 4sc = — 25. 

3. A circle passes through the origin and intercepts 
lengths h and k respectively from the positive parts of the 
axes of x and y ; determine the equation to the circle. 

4. A circle passes through the points (Ji, 1c) and ,{h\ 1c) ; 
shew that its centre must lie on the line 

(»-»■) (— +£-*) - 


5. On the line joining (x } y) and (x" } y") as diameter a 
circle is described ; find its equation. 


6. A and B are two fixed points, and P a point such 
that AP—mBP y where m is a constant; shew that the locus 
of P is a circle, except when m = 1. 


7. The locus of the point from which two given unequal^ 
circles subtend equal angles is a circle. ^ 


8. Find the equation which determines the points of 
intersection of the, line 


and the circle 

cc* + y* — 2ax — 2ly = 0. 

Deduce the relation that must hold in order that the line may 
touch the circle. 



100 


EXAMPLES ON THE CIRCLE. 


9. Find the equation to the tangent at the origin to the 
circle 

x 2 + y a — ty — 3a? = 0. 

10. Shew that the length of the common chord of the 
circles whose equations are 

(a- a)*+ ( 2 /-i) a = c a , (» - b)*+ (y-a) a = c 2 , 
is */{&c 2 — 2(a — J) 2 }. 

11. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. 

12. A point moves so that the sum of the squares of its 
distances from the sides of an equilateral triangle is constant ; 
shew that the locus of the point is a circle. 

13. A point moves so that the sum of the squares of its 
distances from any given number of fixed points is constant ; 
shew that the locus is a circle. 

' 14. Shew what the equation to the circle becomes when 
the origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120°, and the parts of them intercepted 
by the circle are h and lc. 


15. What must be the inclination of the axes that the 
equation 'I ^ Y 

x 2 + y* -hy = 0 > ^ 

may represent a circle? Determine the position and inagni-* 
tude of the circle. £/\ ' K * 

. . 16. What must be the inclination of the axes that the 

equation V - W Aft 

x 2 + y* + xy — hx — hy = Q 'V' 

may represent a circle? Determine the position andjroagni- 
tude of the circle. A 


17. Determine the equation to the circle which has its 
centre at the origin, and its radius = 3, the axes being in- 
clined at an angle of 45°. 
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18. Determine the equation to the circle which has each 

2 

of the co-ordinates of its centre =,— J and its radius = 

V o 

the axes being inclined at an angle of 60°. 

19. The axes being inclined at an angle eo, find the radius 
of the circle 

a? + y 2 + 2 xy cos g> — = 0. 

J 20. Shew that the equation to a circle of radius c referred 
to two tangents inclined at an angle <*> as axes is 

x* + y 2 + 2xy cosw — 2 (x + y) ccot ^ + c 2 cot 2 ^ = 0. 

21. Shew that the equation in the preeeding question 
may also be written 

* + y — 2 V {xy) sin ^ = c cot — . ^ 

22. Find the value of c in order that the circles 

(a; — a) 2 + (^ — J) 2 =c 2 , and (cc — J) 2 + (y — a) 2 = c 2 , 
may touch each other. ^ • Qj 

23. ABC is an equilateral triangle; take A as origin, 

and AB as axis of x ; find the rectangular equation to the 
circle which passes through A, B, C . Deduce the polar equa- 
tion to this circle, j >jr 9 • . „ 

-1 1 * 

24. If the centre of a circle be the pole, shew that the 

polar equation to the chord of the circle which subtends an 
angle 2# at the centre is 4 

r = c cos /3 sec ( 6 — a), 

where a is the angle between the initial line and the line from 
the centre which bisects the chord. Deduce the polar equa- 
tion to a line touching the circle at a given point. 

25. Find the polar equation to the circle, the origin being 
on the circumference and the initial line a tangent. Shew 
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that with this origin and initial line, the polar equation to the 
tangent at the point O' is 

r sin (20' — 0) = 2c sin 2 0'. 

26. Shew that if the origin be on the circumference of 
a circle, and the diameter through that point make an angle a 
with the initial line, the equation to the circle is 

r = 2c cos ( 0 — a). 

27. Determine the locus of the equation 

r~ A cos (0-a) -fPcos (0-/8) + (7 cos (0~y) + 

# 28. AB is a given straight line ; through A two inde- 
finite straight lines are drawn equally inclined to AB , and 
any circle passing through A and B meets those lines in 
Zr, M ; shew that the sum of AL and AM is equal to a 
constant quantity when L and M are on opposite 3ides of AB \ 
and that the difference of AL and AM is constant when L 
and M are on the same side of AB. 

29. ABC is an equilateral triangle, and 
PA ST PB -f PC 9 ^ 

find the locus of P. 


30. There are n given straight lines making with another 

fixed straight line angles a, 0, y, ; a point P is taken 

such that the sum of the squares of the perpendiculars from 
it on these n lines is constant; find the conditions that the 
locus of P may be a circle. . ‘ • • * 

31* A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant; 
shew that the locus of the point is a circle. 


32. A line moves so that the sum of the perpendiculars 
AP, BQ y from the fixed points A and B is constant; find 
the locus of the middle point of PQ . f : . 


* 33. 0 is a fixed point and AB a fixed line; a line is 

drawn from 0 meeting AB in P; in OP a point. Q is taken 
so that OP. OQ^Jc 9 ; find the locus of Q. , 
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34. A line is drawn from a fixed point 0, meeting a fixed 

circle in P; in OP a point Q is taken so that OP. OQ—¥ \ 
find the locus of Q. -^ v , } 

35. Shew that the equation ■ / 

{ty-kxY = c'{(x-h)'+(y-h)'\ 
represents the two tangents to the circle, 

®’ + y = c*, 

which pass through thejjoint (h, k) i . 

36. What is represented by the equation 


r 8 — ra cos 20 see# — 2a*= 0? 


37. The polar equation fo a circle being r—2c cos 0, shew 
that thg equation , , • 

-k • • 2c cos /3 cos a = r cos (J3 + a— 6) 1 


represents a chord such that the radii drawn to its extremities 
from the pole, make angles a, ft with the initial line. 


t 

*' 38. ^ Tangents to a circle at tlie points P and Q intersect 
in T ; if the lines joining these , points with the extremity 
of a diameter cut a second diameter perpendicular to the 
former in the points p } q, t , respectively, shew that 

pt s* qt. 
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RADICAL AXIS. POLE AND POLAR. 


Radical Axis^ 

108. We have shewn that the equation to a circle is 
[x — a) 2 + (y — S) 2 — c 2 = 0. 

We shall write this for abbreviation 

£= 0 . 

If the point (x 9 y) be not on the circumference of the circle, 
8 is not as 0 ; we may in that case give a simple geometrical 
meaning to 8. 

I. Let ( x , y) be without the circle ; draw a tangent from 
(x 9 y) to the circle ; join the point of contact with the centre 
of the circle (a, b\ ; also join (x, y) with (a, b). Let C re- 
present the point (a, 5), Q the pomt (x, y) 9 and T the point 
of contact of the tangent. Thus we have a right-angled 
triangle formed, and since (x — a) 2 +(y — h)* = QC 2 , it follows 
that 5= QT 2 ; that is, S expresses the square of the tangent 
from (x, y) to the circle. By Euclid in. 36, the square of the 
tangent is equal to the rectangle of the segments made by the 
circle on* any straight line drawn from (x, y) } and thus 8 will 
also express the value of this rectangle. 

II. Let (a?, y) be within the circle ; then 8 is negative. 
Let 0 and Q have the same meaning as before, and produce 
GQ to meet the circle in T and T'\ then 

-£= CT % - CQ?=(CT- GQ) ( CT+ CQ) 

= TQ. T'Q. 
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Hence by Euclid ni. 35, if any line PQP' be drawn meet- 
ing the circle in P and P', the value of tho rectangle PQ . P\Q 
is — & 

109! Let 8 denote (x — a? + (y — h ) 2 — c*> 
and S’ denote (x — a') 2 + (y - J') 2 — c' 2 ; 

so that £= 0 (1), and #' = 0 (2), 

are the equations to two circles ; we proceed to interpret the 
equation 

S~S' = 0 (3). 

S—S' contains only the first powers of x andy; therefore 
S- S' = 0 is the equation to some straight line . Also if 
values of x and y can be found to satisfy simultaneously (1 ) 
and (2), these values will satisfy (3). Hence when the 
circles represented by (1) and (2) intersect, (3) is the equa- 
tion to the straight line which joins their points of inter- 
section . 

Also suppose that from any point in (3), external to both 
circles, we draw tangents to (1) and (2) ; then, by Art. 108, 
these tangents are equal in length. Hence whether (1) and 
(2) intersect or not, the line (3) has the following property ; — 
if from any point of it lines be drawn to touch both circles , the 
lengths of these lines are equal. 

110. An equation of the form 

A{x* + y*) + Bx+ Cy + JD = Q 

will represent a circle ; for after division by A we obtain the 
ordinary form of the “equation to a circle. We shall say that 
the equation to a circle is in its simplest form when the co- 
efficient of ot? and y 2 is unity. 

Def. If $=0, S' = 0, be the equations to two circles in 
their simplest forms, the straight line S— $'= Ois called the 
radical axis of the circles. 

The axes of co-ordinates may here be rectangular or oblique. 

Or we may give a geometrical definition thus. A straight 
line can always be found such that if from any point of it 
tangents be drawn to two given circles, these tangents are 
equal ; this line is called the radical axis of the circles. 
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111. The three radical axes belonging to three given circles 
meet in a point . 

Let the equations to the three circles be 
8 t = 0 (1), 8,= 0 (2), 8 a = 0 (3). 

The equations to the radical axes are 

S 1 — 8 a = 0, belonging to (1) and (2), 

S 2 -S a = 0, (2) and (3), 

S n -S t = 0, (3) and (1). 

These three lines meet in a point ; since it is obvious that 
the values of x and y which simultaneously satisfy two of the 
equations, will also satisfy the third. 

112. A large number of inferences may be drawn from 
the preceding articles by examining the special cases which 
fall under the general propositions. (See Pliicker Analytisch - 
Geometrische Entwickelungen , Vol. I. pp. 49 — 69.) We notice 
a few of these respecting the radical axis of two circles. 

113. The radical axis is perpendicular to the line joining 
the centres of the two circles . 

Let the equations to the circles be 

(x — a) 2 4* (y — by — c* = 0, 
(x-a')*+(y-iy-c’*= 0; 
then the equation to the radical axis is 

(x-a)*-(x-ay+(y-by-(y-b'y-c' + c"= 0; 
that is, 

+ ( 1 ). 

And the equation to the line joining the centres of the 
circles is (Art. 35) 

y-b = j—(x-a), 

(1) and (2) are at right angles by Art. 42. 


(2)1 
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114. When two circles touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 

1 >asscs through the common point and is perpendicular to the 
ine joining the centres of the circles. 

115. Suppose the radius of one of the circles to become 
indefinitely small, that is, the circle to become a point ; the 
radical axis then has the following property: — if from any 
point of the radical axis we draw a line to the given point, 
and a tangent to the given circle, the line and the tangent 
will be equal in length. 

116. The radical axis of a point and a circle falls without 
the circle, whether the point be without or within the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point; therefore the radical axis cannot meet 
the circle. If the point be on the circle, the radical axis is 
the tangent to the circle at this point. 

117. Suppose both circles to become points. Then the 
lines drawn from any point in the radical axis to the two 
fixed points are equal in length. Hence the radical axis be- 
longing to two given points is the line which bisects at right 
angles the distance between the two given points. 

118. Suppose in Art. Ill that each circle becomes a point ; 
the theorem proved is then the following : — the perpendiculars 
drawn from the middle points of the sides of a triangle meet 
in a point. 

' ‘ 119. It is a well-known geometrical problem — to draw a 
straight line which shall touch two given circles . If the circles 
do not intersect, four common tangents can be drawn ; two of 
them will be equally inclined to the line joining the centres, 
and will intersect on that line between the circles ; the other 
two will also be equally inclined to the line joining the cen- 
tres, and will intersect on that line beyond the smaller circle. 
These two points of intersection are called centres of similitude. 
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For. the equations to the common tangents and for the proper- 
ties of the centres of similitude, we refer to Salmon’s Conic 
Sections . 


Pole and Polar . 

120. Def. If the equation to a circle be 
u? + if = c 2 , 

and A, k be the co-ordinates of any point, then the line 
xh-\-yk=± <? 

is called the polar of the point ( h , k ) with respect to the given 
circle, and the point (A, k) is called the pole of the line 

a£ + yA = c 2 4-- r 

with respect to the given circle. 

We may also express our definition thus the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact ; and the given point is the pole of the line. 

This definition might be misunderstood. For the equa- 
tion to the tangent to a circle at a given point might be 
expressed in different forms by using the relation whicli holds 
between the co-ordinates of the given point by virtue of the 
equation to the circle. We might for example express the 
equation to the tangent in terms of either of the co-ordinates 
of the given point alone. But in the above definition we mean 
that the equation to the tangent is to be in the form which it 
naturally assumes, involving the co-ordinates of the given 
point rationally . 

, Or we may define the polar of a point by means of the 
. properties which it possesses (Art. 103). The polar of a 
given point with respect to a given circle is the straight line 
■ which is the locus of the intersection of tangents drawn at 
i the extremities of every chord through the given point ; and 
. the given point is called the pole of this straight line. + 

If the given point be without the circle, its polar coincides 
-with the chord of contact of tangents drawn from that point. Jr 
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121. If one' straight line pass through the pole of another 
straight line , the second straight line wilt pass through the pole 
of the first straight line . 

Let (a? 1 , y) be the pole of the first straight line, and 
therefore 

xx*+yy'=<? (1) 

the equation to the first straight line. 

Let (a?", y") be the pole of the second straight line, and 
therefore 

xx" + yy" = <? (2) 

the equation to the second straight line. 

Since (1) passes through (x n , y') we have 
x"x f + y”y’ = c 3 ; 

and since this equation holds, (2) passes through (x, y). 

— 122. The intersection of two straight lines is the pole of the 
line which joins the poles of those lines . 

Denote the two straight lines by A and B> and the line 
joining their poles *by G ; since G passes through the pole of 
A , therefore, by Art. 121, A passes through the pole of G ; 
similarly B passes through the pole of G ; therefore the inter- 
section of A and B is the pole of C. 

MISCELLANEOUS EXAMPLES. 

« 

' 1. Find the tangent of the angle between the two straight 
lines whose intercepts on the axes are respectively a, b, and . 
a', V. 


2. If the straight lines represented by the equation . 
x 9 (tan* <f> + cos 8 <f>) — 2 xy tan <f> + y* sin 8 <f> = 0, 
make angles a, /3 with the axis of x, shew that 
tana - tan£ = 2. 
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3 , One side of a square a corner of which is at the origin 
makes an angle a with the axis of x ; find the equations to 
the four sides and the two diagonals. 


4 . Find the equations to the diagonals of the parallelogram 
formed by the straight lines 


® , V 
ab 

* + X 
b^a 


II 

-+f= 2 > 

a b 

II 

-+2—2- 


and shew that they are at right angles to one another. 


5 . The distance of a point (x t , y t ) from each of two straight 
lines which pass through the origin of co-ordinates is 8, prove 
that the two lines are represented by the equation 

(a?i y-xy t )* = {x 2 +y 2 ) S 2 . 

6. Find the condition that one of the lines represented by 

Ay 2 + Bxy 4- Cx 2 = 0 

may coincide with one of those represented by 
ay 2 -f bxy + cx 2 =0. 

7 . If a = 0, £ = 0, 7 = 0 be the equations to the three 
sides of a triangle ; and a, b , c be the perpendicular distances 
between these sides and those of another triangle parallel to 
them respectively, the line joining the centres of the inscribed 
circles will be represented by any of the equations 

a — b b — c c — a ' 


8. Prove that the equation to the straight line passing 
through the middle point of the side BG of a triangle ABC 
and parallel to the external bisector of the angle A is 

/9 + 7 +?{ 8 in.B+8m0)=O. ^ 
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9. The equation to the line drawn parallel to BO through 
the centre of the escribed circle which touches -BO is 

(a + £) sin -B+ (a + y) sin 0 = 0. ^ 

10. Find the equations to the lines which pass through 
the intersection of the lines 

la +m/3+ ny = 0, Va + m'f3 + w'y = 0, 
and bisect the angles between them. ^ 

11. If u = 0, v = 0, be the equations to two circles, shew 
that by giving a suitable value to the constant the equation 
u + \v = 0 will represent any circle passing through the points 
of intersection of the given circles. 

12. A fixed circle is cut by a series of circles, all of which 
pass through two given points; shew that the lines which 
join the points of intersection of the fixed circle with each 
circle of the series all meet in a point. 
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CHAPTER VIII. 

THE PARABOLA. 


123. % There are three curves which we now proceed to 
define ; we shall then deduce their equations from the defini- 
tions, and investigate some of their properties from their 
equations. 

Def. A conic section is the locus of a point which moves 
so that its distance from a fixed point hears a constant ratio to 
its distance from a fixed straight line. If this ratio be unity, 
the curve is called a parabola , if less than unity, an ellipse, if 
greater than unity, an hyperbola . 

The fixed point. ris.owHfcd the focus, ancMhe fixed straight 
-ime the directrix. 

124. It will be shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following; 
a parabola, an ellipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola — and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also prove that every 
curve of the second degree must be a conic section in this 
larger sense of the term. 

At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 

125. To find the equation to the Parabola. 

A parabola is the locus of a point which moves so that its 
distance from a fixed point is equal to its distance from a 
fixed straight line. 
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Let S be the fixed point, YY ' the fixed straight line. 
Draw SO perpendicular to YY'; take 0 as the origin, OS 
as the direction of the axis of a?, OY as that of the axis of y . 
Suppose OS = 2a. 

Let P be any point on the locus; join SP; draw PM 
parallel to OY and PN parallel to OX; let OM = x. 
PM = y. 

By definition 

SP=PN ; 

SP* = PN 2 ; 

PM* + SM* = PN 2 , 
that is, y 2 + (a? — 2 a) 2 — x 2 ; 

y 2 = 4a (x — a) (1). 

This is the equation to the parabola with the assumed 
origin and axes. The curve cuts the axis of a? at a point -4 
which bisects OS; for when y = 0 in (1), we have a? = a. 
The equation will be simplified if we put the origin at A ; 
let x = AM, then x r = x — a, and (1) becomes 

y 2 = 4 ax' . 

T. c. s. \ ^8 

■A*. A. — C, H %. J 
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We may suppress the accent, if we remember that the 
origin is now at A ; thus we have for the equation to the 
parabola 

0 s = 4aa*. (2). 


j 126. 


To trace the parabola from its ■ equation y* = 4ax. 


* 



From this equation we see that for every positive value 
of x there are tico values of y, equal in magnitude, hut of 
opposite sign. Hence for every point P on one side of the 
axis of x } there is a point P' on the other side, such that 
P’M^PAL Hence the ^turve is symmetrical with respect 
to the axis of x. Negative values of x do not give possible 
values of y ; hence no part of the curve lies to the lelt of the 
origin. As x may have any positive value, the curve extends 
without limit on the right of the origin. 

A is called the vertex of the curve and AX the axis of the 
curve. 

<K 127. We have drawn the curve concave towards the axis 
-of as; the following proposition will justify the figure. 

The ordinate of any point of the cuty# which lies between 
the vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 
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Let P be the fixed point; x f y its co-ordinates; then the 
equation to AP is 



since y' 2 = 4 ax\ 

Let x denote any abscissa less than x', then since th.e ordi- 
nate of the curve is \/{iax), and that of the straight line is 

x it is obvious that the ordi- 

nate of the curve is greater than that of the line. 

128. Def. The double ordinate through the focus of 
a conic section is called the Latus Rectum. 

Thus in the figure in Art. 126, LSL' is the Latus Rectum. 

Let cc = a, then from the equation y 2 =iax, y=±2a. 
Hence LS = = 2a ; and LIJ = 4a. 

129. To express the focal distance of any point of the 
parabola in terms of the abscissa of the point . 

The distance of any point on the curve from the focus is ® 

§ ual to the distance of the same point from the directrix, 
encc (see fig. to Art. 125), 

SP=AM+AS, 

= x + a. 


Tangent and normal to a Parabola . 

130. To find the equation to the tangent at any point of 
a parabola . (See Def. Art. 90.) 

Let x, y f be the co-ordinates of the point, 

a>", the co-ordinates of an adjacent point on the 
curve. 

8 — 2 


v(?)-* or v(S 



TANGENT TO A PARABOLA. 


The equation to the secant through these points is 

»-/-£?£ (»-*■> 


since (x\ y ) and (a;", y") are on the parabola 
y 2 — 4 ax', y" 2 = 4 ax” : 
y"*~y' 2 = ±a(x"-x'); 


” a;” -a:' y” + y'’ 
hence (1) may be written 

, 4a , « 

y-y (*-*)• 

Now in the limit = y' ; hence the equation to the tangent 
at the point ( x y') is 

y-y'^jip-a!) ( 2 ). 

This equation may be simplified ; multiply by y\ thus 
yy = 2a (a? — a;') + y 2 , 

= 2 ax — 2aas' + 

= 2a A x + x ') (3). 

131. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the line 
makes with the axis of the parabola. 

For the equation to the tangent at ( x\ y) is 

yy' = 2a(x+x') 9 

2 a 2ax' 

« V-j »+ T 

2 a 4 ax' • 

=7 X+ W 

-*®«+a£ 

v' 2 


( 1 ). 
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Let 


/TANGENT TO A PARABOLA. 

I ’ 

2a y a 

— ; = m ; .*. ^ = - ; 

y 2m* 


thus (t) may be written 

y = + ^ (2); - 

this is the required equation. Conversely, every line whose 
equation is of this form is a tangent to the parabola. 


132. It may be shewn as in Art. 93, that a tangent to 
the parabola meets it in only one point. Also, if a line meets 
a parabola in only one point, it will in general be the tangent 
at that point. 

For suppose 

y* = kax (1) 

to be the equation to a parabola; and 

y = mx + c (2) 

the equation to a straight line. To determine the abscissae of 
the points of intersection, we have the equation 

{mx + c) a = 4 ax, 

or m 2 s x? + ( 2mc — 4 a) x + c 2 =0 (3) ; 

this quadratic equation will have two roots, except when 
(me — 2 a) 2 = mV, 

that is, when 

a 


m 


Hence if the line (2) meets the parabola, it will meet it in 
two points, unless c = — , and then the line is a tangent to 
the parabola by Art. 131. 

If, however, the equation (2) be of the form y = e, so that 
the line is parallel to the axis of x, then instead of (3) we have 
the equation c a = 4oa?, which has but one root; hence a line 
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NORMAL TO A PARABOLA. 

parallel to the axis of the parabola, meets it in only one point, 
but is not a tangent. 

133. The axis of y is a tangent to the curve at the 
vertex. 

For the equation to the tangent at (x, y') is 
yy ' = 2a (x + x') ; 

and when x' = 0 and y = 0, this becomes 
x = 0. 

TSl 134. To find the equation to the normal at any point of 
a parabola . . (See lief. Art. 97.) 

Let x\ y be the co-ordinates of the point ; the equation 
to the tangent at that point is 


y=j{x+x') ( 1 ). 

The equation to a line through (x\ y) perpendicular 
( 1)18 ... 

y-y=- £(*-*') (2). 


This is the equation to the normal at ( x\ y), 

135. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the line makes 
with the axis of the curve. 


For the equation to the normal is 

2a* + y + 2a’ 

y r y" 

OX *--&*+*+£?••' 

Let ~k =m > — 

thus (1) may be written > 

y*=mx — 2am — am *. . 


.(i). 


.( 2 ). 
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136. We shall now deduce some properties of the parabola 
from the preceding articles. 

Let x\ y ' be the co-ordinates of P; let PT be the tangent 
at P and PGr the normal at P. 

The equation to the tangent at P is 
yy' = 2a{x + x'). 



Let y = 0, then x = ~x; hence A T= AM. 

Also ST=AT+AS, , * 

=AM+AS, 

= SP (Art. 129). 

Hence the triangle 8 TP is isosceles, and the angle 8TP 
= angle 8PT. 

Thus if PN he parallel to the axis of the curve, PN and 
PS are equally inclined to the tangent at P. 

137. ^ The equation to the normal at Pis 'V 

y-y‘=- Is (*-*')• 
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At the point £?, where the normal cuts the axis, y = 0 ; 
hence from the above equation 

x — x' = 2a ; 

thus MO = 2 a = half the latus rectum., Also SO = 5P. 


. ^HL38. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus, 

i Let x\ y f be the co-ordinates of any point P on the curve ; 
*the equation to the tangent at P is 


The equation to a line through the focus perpendicular 
to (1) is ‘ ♦ 

y = - y -{x~a)i (2). 

We have now to 'eliminate x and y' by means of (1), 
1(2), and 

y*= 4a*'..;....: ; (3). 

From (3) we find x in terms of y\ and thus (1) may be 
written 

2 a , y’ v 

W- 

Thus the problem is reduced to the elimination of y from 
(2) and (4 ) ; from (2) , ;< . .... 

y 


(*+*') 


(i)- 


_ 


x — a 


.(5); 


>L 


substitute in (4) ; then 

_ (x—a)x ay 
y y x-a' 

(x — a) + (* - a)*x + ay* = 0, 

or {y*+(a5-a)*}«:=0 (6). 

If the factor y*H- ( x — a)* be equated to zero, we have 

y- o, (7). 
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The point thus determined is the 4bcus ; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfy (1). We 
conclude therefore that the required locus is given by the 
equation 

( 8 ), 

which we obtain by considering the other factor in (6). 

This result can be easily, verified; for if we put aj = 0 in 

(1) we obtain y — — ^ ; and if we put x = 0 in (2), we 
y 

also obtain y = ~r; thus (1) and (2) intersect on the line 
2 

x = 0. 

Thus, if in the fig. in Art. 136, Z be the intersection of the 
tangent at P with the axis of y , SZ is perpendicular to the 
tangent. 


139. The process of the preceding article is of frequent 
use and of great importance. We have in (1) and (2) the 
equations to two straight lines ; if we obtain the values of x 
and y from these simultaneous equations, we thus determine 
the point of intersection of the lines ; the values of x and y 
will depend upon those of x and y\ thus giving different 
points of intersection corresponding to the different lines re- 
presented by fl) and (2). If from (1), (2), and (3) we elimi- 
nate x and y we obtain an equation which holds for the 
co-ordinates of every point of intersection of (1) and (2). This 
equation is by our definition of a locus the equation corre- 
sponding to the locus of the intersection of (1) and (2). 

Sometimes the elimination produces, as in the preceding 
article, an equation which does not represent the required 
locus. The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
article, since, whatever x and y' may be, the values x = a, 
y = 0 , satisfy one of the equations which we use in effecting 
the elimination, we might anticipate that our result would 
involve a corresponding factor. 
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PERPENDICULAR ON THE TANGENT. 


140. If the line from the focus, instead of being perpen- 
dicular to the tangent, meet it at any constant angle, the 
locus of their intersection will still be a straight liheT We 
will indicate the steps of the investigation. Suppose # the 
angle between the tangent and the line from the focus; 
equation (1) remains as in Art. 138 ; instead of (2) we have, 
by Art. 45, -» 


4- tan # 1 

JL 


\l-|%n fi) 


(fc-a) 


= 2a + ytan/3 
y - 2a tan ft ' ' 

Instead of (5) in Art. 138, we shall fincf*" 




y = 


2 a (x — a) + 2 ay tan # 
y-(x- a) tan # 


The result of the elimination is 


V {y — — a ) tan #} {x — a + y tan #} 

— x{y — (x — a) tan #} 2 -a(a?-a + y tan#) 2 = 0. 

Now, guided by the result of Art. 138, we may anticipate 
that y 2 + (x — a) 2 will prove a factor of the left-hand member 
of the equation; and we shall find by reduction that the equa- 
tion may be written 

{y 2 * (#-a) 2 } [y tan # -x tan 2 # — a) = 0. 

Hence the required locus is 

y = x tan # + a cot #. ' V 

: 141. To find the length of the perpendicular from the focus 

on the tangent at any point of the parabola . 

The equation to the tangent at the point (x\ y') is 
2a 
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The perpendicular on this from the point (a, 0) fry Art.^7 

2a (a + x') 2a(a + x') l( , , 

— ~~n 7g ~ j A g\ — / f A v j 777 4" 3? )}• 

V(y +4af) \/{la{a + x)\ vt n 

Call the focal distance of the point of contact r, and the 
n^.n^n-linular p ; then, by Art. 129, 

r = a 4- x; 


p = *J(ar). 

142. From any external point two tangents can le drawn 
to a parabola. 

Let the equation to the parabola be 

y'^lax ( 1 ), 


and let A , k be the co-ordinates of an external point. Sup- 
pose x, y the co-ordinates of a point on the parabola such 
that the tangent at this point passes through (A, A). The 
equation to the tangent at (x, y) is 

yy = 2a (x + x') (2). 


Since this tangent passes through (A, Jc) 


Tcy = 2a (A 4- x') (3). 

Also since (x\ y) is on the parabola 

y*=±ax t (4). 


Equations (3) and (4) determine the values of x' and y. 
Substitute from (4) in (3), thus 

ley' = 2ah + , 

or y* — 2Ay'-f4aA = 0. 

The roots of this quadratic will be found to be both pos- 
sible, since (A, A) is an external point and therefore A 9 greater 
than 4aA. To each value of y corresponds one value of x r 
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CHORD OP CONTACT. 


by (3) ; hence two tangents can be drawn from any external 
point. # 

The line which passes through the points where these tan<- 
gents meet the parabola is called the chord of contact. 

<) 143. Tangents are drawn to a parabola from a given 

'^external point; to find the equation to the chord of contact. 

Let A, k be the co-ordinates of the external point ; x 1 , y x 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the parabola; x a , y 2 the co-ordinates of tlft point 
where the other tangent from (A, k) meets the parabola. 


The equation to the tangent at (x lf y x ) is 

yy l =2a(x + x l ) (1). 

Since this tangent passes through (A, k) we have 

hy x = 2a (A + x x ) (2). 

Similarly, since the tangent at (x 2 , y 2 ) passes through 
(A, k) 

ky 2 = 2a (A + x a ) (3). 

*** Hence it follows that the equation to the chord of con- 
tact is 

ky = 2a (# + A) (4). 


For (4) is obviously the equation to some straight line ; also 
this line passes through {x v > y t ), for (4) is satisfied by the 
values x =x 19 y=y x , as we see from (2); similarly from (3) 
we conclude that this line passes through (a? 9 , y a ). Hence (4) 
is the required equation. 

Thus we may proceed as. follows in order to draw tangents 
to a parabola from a given external pmnt. Draw the line 
which is represented by (4), join the points where it meets 
the parabola with the given external point, and the lines thus 
obtained are the required tangents. 

144. Through any fixed point chords art drawn to a para - 
bola, and tangents to the parabola drawn at the extremities of 
each chord ; — the locus of the intersection of the tangents is a 
straight line . 
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Let A, k be the co-ordinates of the point through which the 
chords are drawn ; let tangents to the parabola be drawn at 
the extremities of one of these chords, and let (x iy y t ) be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 143, 

yy, = 2a (x + xj. 

But this chord passes through (A, k) ; therefore 
ky 1 = 2<z (A 4- xj. 

Hence the point (x t , y t ) lies on the line 
ky = 2a (x + A) ; 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

; ' 145. If from any point in a straight line a pair of tangents 
he drawn to a parabola , the chords of contact will all pass 
through a fixed point . 

Let Ax+By-\- (7=0 (1) 

be the equation to the straight line ; let ( [x\ y) be a point in 
this line from which tangents are drawn to the parabola; 
then the equation to the corresponding chord of contact is ■ . 

yy' =2a(x + x') (2). 

Since (x, y f ) is on (1) ^ / 

Ax' + By'+C = 0; 

therefore (2) may be written ^ ^ 

y (Ax’ + C) + 2 aB (x 4* x’) = 0, 

or (Ay + 2 aB) as' 4- Gy 4- 2 aBx = 0 (3) . 

Now whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

Ay 4- 2aB = 0, Cy 4* 2aBx = 0 ; 

/ 
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that is the point for which 

2 aB C 

— > x =2' 

146. The student should observe the different interpreta- 
tions that can be assigned to the equation 

ley = 2a (x + A). 

The statements in Art. 103 with respect to the circle may all 
be applied to the parabola. 


Diameters, 

147. To find the length of a line drawn from any point in 
a given direction to meet a parabola. 

Let x\ y be the co-ordinates of the point from winch the 
line is drawn ; x , y the co-ordinates of the point to which the 
line is drawn ; 0 the inclination of the line to the axis of x ; 
r the length of the line ; then (Art. 27) 

1 ' } x = x+r cos0, y=y' + r sin# (1). 

If (x, y ) be on t^parabpla, these values may be substituted 
in the eqtlSHon if = 4tax m y thus 

(y' + r sin By — 4 a (x f -f r cos 6 ) ; 

.*. r® sin® 0 + 2r (y sin 0 - 2a cos 0) -f y 2 - 4 ax' = 0 ... (2). 

From this quadratic two values of r can be found, which 
are the lengths of the lines that can be drawn from (a/, y') 
in the given direction to the parabola. 

When the point (x\ v[) is within the parabola, the roots of 
the above quadratic wifi be of different signs ; in this case 
the two lines that can be drawn from (a?', y) to meet the 
curve are’ drawn in different directions. When the point 
& without the parabola, the roots are of the same sign, 
aha the lines are drawn in the same direction. * 
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148. Def. A diameter of a curve is the locus of the 

middle points of a series of parallel chords . i 

149. To find the diameter of a given system of parallel 
chords in a parabola . 

Let 0 be the inclination of the chords to the axis of the 
parabola ; let x , y' be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
lengths of the lines drawn from (x\ y') to the curve is 
(Art. 147) 

r* sin 2 9 -J~ 2r ( y' sin 9 - 2a cos 6) + y' a — 4 ax' = 0 (1). 

Since ( x\ y) is the middle point of the chord, the values 
of r furnished by this quadratic must be equal in magnitude 
and opposite in sign ; hence the coefficient of r must vanish ; 
thus 

y sin 9 — 2a cos 0 = 0; 

^ ' jL- : JhL& y /. ?/ = 2fl cot fl...... (2); )/ 

thus the required diameter is a straight line parallel to the 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords ; for by giving to 0 a suitable value, the equation (2) 
may be made to represent any line parallel to the axis. 

150. Let a tangent be drawn to the parabola at the point 
where the line y' = 2 a cot 9 meets the parabola ; the equation 
to ihe tangent is 

2 a , t* 

y = j(n + x )-> 

that is, . y = tan 9 (x + x') ; 

henc.e , the tangent at the extremity of any diameter of the 
parabola is parallel to the chords which that diameter bi- 
sects . 
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Letfl,7c be the co-ordinates of a point A on the parabola ; 
take this point for a new origin; draw through it a line 
AX' parallel to the axis of the curve for the new axis of 
a;, and a tangent A Y' to the curve for the new axis of y. 
Let Y'AX' = 0\ then (Art. 150) 

i 9 Y ^2 = tan 6. ■/;<?«. SoL* 

v * /. " ' K 

^ ' 

Let a?, y be the co-ordinates of a point P on the curve 
n referred to the original axes ; x\ y' the co-ordinates of the 
4rame point referrea to - the now axes ; draw PM parallel to 
AY and PM 1 parallel to AY T \ also draw AL y M?N parallel 
to AY; let JR denote the intersection of PM and AX * ; then 

x = AM = AL + LN+NM**AL + AM' + M'S 
«=A + a?' + y'cos0, j 
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y - PM = BM + PR = A'L + PR 

= Jc+y' sin 0. ^ 

Substitute these values in the equation y* = 4 ax ; thus 
(k +y' sin 0) a = 4a {Ji + *' + y' cos 0), 
or y' 2 sin* 0 + 2y' (k sin 0 -2a cos 6) +k 2 - 4 ah = iax'. 
But, Jc = 2a cot 0,' and h~ — \ali ; thus we have 
, ...... , y n sin 2 8 = 4aa:', 

4 a 

or y - 

sin. 0 * 

which is the required equation. 

* We may prove that 

-nra = SA ‘ ; 

sin 0 ui ’ 

for £/t' = a + h (Art. 129) ; and 

h = ~ = a cot 9 6 ; 

4a 


a+ *"sre- 

Hence the equation may be written 

y 2 =4aV, 

where a' = SA\; or suppressing the accents on the variables 
* 8 y* = law 7A. 

152. The equation to the tangent to the parabola will be 
of the same form whether the axes be rectangular, or the 
oblique system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out any change to the equation y 2 = 4a x which represents a 
parabola referred to such an oblique system. 

153. Tangents at the extremities of any chord of a parabola 
meet in the diameter which bisects that chord . 
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POLAR EQUATION. 


Kefer the parabola to the diameter bisecting the chord, and 
the corresponding tangent, as axes ; let the equation to the 
parabola be 

y 2 = idx ; 

let x\ y ' be the co-ordinates of one extremity of the chord ; 


then the equation to the tangent at this point is 

yy' = 2d (x + x) (1). 

The co-ordinates of the other extremity of the chord are 
x } —y'] and the equation to the tangent there is 

-yy' = 2d (x + x) (2). 


The lines represented by (1) and (2)‘meet at the point for 
which { * * / x & 

y = 0, x = — 
this proves the theorem. 


Polar Equation . 


154. To find the Polar Equation to the parabola , the focus 
being the pole. . o 

Let 8P=r y ASP =6 , (see Fig. to Art. 125) ; 
then SP = PN y by definition ; 

that is, 8P=0S+SM-, 

or r = 2a + r cos (tt - 6 ) ; 


and 


•\ r (1 + cos 6) = 2a, 
2a 


r = ; 


1 + cos 0 ‘ 

Y 

If we denote the angle X8P by 0 , then we have as before 
flP— 0S+3M; 
thus r s= 2a + r cos 0, 

i4 2a 




1 — cos 0 * 
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155. The polar equation to the parabola when the vertex 
is the pole may be conveniently deduced from the equation 
y 9 = Aax by putting r cos 6 and r sin 0 for x and y respec- 
tively ; we thus obtain 

_4acos0 ^ > r 

r ~"Wn r F 

We add a few miscellaneous propositions on the parabola.' 

Def. A chord passing through the focus of a conic sec- 
tion is called a focal chord. 

If tangents be drawn at the extremities of any focal 
chord of a parabola , (1) the tangents will intersect in the 
directrix , (2) the tangents will meet at right angles , (3) the 
line drawn from the point of intersection of the tangents to 
the focus will be perpendicular to the focal chord . 

(1) If the tangents to a parabola meet in the point (h, Jc) , 
the equation to the chord of contact is, by Art. 143, 

kg = 2a (x + A). 

Suppose the chord passes through the focus; then the 
values x = a } y = Q t must satisfy this equation; 

,\ 0 = 2a (a + h ) ; 

.'. A = — a; 

that is, the point of intersection of the tangents is on the 
directrix. 

(2) The equation to the tangent to a parabola may be 
written (Art. 131) 

y = mx + ^; t t 

Suppose (A, k) a point on the tangent ; 

•\ hm 2 — km + a = 0. 

This quadratic will determine the inclinations to the axis 
of the parabola of the two lines that may be drawn through 

9—2 
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the point (A, h) to touch the parabola. Suppose m v the 
tangents of these inclinations, then by the theory of quad- 
ratic equations 


If h = — a, Tnpng = — 1 ; 
that is, the two tangents are at right angles. 

(3) The equation to the line through the focus and 
(A,*) is 


If h = — a, this becomes 



and the line is therefore perpendicular to the focal chord of 
which the equation is 

yJc = 2a (x — a). 


157. If through any point within or without a parabola , 
two lines be drawn parallel to two given straight lines to meet 
the curve , the rectangles of the segments will be to one another 
in an invariable ratio . 

Let (x\ y ') be the given point, and suppose a and fi 
respectively the inclinations of the given straight lines to 
the axis of the parabola. By Art. 147, if a line be drawn 
through (x\ y) to meet the curve and be inclined at an angle 
a to the axis, the lengths of its segments arc given by the 
equation 

r* sin 2 a 4- 2 r (y ' sin a — 2a cos a) + y' 2 — 4 ax' = 0. 

Therefore by the theory of quadratic equations the rect- 
angle of the segments 

_y'* — 4aa?' 



RECTANGLE OP THE SEGMENTS OF A LINE. 133 


Similarly the rectangle of the segments of the line drawn 
through ( x\ y ') at an angle 0 

_ y 2 — 

sin a /3 ’ 

Hence the ratio of the rectangles = ^ 5 — , 

- ° sm 4 a’ 

and this ratio is constant whatever x ’ and y' may be. 



Let 0 be the point through which the lines OPp , OQq, 
are drawn inclined to the axis of the parabola at angles a, 0, 
respectively; then we have proved that 

OP. Op _ sin 2 0 f 

OQ. Oq~" sin 4 a * 

Let tangents to the parabola be drawn parallel to Pp , Qq, 
meeting the parabola in E and D respectively ; let 8 be the 
focus; then by Art. 151, 

SE sin* 0 / OP. Op SE ^ 

81) ~~ sin 31 a 9 " “ OQ.Oq~ 81)' 

Suppose 0 to coincide with T; then OP. Op becomes 
TE 2 ana OQ.Oq becomes TD 2 ; 

' TE*_SE 
Tl?~ SD* 
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EXAMPLES ON THE PARABOLA. 


EXAMPLES. 


1. Find the equation to the line joining A and L. (See 
Fig. to Art. 126.) 


2. Find the equation to the circle which passes through 

A, L, L\ (See Fig. to Art. 126.) *>. 

3. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given fixed dia- 
meter of that circle ; find the locus of the point. 

* 4. Trace the curves g* = 4 ax, and a? + 4 ay = 0 ; and de- 
termine their points of intersection. 


5. Determine the equation to the tangent at L. (See 

Fig. to Art. 126.) • 

6. Findjbe angle between the lines in examples 1 and fi. 

7. Determine the equation to the normal at L. 

* 8. Find the point where the normal at L meets the curve 

again, and the length of the intercepted chord. 

9. Find the point in a parabola where the tangent is 
inclined at an angle of 30° to the axis of a;. 


10. The length of the perpendicular from the foot of 
the directrix on the tangent at (x\ y) is . 


11. Find the joints of contact of tangents the perpen- 
diculars on which from the foot of the directrix are equal to 
ope-fourth of the latus rectum. 
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12. A circle has its centre at the vertex A of a parabola 
whose focus is 8 , and the diameter of the circle is 3 AS; 
shew that the common chord bisects AS . 

13. Trace the curve y = a? — a? 2 , and determine whether 

the straight line x + y= 1 is a tangent to it. ^ 

14. The tangent at any point of a parabola will meet the 
directrix and latus. rectum produced m two points equally 
distant from the focus. 

15. PM is an ordinate of a point P in a parabola ; a line 
is drawn parallel to the axis bisecting PM and cutting the 
curve in Q; MQ cuts, the tangent at the vertex A \n T\ 
shew that A T— \PM. 

16. If from any point P of a circle PG be drawn to the 
centre C , and a chord PQ be drawn parallel to the diameter 
AGB and bisected in R , shew that the locus of the inter- 
section of CP and A R is a parabola. 

17. Find the ordinates of the points where the line 

y = mx 4- c meets the parabola ; hence determine the ordi- 
nate of the middle point of the chord which the parabola 
intercepts on this line. * 

18. A is the. origin, B is a point on the axis of y, BQ a 
line parallel to the axis of x; in AQ , produced if necessary, 
P is taken such that its ordinate is equal to BQ; shew that 
the locus of P is a parabola. 

19. From any point Q in the line BQ which is perpen- 
dicular to the axis GAB of a parabola whose vertex is A , 
PQ is drawn parallel to the axis to meet the curve in P\ 
shew that if GA be taken equaf to AB, the lines A Q and 
CP will intersect on the parabola. 

20. "V At the point (x, y) a normal is drawn ; find the co- 
ordinates of the point where it meets the curve again, and the 
length of the intercepted chord. 
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21. If the normal at any point P meet the curve again 
in Q y and SP= r, and p be the perpendicular from 8 on the 

tangent at P, then PQ 

22. P is any point on a parabola, A the vertex ; through 
A is drawn a line perpendicular to the tangent at P, and 
through P is drawn a line parallel to the axis ; the lines thus 
drawn meet in a point Q; shew that the locus of Q is a 
straight line. Find also the equation to the locus of Q' 
the intersection of the perpendicular from A and the ordinate 
at P. 


23. PQ is a chord of a parabola, PT the tangent at P. 
A line parallel to the axis ot the parabola cuts the tangent 
in Ty the arc PQ in E , and the chord PQ in P. Shew that 

TE : EF :: PF : FQ. 


24. In a parabola whose equation is y 2 = 4aa?, pairs of 
tangents are drawn at points whose abscissae are in the ratio 
of 1 : fi ; shew that the equation to the locus of their inter- 
section will bo 

y = (ji i +/jT i ) i ax 

when the points are on the name side of the axis, and 
when they are on different sides. 

v 

25. ’Two straight lines are drawn from the vertex of \ 
a parabola at right angles to each other; the points whcr<^, 
these lines meet the curve are joined, thus forming a right- * 
angled triangle ; find the least area of this triangle. rljWV 

26. Let r and r be the lengths of two radii vectores 

drawn at right angles to each other from the vertex of a 
p&rabola ; then / 

(rr') * = 1 Ga® (r^ + r^) . 

27. Find the polar equation to the parabola referred to 
the foot of the directrix as origin and the axis of the curve as 

initial line. * 

\ 
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28. If a line be drawn from the foot of the directrix 
cutting the parabola, the rectangle of the intercepts made by 
the curve is equal to the rectangle of the parts into which 
the parallel focal chord is divided by the focus. 

29. Find the polar equation to the parabola when the 

foot of the (Jh'ecjrix is the origin and $ie initial line the , 
directrix. .. x. ( 'I ~ £** * K * 

30. A system of parallel chords is drawn in a parabola ; 

find the locus of the point which divides each chord into 
segments whose product is constant. ^ 

JD 

31. In a triangle ABC if tan A tan — = 2, and ABbe 

fixed, the locus of C will be a parabola wliose vertex is A 
and focus B. ** v i 4' A * ** * 

: t $ 4 1 

32. Find the equation to the parabola referred to tan- 
gents at the extremities of the latus rectum as axes. ^ 

33. Find the equation to the parabola referred to the 

normal and tangent at L as axes. ^ 

34. P is a point on a parabola ; x\ y f are its co-ordinates; 
find the equation to the circle described on SP as diamfeter. 

35. Shew that the circle described on SP as diameter 

touches the tangent at the vertex. ^ ;* 

36. If the line y = m (x — a) meets the parabola in [x\y) 
and [x\ y"), shew that 

aj' + «" = 2a+^; a'*" = o s ; y’ + y" = ^; yy'^-ia*. 

37. A circle is described on a focal chord of a parabola 
as diameter ; if m be the tangent of the inclination of this 
chord to the axis of x 9 the equation to the circle is* 

(/ y x* — 2ax ^1 + +y* — — 3a* = 0. 
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38. Any circle described on a focal chord as diameter 
^touches the directrix. 

| 39. If the focus of the parabola be the origin, shew that 

the equation to the tangent at ( x\ y') is 

yy =2 a(x + x + 2a). 

40. If the focus of a parabola be the origin, sh^w that 

I the equation to a tangent to the parabola is \ - - 

* y — m(x + a) + a . 

' m 

41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the 'other at right 
"angles ; find the locus of the point of intersection. 

42. If a chord of the parabola y* — kax be a tangent of 
r the parabola ?/ 2 = 8a {pc — c), shew that the line x — c bisects 

that chord. 

43. From any point there cannot be drawn more than 
three normals to a parabola. 

' , 44. In a parabola whose equation is y*= 4 oa?, the ordinates 

/ of thrge points such that the normals pass through the same 
A point are y , y 2 , y 3 ; prove that y 1 -{-y 2 + v 3 = 0. Shew also 
that a circle described through these three points passes 
through the vertex of the parabola. ^ ^ , 

45. If two of the normals which can be drawn to a para- 

bola through a point are at right angles, the locus of that 
point is a parabola. ^ ,, v 

46. If two equal parabolas have the same focus and their 
axes perpendicular to each other, they enclose a space whose 
length PQ = twice the latus rectum, and breadth 

__ latus rectum 
V2 • 

47. Find the length of the perpendicular from an exter- 
nal point (A, k) on the corresponding chord of contact. ^ . 
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48. From an external point (A, k) two tangents are 
drawn to a parabola; shew that the length of the chord of 
contact is 




49. From an external point ( h , k) two tangents are drawn 
to a parabola; the area ot the triangle formed /by the tan- 
(& , -4aA)» \l 

2 a 


.cents and chord is 


50. Tangents to a parabola TP \ Tp are drawn at flic 
extremities of a focal chord; PG , pg are normals at the 

same points. Shew that 7 ^, + is invariable ; and that 

1 lx pg 

the normals subtend equal angles at T. (j: 


51. Two equal parabolas have the same axis, but their 
vertices do not coincide. If through any point 0 on the inner 
curve two chords of the outer curve POp, QOq, be drawn 

at right angles to one another, then 

invariable. ^ L 

52. A circle described upon a chord of a parabola as 
diameter just touches the axis ; shew that if 0 be the inclina- 
tion of the chord to the axis, 4 a the latus rectum of the 
parabola, and c the radius of the circle, 



PO.Op QO . Oq 


7T is 


53. If 0, 0' be the inclinations to the axis of the para- 
bola of the two tangents through (A, k) } shew that 

tan 0 + tan 0 ' = ^; tan 0 tan 0 ' = -. 

54 , If two tangents be drawn to a parabola so that the 
sum of the angles which they make with the axis is constant, 
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the locus of their intersection will be a straight line passing 
through the focus. 

55. Shew that the two tangents through (h, k) are repre- 
sented by the equation 

h (y — k) 2 — k{y — k) (x — Ji) + a (x — h) 2 = 0 ; 

or (k 2 — 4 ah) {y 2 — 4 acc) = {/oy — 2a (sc + A) i 

56. Shew that the lines drawn from the vertex to the 
points of contact of the tangents from (A, k) are represented 

•by the equation 

hy 2 = 2x (Jcy — 2 axe). 
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CHAPTER IX. 

THE ELLIPSE. 


/ 158. To find the equation to the ellipse. / ■ • 

The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity. 



Let 8 be the fixed point, YY / the fixed straight line. 
Draw 80 perpendicular to YY 1 ; take 0 as the origin, 08 
as the direction of the axis of sc, OY as that of the axis off/* 

Let P be a point on the locus; join 8P; draw PM parallel 
to OY and PN parallel to OX. Let 08= p, and let e be the 
ratio of SP to PN. Let x t y be the co-ordinates of P. 
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By definition, 

SP=e.PN; 

.\ SP* = e?PN * ; 

PM 2 + SM* = e*PN*l 
that is, y*+ (x~ p) % = e*a?. 

This is the equation to the ellipse with the assumed origin 
and axes. c****+~*+ t*** + +***•• 

. i rl i< 0 $ 

s 159. To find where the ellipse meets the axis of x , we 
*put y = 0 in the equation to the ellipse; thus 

[x -p) % =s eV ; 

\ x —p = ±eas; 

V 

x = ~~- 

1 + e 

Let £L4' = and CM = ; then and ^4' are points 

on the ellipse. 

A and A are called the vertices of the ellipse, and C 9 the 
point midway between A and A, is called the centre of the. 
ellipse. 

160. We shall obtain a simpler form of the equation to 
the ellipse by transferring the Origin to A or (7. 

I. Suppose the origin at A . 

Since OA = r-~— , we put x = x' + and substitute 
1 + e r 1 +„e 

this value in the equation 

y* + (x-p) a = aeV; 

thm y 1 + (*' + [^ - rj- * (*' + r^J; 
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“ 2 pex' — (1 — e 8 ) x' 2 

-e-o (£?-*■)• 


The distance A' A = — , we shall denote 

1-e l + e 1 — e 8 

this by 2a ; hence the equation becomes 

i/ 2 = (1 — e 8 ) (2asc — a?' 2 ). • 

We may suppress the accent if we remember that the ori- 
gin is at the vertex A\ and thus write the equation 

y 2 = (1 — e 2 ) (2 ax— a?) (1). 

II. Suppose the origin at C. 

Since A’ (7= a, we put x = x+ a and substitute this value 
in (1); thus 

y % = (1 - e a ) {2a [x + a) - (a/ -f a) 3 } 

= (1 — c 8 ) (a 2 — a;' 8 ). 

We may suppress the accent if we remember that the ori-y 
gin is now % at the centre (7, and thus write the equation 


y = (l-e a ) (a 3 - a?) (2). 

In (2) suppose x = 0, then y 3 — (1 — e®)a 3 ; if then we denote 
the ordinate- CB by b we have b 3 — (1 — e 3 )a 3 ; thus (1) may 
be written f . c 

^=^5 (2 ax -a*) (3), ' , 

and (2) may be written ‘i 

( 4 )» 

o , 

or, more symmetrically, 

3 + S-l, or + (5). 
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• £*161. Since A'S = e OA' and OA' = - P - we have 

l + e 

"-r 

SC — A' G — A' S = a — a (1 — e) = ae, «- 
0(7 = .d'O -f 0A' = a + - - — e) - = g , 


a (1 — e*) 


OS=p — 


K ( ' 
• * ' <• 


162. We may now ascertain the form of the ellipse. 
Take the equation referred to the centre as origin 


3f=^(a*-**). 


•(!)• 
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point in the curve on one side of the axis of x there is a point 
P on the other side of the axis such that PM = PM. Hence 
the curve is symmetrical with respect to the axis of x . Values 
of x greater than a do not give possible values of y\ hence, 
OA being equal to a, the curve does not extend to the right 
of A. 

If we ascribe to x any negative value comprised between 0 
and — a, we obtain for y the same pair of values as when we 
ascribed to x the corresponding positive value between 0 
and a. Hence the portion of the curve to the left of YY' is 
similar to the portion to the right of YY\ 

As the equation (1) may be put in the form 

as*=^(6*-y*) (2), 

we see that the axis of y also divides the curve symmetrically 
and that the curve does not extend beyond the points B and 
B\ where GB and CP each = b. 

The line E'K' is the directrix; S is the corresponding 
focus. 

Since the curve is symmetrical with respect to the line 
YGY\ it follows that if we take CII= GS and CE= CE\ 
and draw EK perpendicular to CE, the point H and the line 
EK will form respectively a second focus and directrix by 
means of which the curve might have been generated. 


163. The point G is called the centre of the ellipse because 
every chord of the ellipse which passes through C is bisected in 
C. For suppose (h 9 k) to be a point on the curve, so that 
the equation , 

a' + b *- 1 


is satisfied by the values x=h, y ' = then (—4, — A) is also 
a point on the curve, because since a? = A, y = satisfy the 
above equation, it is obvious that # = — A, y = — ic, will also 
satisfy it. Hence to every point P on the curve there corre- 
sponds another point P t in the opposite quadrant, such that 

T. C. S. 10 
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PGP ( is a straight line and P t C—PG. Hence every chord 
passing through C is bisected in G. 

164. We have drawn the curve concave towards the axis 
of x; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining that vertex 
and the fixed point. 

Let A be the vertex, and take it for the origin ; let P be 
the fixed point ; x\ its co-ordinates. Then the equation 
to the ellipse is (Art. 1 60) 

= (2oaJ — ® ! ). 


The equation to A'P is y = x, or y = — . J — l") x, 

X CL y \X J 

since (x, y) is on the ellipse. 

Let x denote any abscissa less than x, then since the 
ordinate of the curve is -^*J(2ax — x z ) or “ ~ l) ^ 

and that of the straight line is ^ — 1 j x , it is obvious 

that the ordinate of the curve is greater than that of the 
line. 


^ 165. AA and BS are called axes of the ellipse. The 
axis AA which contains the two foci is called the major axis 
and sometimes the transverse axis; BE is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
from the focus bears to the distance of the same point from 
the corresponding directrix is called the excentricity of the 
ellipse. We have denoted it by the symbol e. 

To find the latus rectum (see Art. 128) we put CH, 
•that is, = ae } in equation (1) of Art. 162; thus 
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•\ — , and the latus rectum = . 

a 9 a 

Since = a* - a V ; .\ 6* + aV = a*; that is, 

CB* + CIP = a* ; 

2?// = a ; 

similarly, = a. 

/ ^ 166. To express the focal distances of any point of the 
ellipse in terms of the abscissa of the point. 


K' 


K 



r 



N' 


V N 


1 



' 


* 1 

v' 

C M Ml X 

X 



* 



Let 8 be one focus, E'K’ the corresponding directrix; H 
the other focus, EK the corresponding directrix. Let Pbe a 
point on the ellipse; x,' y its co-ordinates, the centre being 
the origin. Join SP, HP, and draw N'PN parallel to the 
major axis, and PM perpendicular to it. 

Then SP=ePN’=e{EC+CM) = e{^ + ^ = a + ex. z-Y 

Also, HP= ePN = e (CE — CM) = e ^ — xj = o — > 

10—2 
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Hence SP+EP=2a-, that is, the sum of the focal dis 
tances of any point on the ellipse is equal to the major axis. 

• 167. The equation y'~\ 5 (a* - *’) may he written 

y'~ 7* («-*)(<* + *)• 


Hence (see Fig. to Art. 162) 

PM % _BC * 

A’M.MA~AC*’ 


168. Let a circle be described on the major axis of the 
ellipse as a diameter; its equation referred to the centre as 
prigin will be 

y'—cf — x*. 

Hence if any ordinate MP of the ellipse be produced to meet 
the circle in F we have 

PM i = — t FM l ; 
a 

PM _b 
•'* FM~ a * 

Join P with 0 the centre of the ellipse; let P' CM = cf>, 
and let x, y be the co-ordinates of P; then 

x — CF cos <f> = a cos <f>, 

y — - PM = - a sin <A = i sin <f>. 

These values of x and y are sometimes useful in the solu- 
tion of problems. 
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The angle P'CM is called the excentric angle of the i 
point P. 

469. From Art. 160 we sec that the equation to the 
ellipse when the vertex is the origin is 

y 2 = 2 \pex — (1 — e 2 ) x*. 


If we suppose e = 1, this becomes 
y = 2 px, 

which is the equation to a parabola whose latus rectum is %p. 

■ ■ c' 

Also in the ellipse c . ' ‘ 

0= f?7’ J = oV(l-e , ) = ^3pj » 


A H or a (1 — e) = • 

1 + 6 
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If we now make 6 = 1, we have a and b infinite, and 
.a(l — e) Thus if we suppose the distance between the 

a 

vertex and nearer focus of an ellipse to remain constant 
while the excentricity approaches continually nearer to unity, 
the major and minor axes of the ellipse increase indefinitely 
and the ellipse about the vertex approximates to the form 
of a parabola. 

Thus if any property is established for an ellipse we may 
seek for a corresponding property in the parabola by referring 
the ellipse to the vertex as origin and examining what the 
result becomes when e is made to approach continually to 
unity, while the distance between the vertex and the nearer 
focus remains constant. 


Tangent and Normal to an Ellipse. 

170. To find the equation to the tangent at any point of 
7 an ellipse. (See Def. Art. 90.) 

Let x', y* be the co-ordinates of the point, 

a?", y* the co-ordinates of an adjacent point on the 

curve. 

The equation to the secant through these points is 

W; 

Bince (x', y') and (as", y") are points on the. ellipse, 
ay +5V* = «’£*, 
ay t +b'x"' = a'b'; 

/. a* + (*"*-»'*) = 0; 

. y"-y' - v x "+ x ' 

x"-a/ a 3 * y" + y' ' 



TANGENT TO AN ELLIPSE. 
Hence (1) may be written 

V x” + x' ‘ 
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Now in the limit x" = x\ and y" = y ' ; hence the equation 
to the tangent at the point (x, y') is 


, Vx . 


.( 2 ). 


This equation may be simplified ; multiply by c?y\ thus 
c?yy + b 2 xx = a*y 2 + 6 V 2 = a 2 6 2 . >«. ,* ‘ 

171. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
line makes with the major axis of the ellipse. 

^ For the equation to the tangent at [x, y) is 

a'yy + b 2 xx = a 2 b 2 , 


or 


bV b 2 

y =* 5,-r 0? -h — 7- 

ofy y 


JV 


Let — i , — m\ thus the equation becomes 

b' 

y = mx + -,; 

if 

, t b* . „ 

we have then to express ^ m terms of m. 


Now 


b 9 x = — (fym, a c 

aV 2 + iV = a 2 J 2 ; 


- ‘T* — 

t v 


n*i 


\! 

... a Y*+-^^a'5'; tyV\ **»“V 
y'*(aV+J*)*J 4 , 

^ = V(aV+i*). 


and 
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Hence the equation to the tangent may be written 
y = mx 4- (aW + i*). 

Conversely every line whose equation is of this form is 
a tangent to the ellipse. 

It may be shewn as in Arts. 93, 94, that the tangent at 
any point of an ellipse meets it in only one point, and that 
a line which meets an ellipse in only one point is the tangent 
at that point. 


1X2. The tangents at the extremities of either axis are 
parallel to the other axis. 

For the co-ordinates of A are a, 0. (See Fig. to Art. 162.) 
Hence, putting x = a, y' = 0, the equation 

a*yy + b*xx = a*b* 

becomes x = a, 


which is the equation to a line through A parallel to GY. 
Similarly the tangent at A is parallel to GY, and the tan- 
gents at B and B are parallel to CX. 


173. To find the equation to the normal at any point of 
an ellipse. (See Def. Art. 97.) 

Let x\ y be the co-ordinates of the point ; the equation 
to the tangent at that point is 

av , f< 

... 

The equation to a line through (x, y') perpendicular to 


5 ? 


«y 


y-y= ( 2 )- 

This is the equation to the normal at { x \ y)* vT 
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f 174. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the line makes 
with the major axis of the ellipse. 

The equation to the normal at (a?', y f ) is 

aV fa 9 \ , ; suj / * j 

y=d' x -[F- 1 ) 2 '- i p ' *' ' 


‘ Let = m ; thus the equation becomes 

0 sc 

o s -J s , 

y = mx p-y 

we hare then to express — j*— V in terms of m. 


Now, j Vx = ^ 

1 m 

and '-<■’/’ + 6 V = a'l’i ■' 

••• 

.\ y’* (b*m* + a 2 ) = ftm*. 
Hence (1) becomes 

(a 8 -?/)™ 

Tsy 


(i); 


175. We shall now deduce some properties of the ellipse 
from the preceding articles. 

Let a>', y r be the co-ordinates of P; let PT be the tangent 
at Pj and POr the normal at P; PM, PN perpendiculars on 
the axes. 

The equation to the tangent at P is 
<fyy’ + b*xx* = a 2 i a . 
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CM. CT= CA\ 

Similarly, if the tangent at P meet CY in T\ 

CN. CT' - CB 1 . i I;' 

176. The equation to the normal at P is 

At the point 0 where the normal cuts the major axis, 
y = 0, hence from the above equation 


a; = a’ ^1 - ^ = «V. 

Tjms CG=tOM. 

At the point Of where the normal cuts the minor axis, 
»=»0, hence from the above equation 
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177. The lengths of PG and PO' may he conveniently 
expressed in terms of the focal distances of P. 

PG*—PM , + GM* 

=» y* + (as' — eV)* 

=y*+x"(l-ey 

5V 

■y* + — 4 ~ 

V , , b* . 

S o?(° — * ) ' 




= (o’ - eV*). 

Let 8P=r’, HP=r\ then 

r' = a + eas’, r = o — «as' ; 


thus 


. a’ 


Similarly, it may be shewn that 

* J 

PG"-- 


V • 


< 


178. The normal at any point bisects the angle between 
the Jbcal distances that point. 

Let as', y be the co-ordinate* of P; the co-ordinates of 8 
are —ae, 0 ; hence the equation to 8P is (Art. 35) , 


The equation to the normal at P is 

ary , 


( 1 ). 
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Hence the tangent of the angle OPS ^ 

y' 

— x ' tt ^ — ( a * — y) a? 1 y + fl 8 ey* 

~ _ ay " c?y 2 + i V 2 + b 2 xae 

Vx (x' + ae) 

_ <££xy 4- a 3 # / eay' 
a a 6 2 + JVae i a 
The equation to 2ZP is 


hence it may be shewn that the tangent of the angle GPU 

, eay' 
also = ; 

.\ SPG = HPG. S' 


Hence SPT = HPT ; that is, the tangent at any point is 
equally inclined to the focal distances of that point. 


179. The preceding proposition may also be established 
thus: 

GG = eV, (Art. 176) ; 

•\ SG = ae + e*x\ 
and HG =*ae — eV. 

Also SP= a + ex’, HP— a — ex' ; hence 
SO SP y 

HG~ HP’ 

therefore by Euclid, vi. 3, PO bisects the angle 8PH. 

* 

■f” 180. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 

Let y = mx + + mV) .*. (1) 

be the equation to a tangent to the ellipse (Art. 171) ; then 
the equation to the perpendicular on it from the focus H is 
(see Fig. to Art. 175) su f £ 

jr — l(«-oe) (2). 
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If we suppose x and y to have 'respectively the same 
values in (1) and (2), and eliminate m between the two equa- 
tions, we shall obtain the required locus. 

From (1) y — mx = V (fi 9 + mV) ; 

from (2) my + x = ae ; 

square a nd add , then 

(y 2 + x 2 ) (1 + m 2 ) =6 2 + mV 4- aV 
= a*(l + m 2 ); 

/. y 2 + x 2 = a* 


is the equation to the required locus, which is therefore a 
circle described on the major axis of the ellipse as dia- 
meter. 

We have supposed the perpendicular drawn from H\ we 
shall arrive at the same result if it be drawn from 8 \ hence 
if HZ \ SZ be these perpendiculars, CZ and CZ' each = a . 

181. To find the length of the perpendicular from the focus 
on the tangent at any point. 


The equation to the tangent at the 

5V , l* 
y = — -p-> X +Z" 

ay y 




The co-ordinates of the focus II are ae, 0. But if® denote 
the length of the perpendicular from a point (x lt yj on. the 
line y = mx + c, by Art. 47 


n . . (y, -mx,- c)' 
P 1 + m* 


In the present case 

x x = ae , 


/ 


4 
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/w«_ iV, t0 v 

, \ aV y'/* a’i* (a — «c')* v/ 

•••*" "^ ' wr-^+w J 

1 + aY 1 

_ a^^-e*')' _ o*J* (a — ex')* 

— a* (o J 6* — 6V*) + JV* ~ a* (a* — eV*) 

‘ i A 1 // ' V 4! ‘» t/ 72 

: (*«. i77). < 

v ■* . * a + 63? T 

A t '■ 

" Since r —2a — r we have » 2 = . / 

2a — r 

Similarly if // be the perpendicular from £ on the tangent 
at ( x , #') we shall find 

„ AV 

^ tjyvj j.y * = t” ; 

. pp' = b a . (ll 

* ’ h ^ «*** fj? ,v v '"a'# 1 ' 

. 182. 'JProm any external point two tangetilscqn fle drawn 

' to an ellipse . * *' ^ " t 1 

. . . 4 “i- 

Let the equation to the ellipse be 

ay + AV = a 2 A* (1), 

and let A, & be the co-ordinates of an external point. Sup- 
pose x, y the co-ordinates of a point on the ellipse, such 
that the tangent at this point passes through (A, k). The 
equation to the tangent at (a?', y) is 

w * a 9 yy ' + Vxx’ = a 9 b 9 : (2). 

Since this tangent passes through (A, 1c) 

a 9 ky f + b 9 hx' = a 9 b 9 (3). 

• * % ^ „ I V t , * 

Also since (x\ y) is on the ellipse * - ' 

aV+AV^aW (4), 

Equations (3) and (4) determine the values of a/ and 
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Substitute from (3) in (4), thus 

( ° ,y - w ) W. 


or a’ t//V + i’i 1 ) - U'VH' + a\V - V) = 0. 

The roots of this quadratic will be found to be both pos- 
sible since (A, k) is an external point and therefore a a A* -f b* h* 
greaterjlian a*U\ ' 

The line which passes through the points where these 
tangents meet the ellipse is called the chord of contact. 

^ 183 Tangents are drawn to an ellipse from a given exter- 
nal point; to find the equation to the chord of contact. 

Let A, k be the co-ordinates of the external point ; x }9 y x 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the ellipse; x 2 , y the co-ordinates of the point 
where the other tangent from (A, k) meets the ellipse. x 

The equation to the tangent at (sc,, y t ) is V 

tfyy x + Vxx i =* a * b * • C 1 ) ; 

since this tangent passes through (A, k) wc have 

a'ky. + b'hx^a'b* (2). 

Similarly, since the tangent at (a?,, y 2 ) passes through 
(A, k) 

a*Ay a + b*hx t = d *b* (3) . 

Hence it follows that the equation to the chord of contact is 
cfky + Vhx = a a 6 a (4). 

For (4) is obviously the equation to some straight line * 
>also this line passes through (x l9 y t ) for (4) is satisfied by the 
: values x = x l9 y—y x as we see from (2); similarly from (3) 
we conclude that this line passes through (x % , y^j. Hence (4) 
is the required equation. 

Thus we majr proceed as follows in order to draw tangents 
to an ellipse from a given external point — draw the ljne 
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which is represented by (4); join the points where it meets 
the ellipse with the given external point, and the lines thus 
obtained are the required tangents. 

184. Through any fixed point chords arc drawn to an 
ellipse , and tangents to the ellipse are drawn at the extremities 
of each chord; the hem of the intersection of the tangents is a 
1 straight line . 

^ Let A, h be the co-ordinates *of the point through which 
the chords are drawn ; let tangents to the ellipse be drawn at 
the extremities of one of these chords, and let (x v y x ) be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 183, 

a'yy x + Vxx x = a*b*. 

But this chord passes through (A, k ) ; therefore 

a*ky t + b*hx L = a*b\ . 

Hence the point ( x v y x ) lies on the line 

4 a 9 ley + Vhx = a*b * ; 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

y* 185. If from any point in a straight line a pair of tan- 
gents be drawn to an ellipse the chords of contact will all pass 
through a fixed point. 

Let * Ax + By + C= 0....; (1) 

be the equation to the straight line ; let (*', «/) be a point in 
this line from which tangents are drawn to tne ellipse ; .'then 
the) equation to the corresponding chord of contact is 

a'yy' + Vxsi = a'b'. (2), / 

$ince (»', y') is on (1) * 

Ax’+By'+C- 0; 
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therefore (8) may be written 

Ax + G , ,,, 
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~r yy j it* 

XX “ q Ct y — CL 0 f 


or, 


( 3). 


Now, whatever be the value of x, this line passes through 
the point whose co-ordinq|es are found by the simultaneous 
equations 

Ca'y 

B ’" v * B 


= 0, ^+«V = 0, 


that is, the point for which 
Bb' 

y=-~G' 


x = — 


Aa % 

IT’ 


186. The student should observe the different interpre- 
tations that can be’ assigned to the equation 

a’ky + b’hx = a’b". 

The statements in Art. 103 with respect to the circle may- 
all be applied to the ellipse. 


EXAMPLES. 


1. What is the excentricity of the ellipse 2a? + 3y* = c* ? 

-V 2. Find the equation to the tangent at the end of the 
latus rectum L. (See Fig. to Art. 162.) Also find the lengths 
of the intercepts of this tangent on the axes. 

V 3. Write down the equation to the normal at L. 

•44. If the normal at L passes through the extremity of 
the minor axis Jff y what is the excentricity of the ellipse ? 

• -V 5. Find the equations to jUB and CL. (See Fig. to Art. 
162.) What is the excentricity of the ellipse if these lines are 
parallel? 

T. c. s. 11 
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^ 6. Find the equation to BH> and' determine the abscissa 
of the point where this line cuts the ellipse again. 

7. -Find the equation to AL , and determine the angle 
between this line and the tangent at L . 

^ 8. If from the point P whose abscissa is x\ a line be 
drawn through H } determine the abscissa of the point where 
it meets the ellipse again. 

9. Find a point in the ellipse such that the tangent there 
i3 equally inclined to the axes. 

10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the corresponding axes of the ellipse.^ 

11. P is a point on an ellipse, y its ordinate; shew that 

tan APA f = — . 

ae*y 

12. P is a point on an ellipse, y its ordinate ; shew that 
the tangent of the angle between the focal distance and the 

b* 

tangent at Pis — . 

aey 

13. If ^ denote the angle mentioned in the preceding 
question, 

PC^Vfa’-Pcot^). 

14. From P a point in an ellipse lines are draw to A , A\ ] 
the extremities of the major axis, and from A , A' lines are ; 
drawn perpendicular to AP } A'P; shew that the locus of their > 
intersection will be another ellipse, and find its axes. 

15. If any ordinate MP be produced to meet the tangent' 
at L in Q, prove that QM=PH. (See Fig. to Art. 162.) 

■ lfll If a Bines qf ellipses be described having the same 
tp^or axes the tangents at the ends of their latera recta will 
gwsthrough one or other of two fixed points. 
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^ 17. If the focus of an ellipse be the common focus of two 

parabolas whose vertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at points w ; hose 
distance from each other is equal to twice the minor axis. 

18. Shew that the length of the longer normal drawn 
from a point in the minor axis of an ellipse at a distance c 
c from the centre and intercepted between that point and the 
curve is 



19. If any parallel straight lines be drawn from the focus 
11 and the extremity A of the axis major of an ellipse, and 
if M and N be the points where they meet the axis minor, or 
the axis minor produced, then the circle whose centre is M 
and radius NA will either touch the ellipse, or fall entirely 
outside of it. 

20. A and A ' are the extremities of the major axis of an 
ellipse, T is the point where the tangent at the point P of 
the curve meets A A produced ; through T a line is drawn 
perpendicular to AA and meeting AP and AP produced in 
Q and R respectively; shew that QT^RT. 

21. If $ be the excentric angles of two points, the 
equation to the chord joining the points is 

£ C03 t+£ + 2 8in *+£ cos*-*' 

a 2 b 2 

22. Express the equation to the tangent at any point in 

terms of the excentric angle of that point. m 1 . . 

23. Shew that the equation to the normal at the point 
whose excentric angle is <f> is 

ax sec <f> — by cosec <f> =* a* — b*. 

24. The locus of the middle point of PO (see Art. 176) is 
an ellipse of which the excentricity e' is connected with that 
of the given ellipse by the equation 

1 _«*»(! + /)*(!-«'*). 


11—2 
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25. Determine the point of intersection of the tangent at 
L with the line HB\ what is the value of the excentricity of 
the ellipse when these lines are parallel? 

26. A tangent at any point P of an ellipse meets the 
directrix EK in T and E'K' in T\ shew that TE varies as 
the cotangent of PH 8 and T'E' varies as the cotangent of 
PSH (See Fig. to Art. 162.) 

27. If the straight line y = mx -f c intersect the ellipse 
a a y* 4- 6V = a 2 # 1 , shew that the length of the chord will be 

2 ab V{ (1 + w 2 ) (mV + b* — c 2 ) } 

MVb 2 ’ 

Hence find the relation between the constants that this line 
may be a tangent to the ellipse. 

28. Find the equation to the circle described on HP as 
diameter, supposing x\ y the co-ordinates of P. 

29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter, y' 

30. From a point (A, 1c) two tangents are drawn to an 
ellipse ; find the sum of the perpendiculars from the foci on 
the chord of contact. 

v 

31. Any ordinate PM of an ellipse is produced to meet 
the circle on the axis major in Q and normals to the ellipse 
and circle at P and Q respectively meet in R ; find the locus 
of R. 

9 32. Two ellipses have a common centre and their axes 
coincide in direction ; also the sum of the squares of the axes 
is the same in the two ellipses ; find the equation to a common 
tangent. 

33. If 0, 6 ) be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn from the point 
( hy 7c)y shew that \ ' 

tan0 + tan0'=» — tan 6 tan & ' « \ 

« — A a*— A 1 

# > 1 * - . 
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34. Find the locus of a point such' that the two tangents 
from it to an ellipse are at right angles. 4^ 

) 35. Shew that the two tangents which can he drawn to 

an ellipse through the point ( A , A) are represented by 

; (a 2 - A 2 ) (y -A) 2 +2 (y- A) (x - A) hk + (J 2 - A 2 ) (a? - A) 2 = 0, 

'or by ' * V . ' 

: (a 2 A 2 + J 2 A 2 — a 2 i 2 ) (a 2 y* + b 2 x 2 -a 2 b 2 ) = (a'ky + J 2 A* - a 2 b 2 )\ 

36. Tangents are drawn to an ellipse from the point (A, A) ; 
shew that the lines drawn from the origin to the points of 
contact are represented by "" ’ Jv < 



37. Pairs of radii vectores are drawn at right angles to 
each other from the centre of an ellipse ; shew that the tan- 
gents at their extremities intersect in the ellipse 



38. From an external point T whose co-ordinates are A 
and k a line is drawn to the centre C meeting the ellipse in 
It, shew that 

CT* a*tf + b*h' 

CM*~ a*b* ' 

39. From an external point (A, k) tangents are drawn ; if 
x t9 x a be the abscissas of the points of contact, shew that ' 

, 2ha*b* a 4 {b 2 — A 2 ) 

' X ' + X *~ aW+b'h” 

40. From an external point (h, Jt) tangents are drawn 
meeting the ellipse in P and Q; find the value of HP. HQ, 
H being a focus. 

41. From an external point T the lines TP, TQ are 
drawn to touch the ellipse in P and Q. CT cuts the ellipse 
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in JS, and BN is drawn parallel to HT to meet the axis major 
in N; shew that HP. HQ = BN 2 . 

42. Two ellipses of equal excentricity and whose major 
axes are parallel can only have two points in common. Prove 
this, and shew that if three such ellipses intersect, two and 
two in the points P and P\ Q and Q\ B and B\ respectively, 
the lines PF> QQ\ BB , meet in a point. 

43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle ; prove that the 

E roduct of the areas of the rhombus and rectangle is equal to 
alf the continued product of the four axes. 


44. If the ordinate at any point P of an ellipse be pro- 
duced to meet the circle described on the major axis as 
diameter in Q , prove that the perpendicular from the focus S 
on the tangent at Q is equal to SP. 


, 45. Find the equation to the ellipse referred to axes 

passing through the extremities of the minor axis, and meet- 
ing in one extremity of the major axis. 


; 

be 

be 


46. If from points of the curve 
sc* v* 

drawn to the ellipse ^ + = 1, 

normal to the ellipse. 


^ = («*- J1 )*» tangents 

the chords of contact will 


47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art. 138. Also prove the 'proposition in Art. 
138 in a manner similar to that used in Art. 180. 


_ 48. Find the equation to the ellipse the origin being the 
point (4, A) on the ellipse and the axes parallel to the axes of 
the ellipse. 

49. From a point P on an ellipse two chords PQ, PQ are 
drawn meeting the ellipse in Q, Q; if h, h be the co-ordi- 
nates of Preferred to the centre, and inx + «?/ = ! the equation 
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fo QQt referred to P as origin, shew that the lines PQ, PQ' 
Are represented by 

~a i + b* + W + frj (mx + ny) = 0 
with P as origin, 

50. Let P be any point on an ellipse ; draw PP' parallel 
to the major axis and cutting the curve in P'; through P draw 
two chords PQ, PQ making equal angles with the major 
axis; join QQ'; QQ' shall be parallel to the tangent at P'. 

v" 51. From the equation y = vnx + \/(m 2 a* + b*) deduce the 
equation to the tangent to the parabola. 

52. In the figure of Art. 175 suppose GP produced to a 
point Q such that GQ = n. GP, and find the locus of Q. 

53. If PN be any ordinate of a circle, and from the ex- 
tremity A of the corresponding diameter AB, AQbz drawn 
meeting PN in Q, so that A Q = PN, find the locus of Q and 
the position of its focus. 

54. Express the tangent of the angle between CP and 
the normal at P in terms of the co-ordinates of P. 

55. Find the greatest value of the tangent of the angle 
between CP and the normal at P. 

56. The major axis of an ellipse is equal to twice the 
minor axis ; a line of length equal to half the major axis is 
placed with one end on the curve and the other on the minor 
axis ; shew that the middle point of the line is on the major 
axis. 


57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an ellipse ; find the locus 
of the centre. 

58. If 8Z\ HZ be perpendiculars on the tangent at the 
point P of an ellipse, SZ ana HZ' will intersect on the normal 
at P. 
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CHAPTER X. 

THE ELLIPSE CONTINUED. 


Diameters . ap 

X, . ^ 

/ 187. To find the length of a line drawn from any point in 

a given direction to meet an ellipse. 

Let x\ y be the co-ordinates of the point from which the 
line is drawn ; x , y the co-ordinates of the point to which 
the line is drawn ; 8 the inclination of the line to the axis of 
x ; r the length of the line ; then (Art. 27 ) 


x = x + r cos 8, y = y+rs>ind (1). 

If (a?, y) be on the ellipse these values may be substituted 
in the equation V * / 

ay + 6V = a*6 2 ; thus 


- a* (y + r sin Of + h* {x + r cos < 

. . k 

r* (a* sin 8 8 + h 2 cos* 8) + 2 r [a*y sin 6 + JV cos 8) ^ 

+ a y + tv* - a *# = o f..t: 

From this quadratic two values of r can be found which are 
the lengths of -the two lines that can be drawn from (sc', y) 
in the given direction to the ellipse. 

/ . . r, U, f 

i f-' * kJ j , f -v* . " f '' 

\u 


188. To find s the diameter) of a given system of parallel 


chords in an ellipse . (See definition in Art. 148.) 


Let 0Jbe the inclination of the chords tothe major.&xis of 
the ellipse ; let x\ y be the co-ordinates of the middle point 
IS? any one of the chords ; the equation which determines the 
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Lengths of the lines drawn from (x } y') to the curve is 
lArt. 187) 

r* (a 2 sin 2 0 + b* cos 2 0) + 2 r (a*y sin 0 + 6 V cos 0) 

+ a 2 y* 4- JV 2 — aV> 2 = 0 (1). 

Since (x\ y f ) is the middle point of the chord, the values of r 
furnished by this quadratic must be equal in magnitude and 
opposite in sign ; hence the coefficient of r must vanish ; thus 

a*y' sin 0 + JV cos 0 = 0, or y'= — ~ cot 0 . x' . (2). 

Considering x' and y as variable, this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

lienee every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords ; for 
by giving to 0 a suitable value the equation (2) may be made 
ta represent any line passing through the centre. 

If.0' be the inclination to the axis of x of the diameter 
which Insects all the chords inclined “at an angle 0 we have 
from (2) 

^ tan 0'= — cot 0; 
x a 

tan 0 tan 0'=-! .(3). 

189. If one diameter bisect all chords parallel to a second 
diameter , the second diameter will bisect all chords parallel to 
the first . 

Let 0j and 0 q b e the resp ective inclinations of t he two 
diameters - to the major axis of the ellipseT Since "tEe^Ersf 
bisecfTalTiEe^cEords parallel to the second, we have 

. . V 

tan 0* tan 0, = — a . 

* 1 a 
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And this is also the only condition that must hold in order,; 
that the second may bisect the chords parallel to the first. ? 


190. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. 

Let h, k be the co-ordinates of either extremity of a 
diameter; 0 the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x = h,y = Jc must satisfy the equation 

a 2 y sin 0 + Vx cos 0 = 0 ; 


tan# = — 


b*h 

cfk' 


But, by Art. 170, the equation to the tangent at (/*, k) b 

7 b * h f i\ 

Hence the tangent is parallel to the bisected chords. 


191. Def. Two diameters are called conjugate when each 
bisects the chords parallel to the other. 

From Art. 190 it follows that each of the conjugate dia- 
meters is parallel to the tangent at either extremity of the 
other. 


192. Given the co-ordinates of one extremity of a diameter 
to find those of either extremity of the conjugate diameter . 

Let ACA\BCB' be the axes of an ellipse; PCP\DCD 9 
a pair of conjugate diameters. 


Let x', y' be the given co-ordinates of P; then the equa- 
tion to CP is 


y- 


£ 

t 


x. 


(i). 


Since the conjugate diameter DD‘ is parallel to the tangent at 
P, the equation to DD is 


y 



(*)• 




We must combine (2) with the equation to the ellipse to 
find the co-ordinates of D and D\ Substitute from (2) in 

, ay + 6V = a 2 6 a ; 

then + SV = a 2 i a ; 

y 

. (jy 2 +flyv=ay , ; 

XL* “ IM J 

a o o 


from (2) y = l bx ' 

In the figure the abscissa of D is negative and that of D' 
positive; hence the upper sign applies to D' and the lower 

to D. <■>■>:• '• b '■ t ■ •• jj 1 - -* 

The properties of the ellipse connected with conjugate 
diameters are numerous and important; we shall now give 
a few of them. 
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193. The sum of the square . of two conjugate semi-Hia - 
meters is constant . 

Let x\ y' be the co-ordinates of P; then by the preceding 
article 

CP* + CZ>* = aP + y* + f 

_«y*+$v* , «y a +jy* 

“ A* ~ + a* 

= a* + J*. . 

Thus the sum of the squares of two conjugate semi-diame- 
ters is equal to the sum of t^ie squares of the semi-axes. 

Moreover 

CD* = a* + b * -V* - y" = a* + J* - x' 2 - 5 (a* - as'*) 


= a * ~ ( l ~ x -' 2 = «“- eV8 = £QP . UP by Art. 166. 

194. The area of the parallelogram which touches the ellipse 
at the ends of conjugate diameters is constant . 

Let PCP\ DGU be the conjugate diameters (see Fig. to 
Art. 192). The area of the parallelogram described so as to 
touch the ellipse at P, D , P', D\ is 4 CP. CDsmPCD, or 
•Ap.CLD, where p denotes the perpendicular from C on the 
tangent at P. Let x\ y ' be the co-ordinates of P; then the 
equation to the tangent at P is 



i •*. ip . CP = 4 & 5 . 

tod i ft&area of any parallelogram which touches the 
at the ends of conjugate diameters is equal to the area 

^ -t 'a i r* * A Jt / 
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of the rectangle which touches the ellipse at the ends of the 


axes. 

-A 195. Let a', V denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article 

alV sin a = al ; 

. „ _ a*b* 4 a*b 2 4 a*b* 

*’• 8in ® _ (a" + by - (a'* - 6*)* ~ («*+ bf- (a"-5'‘)» * 

Hence sin 2 a has its feastf value^when a 1 == J' f and then 

2 ab 

Sing ~q 2 +ff ' 

196. From Art. 194 we have 
a 2 J 2 a 2 J 2 

^ = ~cb i = IF+W—lyp* ^ Art ‘ 193 ) • 

This gives a relation between p the perpendicular from the 
centre on the tangent at any point P and the distance CP of 
that point from the centre. 

We may also q y>fes^ j ? in terms of the angle its difeytion 
makes with the ax is maior ; for let yjr denote the angle, then 
the equation to the tangent at (x, y) may be written 

a 2 yy + Vxx* = a 2 J 2 , 
and also in the form (Art. 20) 

x Cos yfr + y sin = p. 

p ffl jp_ 

sin yfr y 9 cos y/r ~~ x' 

• • a y ^ m * 

t A 

and .'. aft* - ^4“ $ “P? ^ + a * cos 2 ; 

e ~~ ~r i* Bin* ifr + a* cos' ifr 

« «?•(! -y sin*^). 


Hence 
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197. Let <f> and <f>' be the excentric angles corresponding 
to P and D respectively (Art. 168). Then 

x' = o cos^ (1), y' = & sin <f> (2), 

~ acos<f>' (3), ^ X - = b sin <f>'. .(4). 

From (2) and (3) cos </>' = — sin <f>, 

from (1) and (4) sin <f>' = cos £ j 

.*• f = £ + *• 

, 198. To find the equation to the ellipse referred to a pair 
- of conjugate diameters as axes. 

Let X C. P, CD be two conjugate semi-diameters (see fig. to 
Art. 192), take CP as the new axis of x, CD as that of y ; 
let PC A = a, D CA — ft. Let x, y be the co-ordinates of any 
point of the ellipse referred to the original axes ; x', y the 
co-ordinates of the same point referred to the new axes ; then 
(Art. 84) 

a^x'cosa + y'cos/S, 1 
y = x'sina+y'sin/8. 

Substitute these values in the equation 
<*y + b*s£ = a*b*; ( ' : 

then o* (*' sin a + y sin ft)* + b* (x' cos a+y' cos ft)* = a*b*, 
or *'* (o* sin* a + b* cos* a) + y'* (a* sin* ft + b* cos* ft) 

+ 2xy (a* sin a sin ft + b* cos a cos ft) = a*b*. 
But, since CP and GzJ are conjugate semi-diameters, 

Tl J 

tan a tan |9 =- -jj 

hWfHthe coefficient of £y r " vanishes , and the equation be- 
y cos* a) (oVm f £ + Vcoa*# =d*b\ 



TO CONJUGATE DIAMETERS AS AXES. 


| m 

A ■■ to.. 




In this equation, suppose x = 0, then 

aV 

y ‘~it sm^8+Fcos^9* 

This is the value of CZ) 2 , which we shall denote by l* ; 
similarly we shall denote CP 2 by a!\ so that 

a*b* 

H * ** a 2 sin 2 a + 6 2 cos 2 a * 

Hence the equation to the ellipse referred to conjugate 
diameters is 

x'* y" 

- i, 

or, suppressing the accents on the variables, 


a? «* 

' ' ,-J i 1 o 8 + F 5_1 * 


Vj lx 


. 199. A particular case of the preceding is when a' = b' ; 
then 

a* sin 2 # + 6* cos 2 £ = a 2 sin 2 a + i 2 cos 2 a; ' 
a* (sin 2 /3 — sin* a) = i* (cos 2 a — cos 2 y3) 

(,- i, , ‘i =£* (sin*/8 — sin" a) 

(a 2 — 5 2 )(sin 2 /8 — sin 2 a) = 0; ‘ • 

sin* y9 = sin* a ; 

• ./ •«■*.*. /8 = 7T — «. 

J I 1* 

And since o' 2 = b" each of them = — — , (Art. 193). 

Hence from the value of in the preceding article, wa 
have • 

o 2 + 5*_ a'b* 

2 o* sin’ a + cos* a ’ 

(a* + 6*) {(a? - 5*) sih*« + J 2 ] = 2aV * 


.*. sufa = 


aW-J* 




(a* +A 2 ) (a*— £*) a*+ 
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This shews that the equal conjugate diameters are parallel 
to the lines BA and BA'. 


200. The equation to the tangent to the ellipse will be of 
the same form, whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters ; for the in- 
vestigation of Art. 170 will apply without any change to the 
equation a'*y* + S' V = a' a S' a which represents an ellipse re- 
ferred to such an oblique system. 


201. Tangents at the extremities of any chord of an ellipse 
meet in the diameter which bisects that chord . 

Refer the ellipse, to the diameter bisecting the chord as the 
axis of x , and tne diameter parallel to the chord as the axis 
of y ; let the equation to the ellipse be 

a'y + S'V = a' 2 S' a . 


Let be the co-ordinates of one extremity of the chord; 
~-4hen the equation to the tangent at this point is 

) • a' 2 yy , + b'*xx' = a ,2 b'* (1). 

The co-ordinates of the other extremity of the chord are 
x' 9 —y\ and the equation to the tangent there is 


— a 2 yy + b ,2 xx' = a% ,% . 


( 2 ). 


The lines represented by (1) and (2) meet at the point 
for which 


y = o, 

this proves the proposition. 


x = ■ 


x 


Supplemental chords . 

202. Def. Two straight lines drawn from a point of the 
ellipse to the extremities of any diameter are called supple - 
mania? chords* They are called principal supplemental chords 
w that diameter be the major axis* 
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^ 203. If a chord and diameter of cm \ 'ellipse are parallel , the 
supplemental chord is parallel to the conjugate diameter. 



Let PP be a diameter of the ellipse ; QP, QP two sup- 
plemental chords. Let x, y be the co-ordinates of P, and 
therefore — x‘, —y' the co-ordinates of P. 

Let th e equation to PQ be (Art. 32) 

y -y‘ = m{x-x) ...mC... .(l), 

and the equation to P'Q , i , , . / 

. r-\. t . •' ^ 

\\ y +y' = m ' (® + x ') ( 2 ). 

The co-ordinatea of the point Q satisfy (1) and (2) ; if then 
we suppose x, y to denote those co-ordinates, we hare from 
(1) and (2) by multiplication 

y % — y* = mm! { a? — x !*) «/. (8). 

But since ( x , y) and (as', y') are points on the ellipse 

ay + 5V = o s i J , 

a*y''+V x '*=<M'-, * 

/. o’ y-y*)+ V (rf-af) = 0; 

/. y-y— tyi 

12 


T. C. S. 
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From (3) and (4) we have 

mmi = — 5 '.....(b). 

j „ , a~ i ' ' 

/ ( / r , / 

C But we have shewn in Art. 188 that if (5) be satisfied, the 
< two lines represented by y = 7 na? and y =s 771 cc are conjugate 
/ diameters ; this proves the theorem. 


| Polar Equation . 


204. To find the polar equation to the ellipse, the focus 
being the pole. 

Let SP=r, A SP=Q, (see Fig. to Art. 158) ; 
then 8P= ePN } by definition ; 

that is, SP= e(OS+ SM ) ; 


or 


and 



r = a (1 — e a ) + er cos (tt — 0), (Art. 161) ; 
r (1 -f e cos 0) = a (1 — e a ), 

l + ecos0 Ai if 


If we denote the angle by 0, then we have as before 
BP-e(0S+8M); 

thus * r =b a (1 — e 51 ) + er cos 0, 


and 


a (1-6*) 

1 — e cos 0 * V" 


205. We shall make use of the preceding article in finding 
the polar equation to a chord, from which we shall deduce the 
polar equation to tEe tangent. 

Let P and P be two points on the ellipse ; suppose 

ASP= a-/3, ASP' = a + /3, 

so that PSP = 2$ ; and let l be the semi-latus rectum of the 



POLAR EQUATION TO A CHORD. 179 

ellipse, so that l = a (1 — e a ) ; it is required to find the polar 
equation to’the line PP. 


\ 


Assume for the equation (see Art. 29) # w * 

Ar cos 6 + Brsmd + (7 = 0 (1). 

» # \ fy 

Since the line passes through P, equation (1) must ho 
satisfied by the co-ordtnates of P; now A'SP=a — fi, and 

therefore s£J~ — ; — ; thus from (1) 

1 + e cos (a — p) w 

l [A cos (a — /3) + B sin (a — /3)} 

+ C{1 -f ecos (a — £)} =0 (2). „ 

Similarly, since the line passes through P', 
l {A cos (a+)8)-hPsin(a + £)} 

+ C {1 + e cos (a + $)} = 0.... (3). / 

From (2) and (3), by subtraction, 

l (A sinasin/S — Pcosasin#) + CeBin asin/9 = 0; 

I (A sin a — B cos a) + Ce sin a = 0 (4). 

From (2) and (3), by addition, 

7 (4 cos a cob j 3 + £ sin acoa fi) + 0(1 + ecos a cos (3) = 0 ; 

\ Z (wd cos a + 2? sin a) + C(sec£ + ecosa) = 0 (5). 

12—2 

4r 
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u /{ Y > # 7 

From (4) and (5) we find 

J*IA + C (sec # cos a + e) = 0, 

IB+ (7sec)9sin a =0. . 

Substitute the values of A and B in (1) and divide by G \ 
and we have . A> ^ 4 § 

r {(sec 13 cos a 4* e) cos 0 -f sec sin a sin — Z = 0 ; 

l 

• — - . . - 

ecos 0 + sec/3cos 

If N# bisect the angle PSP', we have 
PSQ = P, and = a. 

Now suppose /9 to diminish indefinitely ; then the chord 
PF becomes the tangent at Q, and we obtain its polar equation 
by putting /9 = 0 in the preceding result j-thus we have 

' DL-/ .It /f ‘j* '' '' t* i) 

— e cos 0 + cos * {• -cL ) fih-Mi ■ 

The investigations of this article will apply to the para- 
bola by supposing e = 1. 


206.. The polar equation to the ellipse referr ed to the 
centre is sometimes useful; it may be deduced from the 
equation cfy 1 + &V = a 2 6 2 , by putting r cos 0, r sin 0 f for x 
and y respectively ; we thus obtain 

* r* (a 2 sin 2 0 + b* cos 2 0) = # 2 J 2 . V 

- We add a few miscellaneous propositions on the ellipse. 

207. If tangents be drawn at the extremities of any focal 
chord of an ellipse^ (1) the tangents will intersect in the corre- 
sponding directrix , (2) the line drawn from the point of inter- 
section of the tangents to the focus wilt be perpendicular to the 
jboalchord. 
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(1) If two tangents to an ellipse meet in the point (A, 7c) 
the equation to the chord of contact is, by Art. 183, 

a 2 ky + bVtx = a?b*. </) * ' 

Suppose the chord passes through the focus whose co-ordi- 
nates are x = — ae, y= 0 ; then 

" -Fhae = a%\ 

1 IV 

A = 

i • S 

* v A. 

that is, the point of intersection of the tangents is on the 
directrix corresponding to this focus. 

(2) The equation to the line through (A, k) and the focus is 


y = 


' Jc 


'V, 


A + U6 


(as + ae). 


If A = — , this becomes ./ 

y ~~ a (1 — • e a ) {x + ae) 

= W ( ‘ x+ae ^ 

and the line is therefore perpendicular to the focal chord of 
which the equation is 

v‘hx , ...i 

y ~ a*k + k’ 


208. If through any point within or without an ellipse, two 
lines be drawn parallel to two given straight lines to meet the 
curve , the rectangles of the segments will be to one another in 
an invariable ratio . 

Let {pi, y f ) be the given point and suppose a and /3 respec- 
tively the inclinations of the given straight lines to the major 
axis of the ellipse. By Art. 187 if a line be drawn from 
(pi, f) to meet the curve and be inclined at an angle a to the 
major axis, the lengths of its segments are given by the 
equation * r 
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r* (a* sin* a + b* cos’ a) + 2 r (a*y sin a + b*x' cos a) 

, + o*y * + 5 *®'* — a*6* = 0 ; 

therefore the rectangle of the segments = - y g . 

Similarly the rectangle of the segments of the line drawn 
from (x , y ) at an angle 0 = * 


Hence the ratio of the rectangles = a 2 3 ? n .,^ — ^ cos ^ ■ and 
• b a sm a + 6 cos a 

this ratio is constant whatever x' and y may he. 



OP. Op q* sin*0 + y cos*0 
0$. Oj — a* sin* a + i* cos* a * 

Draw the semi-diameters OP, CD, parallel to Pp, Qq, 
respectively, then, by Art. 206, 

• OP* _ a* sin*0 + 1* cos*0 

CD * ~ a’ sin* a + A* cos* a * 

OP. Op OP* 

O^.Oj* CS** 


y 
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Let TM, TN be tangents parallel to 'Pp, Qq, respectively; 
then if 0 coincides with T, the rectangle OP. Op becomes 
TM*, and the rectangle OQ. Oq becomes TN * ; 

TM* CD 1 
' TN* ~ CE*’ 

TM CD 
1 TN~OE‘ 

Ck-f- X 

EXAMPLES. 

1. CP and CD arc conjugate semi-diameters; given the 
co-ordinates of P (x\ y), find the equation to the line PD. 

. 2. If lines drawn through any point of an ellipse to the 

extremities of any diameter meet the conjugate CD in the 
points M, N, prove that CM. CN = CD 2 . 

3. CP, CD are two conjugate serai-diameters; CP, CD' 
are two other conjugate diameters ; shew that the area of the 
triangle PCP is equal to the area of the triangle DCD’. 

, 4. Normals at Pand D, the extremities of semi-conjugate 
diameters, meet in K ; find the equation to KC, and shew that 
KC is perpendicular to PD. 

5. In an ellipse the rectangle contained by the perpen- 
dicular from the centre upon the tangent, and the part ot the 
corresponding normal intercepted between the axes is equal 
to the difference of the squares of the semi-axes 

6. Shew that the locus of the intersection of the perpen- 
dicular from the centre on a tangent to the •ellipse is the 
curve which has for its equation r* = a 2 cos 7 * 9 0 + b 2 sin 2 6, the' 
centre being the origin. 

7. From A the vertex of an ellipse draw a line ARQ to 

Q the middle point of HP meeting SIP in R; shew that thp 

locus of R is an ellipse, and also the locus of Q. 
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8. Find the polar equation to the ellipse, the vertex being 
’Ijthe origin and the major axis the initial line. ^ 

*’ 9. If any chord AQ meet the minor axis produced in B , 
and CP be a semi-diameter parallel to A Q, then 

A Q . AB = 2 CP 2 . 


10. A circle is described upon AA' the major axis of an 
ellipse as diameter ; P is any point in the' circle ; AP, A'P 
are joined cutting the ellipse in points Q and Q' respectively; 
shew that 


AP A'P __ a 2 + 6 a 
AQ + A'Q’~~ V # 


11. If circles be described on two semi-conjugate diame- 
ters of an ellipse as diameters, the locus of their intersection 
is the curve defined by the equation 

2 (as 2 + iff = aV + . 

\ 12. CP, CD are conjugate semi-diameters; CQ is per- 
pendicular to PD, find the locus of Q. 

^ 13. Find the points where the ellipse a (1-e 2 ) cos 6 

cuts the line a (1 — e 2 ) = r sin 6 + r (1 + e) cos 0 . ^ 

14. Write down the polar equations to the four tangents 
at the ends of the latera recta ; also the equations to the tan- 
gents at the ends of the minor axis ; the focus being the pole. \ 

V' 15. Determine the locus of the intersection of tangents ' 
drawn at two points P, Q, which are taken so that the sum 
of the angles ASP, AJSQ, is constant. * 

16. If PSp be a focal chord of an ellipse, and along the 
line SP there be set off SQ a mean proportional between SP 
and Sp, the iocus of Q will be an ellipse having the same 
excentricity as the original ellipse. 

17. Two ellipses have a common focus and their major • 
axes are equal in length and situated in the same straight 
line •, find the polar eo-ordinates of the points of inter- 
section. 
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. 18. From an external point two tangents are drawn to an 
ellipse ; between what limits does the ratio of the length of 
one tangent to the other lie ? 


19. TP, TQ are two tangents to an ellipse, and CP ', CQ\ 
are the radii from the centre respectively parallel to these tan- 
gents, prove that P Q' is parallel to PQ. 


20. An ellipse and a circle cut in four points ; shew that 
the common chords make equal angles with the major axis of 
the ellipse. 

21. When the angle between the radius vector from the 
focus and the tangent is least, the radius vector = a. 


22. When the angle between the radius vector from the 
centre and the tangent is least, the radius vector = 


23. PT,pt are tangents at the extremities of any diameter 
Pp of an ellipse ; any other diameter meets PT in T \ and its 
conjugate meets pt in t ; also any tangent meets PT in T 1 and 
pt in {\ shew that PT : PT ’ :: pi : pt . 

24. From the ends P, D , of conjugate diameters in an 
ellipse, draw lines parallel to any tangent line ; and from the 
centre C draw any line cutting these lines and the tangent in 
points p, d , t, respectively ; then will 

Cp*+ cd*= ce. 

25. If tangents be drawn from different points of an ellipse 
of lengths equal to n times the semi-conjugate diameter at 
each point, then the ’locus of their extremities will be a con- 
centric ellipse with semi-axes equal to 

a\/(tt a + l) and 

1 26. Apply the equation to the tangent in Art. 171 to find 
the locus oi the intersection of tangents at the extremities of 
conjugate diameters, 

27 . If from a point (x f , y f ) of an •ellipse a chord be drawn 
parallel to a fixed line, shew that the length of this chord 



186 


EXAMPLES ON THE ELLIPSE. 


varies as - s * n ^ a , $) . where <f> is the inclination of the 
cos 9 

tangent at (x',y') to the axis, and a the inclination of the fixed 
line to the axis. 


28. If through any point P of an ellipse two chords PQ , 
Pit, be drawn parallel to two fixed lines and making angles 
a and j3 respectively with the tangent at P, shew that the ratio 
PQ coscc a : PR coscc f3 is constant. 

29. A parabola is touched at the extremities of the latus 
rectum by an ellipse of given magnitude; find* the latus 
rectum of the parabola. 

30. The perpendicular from the centre on a line joining the 
ends of perpendicular diameters of an ellipse is of constant 
length. 

31. Chords are drawn through the end of an axis of an 
ellipse ; find the locus of their middle points. ^ 

/ 32. Chords of an ellipse are drawn through any fixed 

point; find the locus of their middle points. 

33 . Two focal chords are drawn in an ellipse at right 
angles to each other ; find their position when the rectangle ^ 
contained by them has respectively its greatest and least 
value. < 


y 34. In an ellipse if PP and QQ be focal chords at right 
"angles to each other 

1 — e 9 , 1-e 9 11 ^ 

SP. BP + SQ.SQ'- A 0 V BC % ’ 

35. PBp , QSq, are focal chords ; suppose T the point 
where the fines PQ, pq meet ; shew that TS is equally in- 
clined to the focal chords, and that T is on the directrix 
corresponding to 8. 

36. If r } 0 be the polar co-ordinates of a point P, shew 
that 


l 

555 V (2ar - r 9 — J 9 ) 


and 


1 + e CO8 0 
e sin 6 


tan HPZ 
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37. Perpendiculars are drawn from P and D the ex- 
tremities of any pair of conjugate diameters on the diameter 
y = x tan a ; shew that the sum of the squares of the perpen- 
diculars is a 2 sin 2 a + J 2 cos 2 a. 

38. The excentric angles of two points P and Q are <f> and 
respectively ; shew that the area of the parallelogram 

formed by the tangents at the extremities of the diameters 

through P and Q is — y-p — -rr ; shew also that the area is 
sin [(p — (p) 

least when P and Q are the extremities of conjugate dia- 
meters. 


# 39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 


a ay + JV 

c a y+6v 


+ x l+t 

a a + i a 


1 = 0 . 


40. Chords of an ellipse are drawn at right angles to one 
another through a point 0 whose co-ordinates are A, A; if 
CP, CQ be the radii drawn from the centre parallel to 
the chords, and E, F the middle points of the chords, 
shew that 


OE 2 OF 2 _h* A 2 
CP*+ CQ i ~a l + b" 


41. Given the co-ordinates of P, find those of the inter 
section of the tangents at P and D . (See Fig. to Art. 192.) 

42. Shew that the equation 

. y* , _ f as (fas' - ay') y [ay' + bx) )* V- 
~ a + J a ( ~~tfb + aF ^ 

represents the tangents at P and D, supposing x\ y' the co- 
ordinates of P. (See Fig. to Art. 192.) 

43. If CP, CD be any conjugate diameters of an ellipse 
APBDA , and BP, BD be joined and also AD, A' P, these latter 
intersecting in 0 , shew that BDOP is a parallelogram. 
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44. Shew that the area of the parallelogram in the preced- 
ing question = ay ' + bx ' — ab, where x\ are the co-ordinates 
of P\ and find the greatest value of thi§,area. 


45. If a line be drawn from the focus of an ellipse to make 
a given angle a with the tangent, shew that the locus of its 
intersection with the tangent will be a circle which touches or 
falls entirely without the ellipse according as cos a is less or 
greater than the excentricity of the ellipse. 


46. In an ellipse SQ, HQ, drawn perpendicular to a pair 
of conjugate diameters, intersect in Q ; prove that the locus of 
' Q is a concentric ellipse. 


47. Two ellipses have their foci coincident ; a tangent to 
one of them intersects at right angles a tangent to the other ; 
shew that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 

48. What is represented by the equation x* 4- y 2 = c* when 

the axes are oblique ? £ ^ o , 

p 49. Shew that when the ellipse is referred to any pair of 
. conjugate diameters as axes, the condition that y = mx and 

b'* 

y = mx may represent conjugate diameters is «m' = — rg . 

a 

t 50. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 

51. From any point P perpendiculars PM, PN are drawn 
/on the equal conjugate diameters; shew that the normal at P 
\ bisects MN. 
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CHAPTER XI. 

THE HY^ffeBOLA. 


209. To find the equation to the hyperbola . 

Tlie hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than unity. 




Let Ube the fixed point, YY' the fixed straight line. Draw 
HO perpendicular to YY'; take 0 as the origin, OH as the 
direction of the axis of a?, OY as that of the axis of y. 


Let P be a point on the locus ; join HP, draw PM parallel 
to 0 Y and PAparallel to OX Let OH = p f and let e be the 
ratio of HP to PH, Let x, y be the co-ordinates of P, : 
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By definition 

HP— ePN ; 

.\ HP*=e*PN 2 ; 

.\ PM* + HM* = e*PN 2 , 

that is, y* + (a?— p) a = e 2 x 2 . 

This is the equation to the hyperbola with the assumed 
origin and axes. 

210. To find where the hyperbola meets the axis of x 
we put y = 0 in the equation to the hyperbola ; thus 

{x-pY= t 
x — p = ± ex; 



Since e is greater than unity, 1 — e is a negative quantity. 

~ ® *■" *■- . k 

Let OA = ~TJ 9 = T+^ 9 ^ ie ^ ormer being measured 

to the left of 0, then A and A are points on the hyperbola. 
A and A are called the vertices of the hyperbola, and C 
the point midway between A and A is called the centre of 
the hyperbola. 

211. We shall obtain a simpler form of the equation to 
the hyperbola by transferring the origin to A or <7. 

I. Suppose the origin at A. 

Since OA = , we put x = x’ 4* and substitute 

1 + e r 1+e 

this value in the equation r 

y* + (a? —p ) 2 = eV ; 
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y 2 = 2 pex' + (e 9 — 1) x" 

-(<•- 1 ) f?;+4 

The distance A A = =■ 2 -^- ; we will denote 

6-1 1 + e e-1 

this by 2a; hence the equation becomes ; ^ ^ 

y = ( e *-l) (2a*' + a' 2 ). ' 

We may suppress the accent, if we remember that the 
origin is at the vertex A, and thus write the equation 

y* = (e 3 — 1) (2a;c + ac s ) (1). 

II. Suppose the origin at C. 

Since GA = a, we put x = x’ - a and substitute this value 
in (1) ; thus 

y* = (e 3 — 1) {2a (a:' - a) + (a?' — a) 3 } -(* - / ) { ? / 

= (6 9 -l)(aj' 2 -a 3 ). 

We. may suppress the accent, if we remember that the 
origin is now at the centre C< and thus write the equation 

y 3 = (e 9 — 1) (a 3 — a 3 ) (2). < V. 

In (2) suppose se = 0, then y = — (e 9 - 1) a 9 ; this^gives an " * 
i mposs i ble- valu e to y , and thus the curve does not cuTlEe 
^axis^of^. We sltStl however denote (e* — 1) a 2 by b 2 , and 
measure off the ordinates CB and CB' each equal to b, as we 
shall find these ordinates useful hereafter. 


Thus (1) may be written 

2ax + af). 


•(*). 


and (2) may be written 


i 


a* 




W. 
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or, more symmetrically, , \ 

rs — fr = 1> or, a s y a b*a? = — afb* ... ...... (5). 


212. Since AH=eOA and OA = —^—. we have 

1 + e’ 

ATT — e P - /. 

*** 1 + e e 8 — 1 1 ) <l ’ 


! > - - ~ e ) ty 


OA~-£- = e ^l, 

1 + e e 
CH= CA + AH = a + (e — 1) a = ea, 

CO=CA-OA = a « = -, 

e e 


and OH —p = - ^ ~ ^ 


213. We may now ascertain the form of the hyperbola. 
Take the equation referred to the centre as origin, 

.a). 

For every value of as less than o, y is impossibl e, 1 When 
aj=:a, y = 0. For every valueTof x greater than a there 
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are two values of y equal in magnitude but of opposite sign. 
Hence if Pbe a point in the curve on one side of the axis 
of a?, there is a point P ' on the other side of the axis, such 
that P'M = PM. Hence the curve is symmetrical with re- 
spect to tl^e axis of x 7 and it extends indefinitely to the right 
Of A. 

If yrG ascribe to x any negative value we obtain for y 
the same pair of values as when we ascribed to x the cor- 
responding positive value. Hence the portion of the curve 
to the left of the axis of y is similar to the portion to the 
right of it. / 

As the equation (1) may be put in the form 

* -£(»■ + *)• .( 2 ), 

we see that the axis of y also divides the curve symmetrically, 
and that the curve extends above and below CA . Thus the 
curve consists of two similar branches each extending inde- 
finitely. 

The line EK is the directrix, H is the corresponding focus. 
Since the curve is symmetrical with respect to the line BCB\ 
it follows that if we take 08 = CH ana CE 9 = CE 7 and draw 
E'K' perpendicular to GE\ the point S and the line E'K' 
will form respectively a second focus and directrix, by means 
of which the .curve might have been generated. 

214. The pointy G is called the centre of the hvperbola, 
because every chord "of the hyperbola which passes tnrough G 
is bisected in C. This is proved in the same manner as the 
corresponding proposition in the ellipse. (See Art. 163.) 

215. We have drawn the curve concave towards the axis 
of x ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is greater than the corresponding ordinate of the 
straight line joining that vertex and the fixed point. 

T. C. S. 


13 # 



194 


FORM OF THE HYPERBOLA. 


Let A be the vertex and take it for the origin ; let P be 
the fixed point ; x', y its co-ordinates. Then the equation 
to the hyperbola is (Art. 211) 

y = (2ax + x*). 

Cb 

The equation to AP is 



since (x, y) is on the hyperbola. 

Let x denote any abscissa less than x, then since the 
ordinate of the curve is ^ V(2 ax + x*) or + 1 j x , and 

that of the straight line is ^ + 1^ a?, it is obvious that 

the ordinate of the curve is greater than that of the line. 


216. AA' and BB ' are called axes of the hyperbola. The 
axis AA! which if produced passes through the foci, is called 
the transverse axis, and BB ' the conjugate axis. We do not 
as in the case of the ellipse, * use the terms major and minor 
axis, because since J = a — 1) (Art. 211), and e is greater 
than unity, b may be greater or less than a. 

The ratio which the distance of any point on the hyper- 
bola from the focus bears to the distance of the same point 
from the corresponding; directrix is called the excentricity of 
the hyperbola. We have denoted it by the symbol e. 

To find the lotus rectum (see Art. 128) we put x = CH> 
that is, == ae y in equation (1) of Art. 213 ; thus 

3 _b*a*(e'- 1) & 

* ^ 


LH= - , and the latus rectum = — 
a 


a 
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Since b* = a i* (e 9 — 1) ; J 9 + a 9 = oV ; that is, 

CB 9 + CA* = Cff 9 ; 

.\ AB=CH. 

217. The equation to the hyperbola may be derived from 
the equation to the ellipse by writing — for 6 9 . We shall 
find that the hyperbola lias many properties similar to those 
which have been proved for the ellipse; and as the demon- 
strations are similar to those which have been given, we shall 
in some cases not repeat them for the hyperbola, but refer to 
the corresponding articles in the chapters on the ellipse. 

218 . To express the focal distances of any point of the 
hyperbola in terms of the abscissa of the point. 



Let She one focus, EK the corresponding directrix; H 
the other focus, EK the corresponding directrix. Let Pbe a 

K iiit on the hyperbola ; x, y its co-ordinates, the centre 
ing the origin. Join SP, MP, and draw PNN* parallel to 
the transverse axis and PM perpendicular to it. Then 


SP= ePN' = e ( CM+ CM) = e(x + fj = ex + a, 
HP= ePN = e (CM- CE)=e(x--^=ex-a. 


13—2 
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TANGENT TO AN HYPERBOLA. 


Hence SP—SP—2a\ that is, the deference of the focal 
distances of any point on the hyperbola is equal to the trans- 
verse axis. 

219. The equation y ' = ^ {a? - a*) may be written 

y *— (® — «)(* + a )' 

CL 

Hence (see Fig. to Art. 213), 

PM 1 _ BC 2 

AM. A M~ AC*' 


Tangent and Normal to an Hyperbola. 


220. To find the equation to the tangent at any point of 
an hyperbola. 

By a process similar to that in Art. 170, it will he found 
that the equation to the tangent at the point (a?', y’) is 


or 


r Vaf , , 

y-y =- a y (*-*)> 

cfyy — Vxx' = — 


These equations may be derived from the corresponding 
equations with respect to the ellipse by writing — b % for i*. 


221. The equation to the tangent to the hyperbola may 
also be written in the form (see Art. 171) 


y « mx + V (mV — b % ). 

Conversely every line whose equation is 
tangent to the hyperbola.' " — ““ 

' ■ „ , . . . ' ; 



222. It may be shewn asm the case of the circle that a 
tangent to an hyperbola meets it in only one point. Also if a 
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line meet an hyperbola in only one point, it is in general 
the tangent to the hyperbola at that point. For suppose 

ay--8W--flW 

to be the equation to an hyperbola, and 

y = mx + c 

the equation to a straight line. Then to determine the 
abscissas of the points of intersection, we have the equation 

a 8 (mx + c) 8 — J V = — a 2 b*, 


or (aW — b 2 ) x 2 -f 2 a 2 mcx + a 8 (c 8 + b 2 ) = 0. 

This equation has always two roots, except 

(1) when a'mV = (aW - b 2 ) a 8 (c 8 + b 2 ), 

or c 2 = m 2 a* — i 8 , 

and consequently the line is a tangent; 

(2) when o 8 m 8 - J 2 = 0; the equation then reduces to one of 
the first degree, and therefore has but one root. Thus a line 
which meets the hyperbola in one point only is the tangent at 
that point unless the inclination of the line to the transverse 

axis be ± tan” 1 ^ 


223. The tangents at the vertices A and A' are parallel 
to the axis of y . (See Art. 172.) 

224. To find the equation to the normal at any point of 
an hyperbola . (See Art. 173.) 

It will be found that the equation to the normal at 

toy') is 

y ~/ (*“*')• 
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This may also be written in the form 

y = mx- . (See Art. 174.) 

225. We shall now deduce some properties of the hyper- 
bola from the preceding articles. 



Let x , y be the co-ordinates of P; let PT be the tangent 
at P, PO the normal at P; PM } PN perpendiculars on the 
axes. 

The equation to the tangent at P is 
tfyy' — Vxx' = - a*b\ 



Similarly 
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226. Aa in Art. 176, we may shew that 
CG = e'CM,' 

J 


CG’ = a p-PM. 


227. As in Art. 177, we may shew that 
j pa>=%, P(P=^; 

CL 0 

where SP=r, JIP=r. 


228. The tangent at any point bisects the angle between 
the focal distances of that point. 

For in the manner given in Art. 178, we may shew that 
SPG' = HPG ; 

and therefore since PT is perpendicular to GG', 

TPS — TPH. 

Or we may prove the result thus, 

CG — eV (Art. 226); 

.*. 8G = eV + ae, 

II G — eV — ae. 

Also SP = ex' + a, HP = ex' — a ; hence 
8G SP 

HG~ HP' 

therefore* by Euclid, vi. 3, PG bisects the angle between HP 
and SP produced, that is, 

SPG’ = HPG. 


229. To find the locus of the intersection of the tangent at 

any point with the perpendicular on it from the focus. 

■ It may be proved as in Art. 180, that the required locus is 
the circle described on the transverse axis as diameter. 
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230. Let p denote the perpendicular from II on the 
tangent at P, and p the perpendicular from 8; then, as in 
Art. 181, it may be shewn that 


, 5V bV . , „ 

P m -p-> P = T~’ “PP =b - 

Since r — 2a + r, we have 

P ~ 2a + r ' 


/ 


231. From any external point two tangents can be drawn 
to an hyperbola . 

Let h 9 k be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscissae of the points of contact of the tangents 
and hyperbola, 

x 2 (a 2 k 2 - b 2 h 2 ) + 2 a 2 b 2 hx' - a 4 {b 2 + k 2 ) = 0. 

The roots of this quadratic will be possible if 

a 4 b*h* + a 4 (b* + k 2 ) (< a 2 k 2 - b 2 h 2 ) is positive ; a 

that is, if 

AV-JW + aV 

is positive. 

But if (A, k) be an external point the last expression is 

P ositive, and therefore two tangents can be drawn to the 
yperbola from an external point. 

The product of the two values of x given by the above 
quadratic is 

a 4 (b’+fc) 

~ a'tf-b'h 1 ’ 


this product is therefore positive or negative according as 
a*A*— 6*A* is negative or positive; that is, the two tangents 
meet the same branch or different branches according as 
— b*h* is negative or positive. 
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The case in which a*J<? - 5*A S = 0 .requires to he noticed. 
Here one root^of the quadratic equation becomes infinite, and 

the other is 5 see Algebra, Chapter xxil. 


In this case the point (h, k) falls on a certain line called 
an asymptote, which we shall consider hereafter; see Art. 255. 
The asymptote itself may then count as one of the two tan- 
gents from the point ( h , &). If h = 0 and k — 0 the point 
(a, k) is the origin; in this case the two asymptotes may 
count as the two tangents from the point (A, k). 


232. Tangents are drawn to an hyperbola from a given * 
external point} to find the equation to the chord of contact. 

Let h, k be the co-ordinates of the external point ; then 
the equation to the chord of contact is . . 

a'ky — Vhx = — (See Art. 183.)-'- / . . +■ 1 

233. Through any fixed point chords are drawn to an 
hyperbola, and tangents to the hyperbola are drawn at the 
extremities of each chord; the locus of the intersection of the 
tangents is a straight line. 

Let h, k be the co-ordinates of the point through which 
the chords are drawn, then the equation to the locus of the 
intersection of the tangents is 

• a , ky — b*hx— — a i b t . (See Art. 184.) 

234. If from any point in a straight line a pair of tan- 
gents be drawn to an hyperbola, the chords of contact will all 
pass through a fixed point. (See Art. 185.) 


235. The student should observe the different interpre- 
tations that can be assigned to the equation 

a'ky-Vhx^-a'b*. 

The statements in Art. 103 with respect to the circle may 
all be applied to the hyperbola. 
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X/ 

EXAMPLES. 

1. What is the equation to an hyperbola of given trans- 
verse axis whose vertex bisects the distance between the 
centre and focus ? 

2. If the ordinate MP of an hyperbola be produced to Q 
so that MQ = SP, find the locus of Q. 

S. Any chord AP through the vertex of an hyperbola is 
, divided in Q so that A Q : QP :: AC* : BG 1 , and QM is 
drawn to the foot of the ordinate MP- from Q a line is drawn 
at right angles to QM meeting the transverse axis in 0; shew 
that AO: A'Oi: AC : BC*. 

4. PQ is a chord of an ellipse at right angles to the ma- 
jor axis AA ' ; PA, QA' are produced to meet in lt\ shew that 
the locus of It is an hyperbola having the same axes as the 
ellipse. 

5. If a circle be described passing through any point P 
of a given hyperbola and the extremities of the transverse 
axis, and the ordinate MP be produced to meet the circle in 
Q, shew that the locus of Q is an hyperbola whose conjugate 
axis is a third proportional to the conjugate and transverse 
axes of the original hyperbola. 

" 6. Find the locus of a point such that if from it a pair of 
tangents be drawn to an ellipse the product of the perpen- 
diculars dropped from the foci upon the chord of contact will. 

Tm p.nn fl+nnf 
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i CHAPTER XII. 

THE HYPERBOLA CONTINUED. 


Diameters. 

236. To find the length of a line drawn from any point in 
a given direction to meet an hyperbola. 

Let x\ y be the co-ordinates of the point from which the 
line is drawn ; x , y the co-ordinates of the point to which the 
line is drawn ; 0 the inclination of the line to the axis of x ; 
r the length of the line; then (Art. 27) 

x = x' + r cos0, y = y' + r&m0 (1). 

If (x, y) be on the hyperbola these values may be substi- 
tuted in the equation a 2 y 2 — b 2 x 2 = — a 2 b 2 ; thus 

a 2 (y + r sin 0 ) a — 1 2 (x + r cos 0) 2 = — a 2 b 2 ; 

r 2 (a 2 sin 2 0 — b 2 cos 2 0) + 2 r ( a 2 y f sin 0 — b 2 x cos 0) 

+ c?y % — b 2 x 2 4- a 2 b* = 0 (2). 

From this quadratic two values of r can be found which 
are the lengths of the two lines that can be drawn from (x, y*) 
in the given direction to the hyperbola. „ . 

j £* r *t'’*\*t a* Hnv 

237. To find the [diameter) of a given system of parallel 
chords in an hyperbola. (See definition in Art. 148.) 

Let 0 be the inclination of the chords to the transverse axis 
of the hyperbola ; let x\ y be the co-ordinates of the middle 
point of any one of the chords ; the equation which deter- 
mines the lengths of the lines drawn from (a?', y') to the curve 
is (^rt. 236) 

r 2 ‘(a* sin* 0 — b 2 cos* 0) + 2r {c?y* sin 0 — 6V cos 0) 

+ aY~Px'* + a'V = 0 ., ( 1 ). 
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Since ( sc', y') is the middle point of the chord, the values of 
r furnished by this equation must be equal in magnitude and 
opposite in sign hence the coefficient oi r must vanish ; thus 

«y sin 0 - JV cos 0 = 0, or y'= ~ cot 0 . x\ (2). 

Considering x' and y' as variable this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the hyperbola. f 

Hence every diameter passes through the centre. 

, Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords. For 
by giving to 0 a suitable value the equation (2) may be made 
to represent any line passing through the centre. If 0 ' be 
the inclination to the axis of x of the diameter which bisects 
all the chords inclined at an angle 0 , we have from (2) 

tan0' = - a cot0; 
ar 

.*. tan 0 tan 0' = —. .(3). 

238. If one diameter bisect all chords parallel to a second 
diameter , the second diameter will bisect all chords parallel 
to the first . 

Let 0 l and 0 9 be the respective inclinations of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second, we have J J 

tan0 a tan0 4 = 

a 1 a 1 . 

And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

The definition in Art. 191 holds for the hyperbola. 

# 239. Every straight, line passing through the centre of an * 
ellipse meets that ellipse ; this is evident from the figure, or 
it may be proved analytically. But in the case of an hyper- 
bola this proposition is not true, as we proceed to shew. 
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240. To find the points of intersection of an hyperbola 
with a straight line passing through its centre. 

Let the equation to the straight line be 

y = mx. 

Substitute this value of y in the equation to the hyperbola 

aV-JV = -a 2 6 a ; 

then we have for determining the abscissae of the points of 
intersection the equation 

0 o?b 2 

Hence the values of x are impossible if aW is greater 
than b\ 

Thus a line drawn through the centre of an hyperbola will 
not meet the curve if it makes with the transverse axis on 

either side of it an angle greater than tan" 1 -^. 


241. It is convenient for the sake of enunciating many 
properties of the hyperbola to introduce the following im- 
portant ^efinition. 

Def. The conjugate hyperbola is an hyperbola having 
for its transverse and conjugate axes the conjugate and trans- 
verse axes of the original hyperbola respectively. 


/ 242.* To find the equation to the hyperbola conjugate to a 
given hyperbola . 

Let AA\ BB be the transverse and conjugate axes respec- 
tively of the given hyperbola; then BB is the transverse 
axis of the conjugate hyperbola, and AA is its conjugate 
axis. Let P be a point in the given hyperbola, Q a point in 
the conjugate hyperbola. Draw PM \ QN perpendicular to 
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GX, GY respectively. The equation to the giveA' hyperbola 




PM*=^(CM*-CA‘). 

Hence QN 3 =~(CN*~ Off), 

since Q is a point on an hyperbola having CB, GA for its 
semi-transverse and semi-conjugate axes respectively. Thus 
if x , y denote the co-ordinates of Q, 

This, therefore, is the equation to the conjugate hyperbola ; 
we observe that it may be deduced from the equation to the 
given hyperbola by writing - a 8 for a 8 and - b* for b\ 
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The foci of the conjugate hyperbola will be on the line 
BOB' at a distance from G=AB (Art. 216); that is, at the 
same distance from C as 8 and H. 


243. Bfvery straight line drawn through the centre of an 
hyperbola meets the hyperbola or the conjugate hyperbola , except 
the two lines inclined to the transverse axis of the hyperbola 

y , b \ ' 

at an angle = tan - . V ' ^ 

* a ^ 

Let the equation to the straight line be 

y = mx ( 1 ). 

To find the abscissa; of the points of intersection of (1) 
with the given hyperbola, we have, as in Art. 240, the 
equation / 

- ‘ ■ i «. 

b — am ' 

1 Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 

1 (3). 

b 2 . 

If rri 2 be less than , (2) gives possible values, and (3) 
a 

b 2 

impossible values for x; if m* be greater than — (2) gives 

a 

impossible values, and (3) possible values for x; if to 8 = ~ , 

a 

(2) and (3) make x infinite. Thus the two lines that can 

be drawn at an inclination tan” 1 - to the transverse axis of 

a 

the given hyperbola meet neither curve ; and every other line 
meets one of the curves. 


244. Of two conjugate diameters one meets the original 
hyperbola , and the other the conjugate hyperbola . 

Let the equations to the two diameters be 
y = mx y y' = m'x; 
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then, by Art. 238, mm' = - 3 ; 


2/2 

mm = 


i 4 


Hence if m* is less than m' a is greater ^ian thus 

the first diameter meets the original hyperbola, and the 
second the conjugate hyperbola. If mr is greater than 

— 3 , m t% is less than ~ : thus the first diameter meets the 
dr a 

conjugate hyperbola, and the second the original hyperbola. 


245. We proceed now to some properties connected with 
conjugate diameters. When we speak of the extremities of a 
diameter we mean the points where that diameter intersects 
the original hyperbola or the conjugate hyperbola. 

We may remark that the original hyperbola -bears the 
same relation to the conjugate hyperbola as the conjugate 
hyperbola bears to the original hyperbola. Thus the defini- 
tion may be given as follows : two hyperbolas are called con- 
jugate when each has for its transverse axis the conjugate 
axis of the other. 

Also if a line bisect all parallel chords terminated by one 
of the hyperbolas it bisects all the chords of the same system 
which are terminated by the other hyperbola. For the equa- 
. , 

tion (Art. 237) tan 8 tan O' = ^3 remains unchanged when we 

write — c? for a* and — b* for 6 s , that is, when we pass from 
the original hyperbola to the conjugate (Art. 242). 

Both curves are comprised in the equation 
(aV-JV ) 2 = a 4 J 4 ; 

246. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects . See Art. 190. 

247. Given. the co-ordinates of one extremity of a diameter , 
to find those of either extremity of the conjugate diameter . 

Let ACA\ BCB be the axes of an hyperbola; PGP , 
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• v. r 



ZX72> # ' a pair of conjugate diameters. Let x' 9 y be the 
given co-ordinates of P; then the equation to CP. is 

y =y -> x - (i)* 

sc 

Since the conjugate diameter DD' is parallel to the tangent 
at P 9 the equation to DD' is 

y = M x ( 2 )- 

It „ V 

We must combine (2) with the equation to the conjugate 
hyperbola to find the co-ordinates of D and B\ Substitute 
from (2) in 

c?y* — JV = c?b* ; then 

7 / 

oyj 

- 4 .If _2. /2 

. 3* - a y — a y • 

'* a*b*~ b* ’ 

• • »-* j » 
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from (2), y = ±~. 

W 

In the figure the abscissa of D is positive, and that of D' 
negative ; hence the upper sign applies to D, and the lower 
to D\ 


y 248. The difference of the squares of two conjugate semi- 
diameters is constant . 


Let x\ y he the co-ordinates of P; then, by the preceding 
article, 


. CF t -CD* = x' 2 +f~ a *£ 




Hence the difference of the squares of two conjugate semi- 
diameters is equal to the difference of the squares of the semi- 
axes. 


249. The area of the parallelogram formed by tangents at 
the ends of conjugate diayicters is constant. 


Let PCP\ DCD' be the conjugate diameters (see Fig. to 
Art. 247). The area of the parallelogram formed by tangents 
at P, D, P, D , is 4 CP. GD sin PCD, or 4 p . CD, where p 
denotes the perpendicular from C on the tangent at P. Let 
x > y be the co-ordinates of P; then the equation to the. 
tangent at P is 

JV V ' 

y=~, 1 % — 

ay y' 


Hence (Art. 47) 

V 

JL 
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4p . CD = 4a£. /• 7 ^ 


/ 

V 


Hence tlie area of any parallelogram formed "by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of the axes. 


2/50. Let a\ V denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article, 

clV sin a = a&. 


By making P move along the hyperbola from A we can 
make CP or a as great as we please. Also since a 2 — b' 2 is 
constant, V increases with a . Thus sin a can be made as 
small as we please, that is, CP and CD can be brought as 
near to coincidence as we please. The limiting position 
towards which they tend is easily found ; for from Art. 237, 

r mm = ; 

a 

thus the limit to which m and m' approach as CP and CD 
approach to coincidence is ± — • 


251. From Art. 249 we have 




, a s 6* _ aV 
p ~ CJP~ CP*-a'+l ** 


(Art. 248.) 


This gives a relation between p the perpendicular from the* 
centre on the tangent at any point P, and the distance CP of 
that point from the centre. 


Also if </> denote the angle which the perpendicular makes 
with the transverse axis, we may shew as in Art. 196 that 


p* = a 9 (1 — o 9 sin*<£). 


14-2 
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252. To find the equation to the hyperbola referred to a 
pair of conjugate diameters as axes. 

Let CP, CD be two conjugate semidiameters (see Fig. to 
Art. 247 ), take CP as the new axis of x, CD as that of y; 
let PC A = a, DC A =/3. Let x, y be the co-ordinates of 
any point of the hyperbola referred to the original axes; 
x\ y the co-ordinates of the same point referred to the new 
axes ; then (Art. 84 ) 

x = x* cos a -f y cos 8, 

-i ‘ y — x' sin a + y' sin /?. 

Substitute these values in the equation 

' (l «y-JV a 3 b 3 ; y 

then a 3 (x sin a+y' sin /3) 2 — b 3 ( x ' cos a + ;/cos /9) 2 = — a 3 b 3 , 
or x !* (a 3 sin 2 a — b 3 cos 2 a) + y' 3 ( a 2 sin 2 /3 — b 3 cos 2 y3) 

+ 2 x'y' (a 2 sin a sin yS - b 3 cos a cos y3) = — a 2 J 2 . 

But since CP and CD are conjugate semidiameters, 

ja 

» . tan a tan 5=-^ ^ 

a 

hence the coefficient of x'y' vanishes, and the equation be- 
comes 


x' 3 (a 3 sin* « - J 2 cos 2 a) + y' 3 [a 3 sin 2 fi-b 3 cos* y3) = — a 3 V. 

In this equation suppose y' = 0, then 

-<& = 

. O 2 sin* a — P cos 2 a 5* cos 2 a — a 2 sin* a * 

This is tne value of*" CP^ whic^ we^halTdenote by a". If. 
we put *' = 0 in the above equation, we obtain " 



— a 3 b 3 

a*sin 2 y8— &*cos*/9 * 
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Now since we have supposed that the new axis of x meets 
the curve, we know that the new axis of y will not meet the 
curve (Art. 244), so that 

-a'V 

a sin’/3 — b* cos’ ft 

A 

is not a positive quantity ; we shall denote it by — V*. Hence 
the equation to the hyperbola referred to conjugate dia- 
meters is — : “ 



or, suppressing the accents on the variables, 


x* y M 
a 72 ~~ y* 


= 1 . 


!/" 



The equation to the tangent to the hyperbola will be of the 
same form whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters, (See Art, 
‘ 200 .) 

i 

253. Tangents at the extremities of any chord of an hyper- 
bola meet in the diameter which bisects that chord . (See Art. 

201 .) 

% 

a , 254. If a chord and diameter of an hyperbola are parallel, 

jthe supplemental chord is parallel to the conjugate diameter . 
(See Arts. 202, 203.) 

f ' 


Asymptotes . 

255. The properties of the hyperbola hitherto given have 
been similar to those of the ellipse; we have now to consider 
some properties peculiar to the hyperbola. 
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ASYMPTOTES. 



Let the equation to the hyperbola be 


‘ i >‘~ a' 


and let CL be the line which h£s for its equation 


Let MPQ be an ordinate meeting the hyperbola in Pand 
the straight line CL in Q-, then if CM be denoted by x, 


PM=^(x'-a‘j', QM= — ; 

** CL 


PQ=- \x-J(x'-a*)\ Ji . °* \_ _ ah t 

« VV H Ta x + ^x'-any x+t/ix'-a’) * 

If then thejine MPQ be supposed to more parallel to itself 
from A, the distance PQ continually diminishes, and by taking 
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CM large enough we may make PQ as small as we please. 
The line CL iscalled an asymptote of the curve. 

Similarly the line GL\ which has for its equation 


is an asymptote. 

Thus the equation 


lx 

y=s ~~a' 


e _£’ =0 

9 19 — V 


includes both asymptotes. We may take the following de- 
finition. 

Def. An asymptote is a straight line the distance of 
which from a point of a curve diminishes without limit as 
the point in the curve moves to an infinite distance from 
the origin. 

The distance of P from CL is PQ sin PQC; and as we 
have seen that PQ diminishes without limit as P moves away 
from the origin, CL is an asymptote according to the definition 
here given. 


256. In the same manner we may shew that CL is ail 
asymptote to the conjugate hyperbola. For let MP be pro- 
duced to meet the conjugate hyperbola in P\ then (Art. 242) 




P' <2 = -{V(** +«’)-*} = 

a 


la 

(a?* + &*) + x 


Hence as CM is increased indefinitely P'Q is diminished 
indefinitely; therefore CL is an asymptote to the conjugate 
hyperbola. 


257. The equation to the tangent to the hyperbola at the 
point (a?', y’) is 
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a‘yy — b 2 xx = 

-aV, 

_JVas 5* 


y a y y 


b x f x 



4 V 

bx 

V 

V(‘- 

a’ 1 y 

x\ 


If x ' and y arc increased indefinitely the limiting form to 
which the above equation approaches is 

bx 

y- 


Thus the tangent to the hyperbola approaches continually 
to coincidence with an asymptote when the point of contact 
moves away indefinitely from the origin. 

258. It appears from Art. 243 that every straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its direction coincides with 
that of one of the asymptotes. And from Art. 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 


^ 259. Tlie line joining the ends of conjugate diameters is 
parallel to one asymptote and bisected by the other . 

Let x\ y' be the co-ordinates of any point P on the hyper- 
bola (see Fig. to Art. 247) ; then the co-ordinates of D the 
extremity of the conjugate diameter are (Art. 247) 



Hence the equation to DP is 


y-y' 





/■ 
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that is, 


, t 0 / , ' 

y-y 


and therefore DP is parallel to the asymptote 

hx 


Also the co-ordinates of the middle point of DP are 
(Art. 10) 


that is, 


K*' + f) “ a 

and •SL + - ¥ . 
2b 2 a 


These co-ordinates satisfy the equation 

bx 


a 


bx • 

therefore the asymptote y = — bisects PD. 


Since the diagonals of a parallelogram bisect each other, 
and PD is one diagonal of the parallelogram of which CP 
and CD are adjacent sides, the other diagonal coincides with 
the asymptote, that is, the tangents at P and D meet on the 
asymptote. 


260. The equation to the hyperbola referred to conjugate 
diameters as axes is 



Hence the equations to the asymptotes referred to these 
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For wc may shew as in Art. 243 that the lines denoted by 
(2) are the only lines through the centre which meet neither 
(1) nor its conjugate. Hence these linos are the asymptotes 
by Art. 258. 

Or the same conclusion may be obtained thus; the original 
equation to the hyperbola is 

a 2 V ~ ' 

and that to the two asymptotes 



If by substituting for x and y their values in terms of the 
new co-ordinates x and y\ and suppressing accents on the 
variables, the former equation is reduced to 

i 

the latter must become, by the same substitution, 



261. To find the equation to the hyperbola referred to the 
asymptotes as axes . 

Let CX , GY be the original axes; CX\ GY ' the new 
axes, so that CX' and GY' are inclined to CX on opposite 

sides of it at an angle a such that tan a = ~ . Let sc, y be 

a 

the co-ordinates of a point P referred to the old axes ; as', y 
the co-ordinates of the same point referred to the new axes. 
Draw PM' parallel to CY\ and PM and if 'iV each parallel 
to CY. Then 

M=*CN+NM 
*= ( x ’ + y') cos «. 


W X- A! /<. 



REFERRED TO THE ASYMPTOTES AS AXES. 219 



Also cos a = “77-0 - -or , sm a = -77-0 ; substitute these 

V(a+&) v(«+”) 

values in the equation 

aV-JV = -a 2 J 9 ; t , 

then a 2 & 2 (y' — x ') 2 — a 2 i 2 (y' + x ) 2 = — o 2 6 2 (a 2 + b 2 ) , 


or 


, , ** + b 2 

= - —f . 


or, suppressing the accents, 




a 2 + b 2 

vy = - 


The equation to the conjugate hyperbola referred to the 
same axes is (Art. 242) 


a?y = - 


a*+b* 



220 


EQUATION TO THE TANGENT. 


262. To find the equation to the tangent at any point of an 
hyperbola when the curve is referred to its asymptotes as axes. 

Let as', y be the co-ordinates of the point ; 

x", y ' the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 

(i). 

Since (x\ y f ) and (x", y”) are points on the hyperbola 

®Y-i W + F), 

(<**+**); 

•\ as"y ' = x’y'. 

Hence (1) may be written 


or 


^-y 

y y ~~ x " s x ’ ( x — x )*~ 

r 

(*-*')• ■> 


Now in the limit as" = as'; hence the equation to the tan- 
gent at the point (as', y ') is 


V 


-y — i (*-*') 


( 2 ). 


This equation may.be simplified; multiply by x’, thus 

, a 4 *#' 

yx +xy = 2ay = — — . 

263. To find where the tangent at (a/, y’) meets the axis 
of x put y = 0 in the equation 


yx' + xy’ = 


a' + y 
2 


I 



= 2as'. 


thus 
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Similarly to find where the tangent cuts the axis of y put 
x = 0 in the equation ; thus 


J 2x x u 


Thus the product of the intercepts = 4a?y = a 2 + b\ The 
area of the triangle contained between the tangent at any 
point and the asymptotes is equal to the product of the 
intercepts into half the sine of the included angle 

= \ (a 2 + 1 2 ) sin 2a = (a 2 + b 2 ) sin a cos a = ab , 
and is therefore constant. 

Since the tangent at [x\y) cuts off intercepts 2x\ 2/, from 
the axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes is bisected 4 at 
the point of contact. v ' 


* Polar Equation . 

264. To find the polar equation to the hyperbola, the 
focus being the pole. 

Let IIP~r, AIIP—9 ; (see Fig. to Art. 209 ) ; 
then HP= ePN , by definition ; 

that is, IIP= e ( OH+ HM ) ; 

or r = a (e 2 — 1) + er cos (tt— 0), (Art. 212) ; 

r (1 + e cos 0) = a(e 2 — 1), 

( 1 ). 

1 + e co3 0 w 

If we denote the angle XHP by 0, then we have as before 
HP~e{OH+ HM ) ; 
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thus 

and 


r = a (e* — 1) + er cos 0, 

a (e 2 — 1) 

1 — e cos 6 


( 2 ). 


We may also proceed thus; in the figure to Art. 218 
suppose SP—r and PSII = 0 : 

then SP= ePN\ 

that is, SP=e{SM-SE'); 

or r = er cos 0 — a (e 2 — 1) ; 


and 


.*. r (e cos 0 — 1) = a (e 2 — 1), 

r = 1)_ 
e cos 0 — 1 



265. It will be a good exercise to trace the form of the 
hyperbola from any of these polar equations. Take for ex- 
ample the equation (1); suppose 0 = 0, then r=a(e— 1) ; 
we must therefore measure off the length a (e — 1) on the 
initial line from the pole IT, and thus obtain the point A as 
one of the points of the curve. 
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As 6 increases from 0 to ^ we see from (1) that r increases ; 
cos 0 is negative when 0 is greater than — and r continues to 

A 

increase. Let a be such an angle that 1 + e cos a = 0, that is, 

cos a = — , then the nearer 0 approaches to a the greater r 
e 


becomes, and by taking 6 near enough to a, we may make r 
as great as we please. Thus as 0 increases from 0 to a that 
portion of the curve is traced out which begins at A and 
passes on through P to an indefinite distance from the origin. 

When 0 is greater than a, r is negative, and is at first in- 
definitely great and diminishes as 0 increases from a to n r. 
Since r is negative we measure it in the direction opposite to 
that we should use if it were positive. Thus as 0 increases 
from a to 7r that portion of the curve is traced out which 
begins at an indefinite distance from 0 in the lower left-hand 
quadrant, and passes on through Q to A'. HA ' is found by 
putting 0 = tt in (1); then r becomes — a (e -h 1), therefore 
HA is in length = a (e + 1). 

As 0 increases from ir to 2-tt — a, r continues negative and 
numerically increases, and may be made as great as we please 
by taking 0 sufficiently near to 2n r — a. Thus the branch of 
the curve is traced out which begins at A and passes on 
through Q to an indefinite distance. 


As 0 increases from — a to 2 tt, r is again positive, and 
is at first indefinitely great and then diminishes. Thus the 
portion of the curve is traced out which begins at an indefi- 
nitely great distance from G in the lower right-hand quadrant 
and passes on through P f to A. 

The asymptotes GL and CL' are inclined to the transverse 
axis at an angle of which the tangent is - ; hence cos LG A 


! >/ f T g \ = " j and cos LGA= — - : that is, LCA=*a. 
V(a 2 +i) e ’ e' 

Thus as 0 approaches the value a the radius vector approaches 
to a position parallel to CL . Similarly as 0 approaches the 
value 2ir — a the radius vector approaches to a position parallel 
tO GJJm 
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266. As in Art. 205 it may be shewn that the polar 
‘equation to a chord subtending at the focus an angle 2J3 is 

l 

r e cos 6 + sec /3 cos (a — 0) 9 

a — £ and a + ft being respectively the vectorial angles of the 
lines which join the focus to the ends of the chord, and l the 
semi-latus rectum. 

Hence the polar equation to the tangent is 

l 

y* — — b 

e cos 6 4- cos (a — 6 ) ' 

267. The polar equation to the hyperbola, the centre 
being the pole, is (Art. 206) 

r 2 (a 2 sin 2 6 — b 2 cos 2 0) = — a 2 b 2 . 

Arts. 207, 203 are applicable to the Hyperbola. 


Equilateral or Rectangular Hyperbola . 

268. If in the equation to the ellipse a 2 y 2 + b 2 x 2 = aV, 
ra suppose b = a, we obtain x 2 + y 2 = a 2 , which is the equation 
to a circle ; so that the circle may be considered a particular 
case of the ellipse. If in the equation to the hyperbola 
«Y — b 2 x 2 ass — a 2 b 2 we suppose b = a y we have y* — x 2 = — a 2 . - 
W e thus obtain an hyperbola which is called the equilateral 
hyperbola from the equality of the axes. Since the angle 

between the asymptotes, which = 2 tan" 1 - , becomes a right 

angle when 6 = a, the equilateral hyperbola is also called the 
rectangular hyperbola. 

The peculiar properties of the rectangular hyperbola can 
be deduced from those of the ordinary hyperbola by making 
b = a. 

Thus since i 8 = a 2 (e 2 — 1) we have e 9 — 1 = 1, .*. e = <s/2. 
The equation to the tangent is (Art. 220) 
yy' — xx — - a 2 . 
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From Art. 227 PG = P£' = *J(rr ') . 

. if/ vti^o*** * i 

The equation to the conjugate hyperbdla is, by Art. 242, 

y* — x* = a 2 . 

Thus the conjugate hyperbola is the same curve as the 
original hyperbola, though differently situated. 

By Art. 248, CP= CD , and therefore by Art. 259, CP 
and CD are equally inclined to the asymptotes. 

S ) 

EXAMPLES. 

1. The radius of a circle which touches an hyperbola and 
its asymptotes is equal to that part of the latus rectum which 
is intercepted between the curve and asymptote. 

2. A line drawn through one of the vertices of an hyper- 
bola and terminated by two line's drawn through the other 
vertex parallel to the asymptotes will be bisected at the other 
point where it cuts the hyperbola. 

^ 3. If a straight line be drawn from the focus of an hyper- 
bola the part intercepted between the curve and the asymptote 

= a8ina where 0 and a arc the angles made respectively 
sin a + sin 0’ ° A 

by the straight line and asymptote with the axis. 

/ 4. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB of a circle, find the locus of .the 
point of intersection of AP and BQ. 

/ 5. P is a point in a branch of an hyperbola, P* is a point 
in a branch of its conjugate, CP, CP' , being conjugate semi- 
diameters. If 8 , 8 ' be the interior foci of the two branches, 

! >rove that the difference of SP and S'P’ is equal to the diff- 
erence of AC and BC. 

/ ' 6. If x, y be co-ordinates of any point of an hyperbola, 
"shew that we may assume x = a sec 0, y « J tan 0. 

T. o. s. 


15 
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, 7. A line is drawn parallel to the axis of y meeting tlie 

hyperbola ^ — = and its conjugate, in poipts P, Q) shew 

that the normals at P and Q intersect each other on the axis 
of x. Shew also that the tangents at P and Q intersect on 
the curve whose equation is y*(a 2 y 2 — b 2 x 2 ) = 4i V. 


8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate ; shew that the chord of 
contact will touch the other branch of the conjugate. 


Find the equation to the radii from the centre to the points 
of contact of the two tangents, and if these radii are perpen- 
dicular to one another, shew that the co-ordinates of the point 
from which the tangents are drawn are 


/(b 2 -2a 2 \ , //26 2 — a\ 

“VU’+iv’ 5 vU*+iV* 


9. Two tangents to a parabola include an angle a ; shew 
that the locus of their point of intersection is an hyperbola 
with the same focus and directrix. 


10. Under what limitation is the proposition in Example 
30 of Chapter x. true for the hyperbola? 

11. The ratio of the sines of the angles made by a diameter 
of an hyperbola with the asymptotes is equal to the ratio of 
the sines of the angles made by the conjugate diameter. 

12. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas is constructed ; prove that 
if one hyperbola touch the ellipse the other will do sq like- 
wise ; prove also that the diameters drawn through the points 
of contact are conjugate to each other. 
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CHAPTER XIII. 

GENERAL EQUATION OF THE SECOND DEGREE. 

269. We shall now shew that every locus represented 
by an equation of the second degree is one of those which 
we have already discussed, that is, is one of the following ; 
a point, a straight line, two straight lines, a circle, a parabola, 
an ellipse, or an hyperbola. 

The general equation of the second degree may be written 

ax 2 + bxy + cy 2 + dx + ey +/= 0 ; 

we shall suppose the axes rectangular; if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a transformation cannot affect 
the degree of the equation (Art. 87), the transformed equation 
will still be of the form given above. 

If the curve passes through the origin f— 0 ; if the curve 
does not pass through the origin f is not = 0, we may there- 
fore divide by/ and thus the equation will take the form 

ala? + b'xy + dy % + d'x + e r y 4* 1 = 0. 

* 

270. We shall first investigate the possibility of removing 
from the equation the terms involving the first power of the 
variables. 

Transfer the origin of co-ordinates to the point (h 9 h) by 
putting 

a? = ®'+A, y=*y’ + k, 

and substituting these values lof x and y in the equation 

aa? + bxy+cif+dx + ey+f**0 (1); 

15—2 
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thus we obtain 

ax 2 + bx'y r + cy' 2 + (2 ah + Ik + d) x + (2c& + Wi + e) y' 

+/ = 0 ( 2 ), 

where f = aK 2 + hhh + clc* + dh + eJc +f. (3). 


Now, if possible, let such values be assigned to h and h as 
will make the coefficients of x' and y vanish ; that is, let 


thus 


2aA + J7c + cZ = 0, and 2c7c + iA + e = 0; 


, _ 2 cd — be 7 __ 2ae — JcZ 

6 2 -4ac’ 6 2 — 4ac ’ 


It will therefore be possible to assign suitable values to h 
and kj provided V 1 — 4ac be not = 0. 

We shall see that the loci represented by the general equa- 
tion of the second degree may be separated into two classes, 
those which have a centre , and those which in general have 
not a centre, and that in the former case b 2 — 4ac is not zero, 
and in the latter case it is zero. We shall first consider the 
case in which l 2 — 4ac is not zero, and consequently the values 
found above Jor h and 1c are finite. 

Equation (2) thus becomes 

ax 2 4- Ixy + cy' 2 +/' = 0 (4). 

Now if (4) is satisfied by any values x v y x of the variables, 
it is also satisfied by the values — x v —y x . Hence the new 
origin_o£j;Q-ordinates is the centre of the locus represented 
by (1). ' . " 

Thus if V — iac be not =0, the locus represented by (1) 
has a centre, and its co-ordinates are h and k, the values of 
which are given above. 

The value of/' may be found by substituting the values of 
h and k in (3) ; the process may be facilitated thus we have 

2ah + = 0 , 

2 ck + bh + e = 0 . 
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TRANSFORMATION OP THE EQUATION. 


. Multiply the first of these equations by A, and the second 
by A, and add ; thus 

bah? + 2 cl? -f 2 licit + dh + elc = 0, 

or 2f — dh — elc — 2/= 0 ; 


•••/-/+ 


dh + ek 
2 ' 


-/+ 


oc? + ae 2 — led 


b 2 — 4 ac 

We shall retain/' for shortness. 


271. We may suppress the accents on the variables in 
equation (4) of the preceding article and write it 

ax a + bxy + cif +/' = 0 (5). 

This equation we shall further simplify by changing the 
directions of the axes. (Art. 81.) 

Put x =s x C03 0 — y sin 0 , 

y = x sin 0 + y cos 6 , 
and substitute in (5) ; thus 
x * (a cos ? 0 + c sin 2 6 + b sin 0 cos 0) 

4- y 2 [a sin 9 0 + c cos 2 0 - b sin 0 cos 0) 
+ x'y' {2 (c — a) sin 0 cos 0 + b (cos 2 0 — sin 2 0)} + f = 0...(6). 

Equate the coefficient of x’y' to zero ; thus 

2 (c — a) sin 0 cos 0 + b (cos 2 0 — sin 2 0) = 0, 
or (c — a) sin 20 + J cos 20 = 0 ; 

/. tan 20 = ■ 1 . (7). 

Since 0 can always be found so as to satisfy (7), the term 
involving x'y’ can be removed from (6), and the equation 
becomes 



230 CENTRAL CURVES OF THE SECOND DEGREE. 
x' 2 ( a cos 8 0 + c sin 2 0 + b sin 0 cos 0) 

+ y 2 (a sin 2 0 + c cos 2 0 — b sin 0 cos 0) +/' = 0, 

or AaP + Bf+f** 0 (8), 

where A = | {a + c + (a — c) cos 20 + i sin 20], 

JS = J [a + c — (a — c) cos 20 — b sin 20}. 

tan20 = - ^ 

a — c ' 

COS 20 — TTjJst i / Vjf ) 

V l” + (a - c) 2 } 

sin 20= (M rjy. 

V{& -f (a-c) 2 } 

\ [« + c + V{6 2 + (a — c) 2 }], 

-Z? = i [« + C - V{6 2 + (« - c) 2 }]. 

We may suppress the accents on the variables in (8) and 
write it 

— 4: x 2 — — v 2 — l 

r r y 

(1) If A, B, and f have the same sign, the locus is im- 
possible. 

(2) _ If A and B have the same sign and /' have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 

\Z{~a)’ and \/{~b)‘ ( Art - 160 -) 

The locus is of course a circle if A = B. 

(3) If A and B have different signs, the locus is an 
hyperbola. (Art. 211.) 

We have supposed in these three cases that/' is not = 0 ; 
if f — 0, and A and B have the same sign the locus is the 


Since 

and 

Hence 
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origin; if/'— 0, and A and B have different signs the locus 
consists of two straight lines represented by 

y = ± \/(-5) x - 

From the values of A and B we see that 
AB Ja + cY-b'-(a-cY. 


4 ac — V 


Hence A and B have the same sign or different signs 
according as — 4 ac is negative or positive. 

272. Hence we have the following summary of the results 
of the preceding articles of this chapter. The equation 

ax* + hxy -f cy 2 4- dx -\- ey +/= 0 

represents an ellipse if b 2 — 4 ac be negative , subject to three 
exceptions in which it represents respectively a circle, a point, 
and an impossible locus. Kb 2 — 4a<? be pos itive the equation 
re presen ts aq hyperbola^ subject to one exception when it 
represents two intersecting straight lines. 

273. We may notice that the equation in Art. 271, 

tan 20= ^ 

a — c 

has an infinite number of solutions ; for if 2a be one value of 
20 which satisfies the equation, then if 20 — 2a + wr, where n 
is any integer, the equation will be satisfied. But these dif- 
ferent solutions will all give the same position for the axes. 

For the values of 0 are comprised in the expression a , 

and by ascribing different values to n we obtain a series of angles 

each differing from a by a multiple of — , and the only changes 

that will arise from selecting different values of n are that the 
axis of x in one case may occupy the position of the axis of y 
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* 

in another and vice versd , or the positive and negative direc- 
tions of the axes may be interchanged. 

The radical in the value of cos 2 0 and of sin 20 in Art. 271 
may have either sign ; but the sign must be the same in both 

in order that the relation tan 20 = — - - may hold. 

a — c J 

274. It appears from the former part of Art. 271, that by 
turning the axes through an angle 0 the equation 

ax 2 + hxy + cy 2 -f/' = 0 
becomes ax 2 + b'x'y + cy 2 +f = 0, 

where a = J [a + c + (a — c) cos 20 + b sin 20 }, 

V = (c — a) sin 20 -f b cos 20 , 

c' 5=2 4 { a + c “ (« — c) cos 20 — b sin 20]. 

Hence a + c = a + c ; and 

J' 9 — 4 ac =s {(c — a) sin 20 + b cos 20}* 

— (a -f c) 9 + ((a — c) cos 2 0 + b sin 20}* 
—.(a — c) 9 + J 2 — (a + c) 2 
= i 2 — 4ac. 

Thus the expression b * — 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or after the axes have been shifted. 

The same remark applies to the expression a + c. 

Hence we conclude that if the curve represented by the 
general equation 

aaf+bxy -f cy 2 + dx+ey +/= 0 

be a rectangular hyperbola, a + c = 0 ; for if the curve were 
referred to its transverse and conjugate diameters as axes this 
relation would hold, and therefore, as we have just seen, it 
must always hold whatever be the axes. 

275. We have next to consider the case in which 

V - 4ac = 0. 
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We cannot now as in Art. 270 remove the terms involving 
the first power of the variables from the general equation, 
but we can still simplify the equation as in Art. 271, by 
changing the direction of the axes. 

Let the equation be 

ax 2 + Ixy + cy 2 + dx + ey +/= 0 ( 1 ) ; 

put x = x cos 0 — y sin 0 , 

y —x'&inO+y cos0, 

then (1) becomes 

x 2 (a cos 2 6 + c sin 2 0 + h sin 0 cos 0) 

+ y 2 ( a sin 2 0 + c cos 2 0 — l sin 0 cos 0) 

+ xy (2 ( c — a) sin 0 cos 0 + b (cos 2 0 — sin 2 0 )} 

+ x (e?cos 0 + e sin 0) +y ' (ecos# — cZsin 0) +/= 0 (2). 

Now let tan 20 = —— , 

a — c 

then the coefficient of x’y in (2) vanishes, and as in Art. 271 
the coefficients of x* and y 2 are 

+ (a-c) 2 + S 2 }]. 

One of these coefficients must therefore vanish since their 

product is - ac ^ — , which, by hypothesis, =0; suppose the 

coefficient of a?' 8 = 0, thus, by suppressing accents on the 
variables, (2) may be written 

Cy 9 + Dx + Ey +/= 0 , ( 3 ). 

If D be not = 0, this may be written 

°( j, + ^)’ = - D ("-4S + 5)- 

and thus the locus is a parabola. (Art. 125.) 
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If D = 0, then (3) represents two parallel straight lines, or 
one straight line, or an impossible locus, according as E* is 
greater, equal to, or less than 4 Cfi 

Hence if V — 4 ac = 0 the equation 

ax* + bxy -4* cy 8 4- dx 4- ey 4 ■/= 0 

represents a parabola subject to three exceptions, in which it 
represents respectively two parallel straight lines, one straight 
line, and an impossible locus. 

By combining this result with those enumerated in Art. 
272, we have a complete account of the general equation of 
the second degree. 

276. We have shewn in Art. 270, that when b* — 4ac is 
not = 0, the general equation of the second degree represents 
& central curve; we shall now prove that when b* — 4ac = 0 
the curve has not a centre except when the locus consists of 
two parallel straight lines . 

If a curve of the second degree have the origin of co-ordinates 
for its centre , no term involving the first power of either of the 
variables alone can exist in the equation . 

For if possible suppose that the origin of co-ordinates is 
the centre of the curve 

ax? + bxy 4- cif + dx + ey 4-/= 0 (1), 

and let x x , y x be the co-ordinated of a point on the curve, and 
therefore — x x , — y x co-ordinates of another point on the curve ; 
substitute successively in (1), then 

ax? + bx x y x 4- cy? 4- dx x 4- ey x 4 -/= 0, 
ax? 4- bx l y l 4- cy? - dx x - ey x +/= 0 ; 
therefore, by subtraction, 

2 [dx x + ey?) =0 (2). 

Now unless d and e both vanish, (2) can only be true when 
(x x , y x ) lies on the linp 

dx + ey = 0. 

But the centre of a curve is a point which bisects every 
chord passing through it'; hence the origin of co-ordinates 
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cannot be the centre of the curve (1) unless both d and e 
vanish. 

277. Suppose then that we have an equation 

ax 2 4 - bxy -f cy 2 + dx + ey +/= 0 (1), 

in which b 2 - 4 ac = 0. Here a and c cannot both be zero, for 
then b would also be zero, and (1) would not be an equation 
of the second degree ; we shall suppose that a is not zero. 
Now if the curve denoted by (1) had a centre, and we took 
that centre as the origin of co-ordinates, the terms involving 
the first power of x and y would vanish by Art. 276. But from 
Arts. 270 and 274 it follows that when b 2 — 4ac =0, we cannot 
in general make these terms vanish by changing the origin or 
the axes. The only exception that can arise is when the nume- 
rators in the values of h and k in Art. 270 vanish, so that 
the values of h and k become indeterminate, and the two 
equations for determining them reduce to one; see Algebra, 

Chapter XV. We have then 2 ae — bd = 0, so that e = — . 

Hence, by substituting for c and e , the equation (1) becomes 

ax'+bxy + ^+dx + ^y +/= 0 , 
that is, x + || ) + d (a; + +/= 0 (2). 

Equation (2) will furnish two values of x-\- ~ , so that if 

these values are possible the locus consists of two parallel 
straight lines. In this case any point on the line which is 
parallel to these two and midway between them will be 
a centre. 

Thus the result enunciated in the beginning of Art. 276 
is proved. 

278. We may observe that relations similar to those 
obtained in Art. 274 hold when the axes of co-ordinates are 
oblique .. For suppose the equation 

cm? + 1 xy + cy % +/' aa 0 
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to be referred to rectangular axes, and let the axes be trans- 
formed into an oblique system inclined at an angle a > ; sup- 
pose moreover that the new axis of x coincides with the old 
axis of x . We have then to put (Art. 84) 

x = +y' cos co, y —y' sin©; 

substitute these values in the above equation and it becomes 

aV 2 +jvy+cy a +/= o, 


where 

II 


V = 2a cos co + b sin g>, 


c = a cos 2 co + b sin co cos to + c sin 2 co ; 

thus 

V 2 — 4a'c' = (6 2 — 4ac) sin 2 co , 

and 

d + c' — b ' cos co = (a +c) sin 2 co ; 

so that 

b' 2 -4dc f Z2 , 

— r-s =0 — 4 ac, 


sin co 

and 

d + d — V cos co 

... = CL + C. 

sm ft) 


Therefore, by means of Art. 274, we conclude that for any 
system of axes, rectangular or oblique, the expressions 

V 2 — 4a'c' i d + c -V cos to 
sin' co sin co 

remain unchanged when the axes are changed. 

See Salmon’s ' Conic Sections , 3rd Edition, pages 142, 143. 

279. We shall now shew how to trace a curve of the 
second degree from its equation without transformation of 
co-ordinates; the axes may be supposed oblique or rect- 
angular. 

Let the equation be 

oa? + Ixy + cy* + dx + ey 4 - / = 0 


(!)• 
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Solve the equation with respect to y ; thus 
y = - ± {( 6 * + e) 4 - 4c (oa:* + dx +/)}* 


2 c 

= - ±^{(5 4 - 4 ac)a; , +2(Jc-2c^a: + e , ^ 4 c/}i...(2) 


where 


| 4c* (® , + 2 p* + j)J 

•• (3), 

a 2c 9 

II 

1 


be — 2 cd 

P ~~ b* — 4 ac y 

e B — 4 cf 
® J 2 — 4ac* 



I. Suppose b 2 — 4 ac negative, and write — p for —^r~ > 
thus (3) becomes 

y = ax +{i ± {— fi (x* 4 - 2px + 2 )}^ ( 4 ). 

Now x 1 + 2px + q = [x -f^) 2 + q —jf; 

if then q—p 2 be positive, the quantity under the radical is 
negative and the locus impossible ; 

if q —p 2 = 0, the locus is the point determined by 

x = -p, y = ax+fi-, 

if q —p 2 be negative, we may put 

(a;+i ?) 2 + J-/={a;+p + V (/-?)} [x + P~ V(/-j)} 

= (x — 7) (x — 8) suppose ; 
and thus (4) may be written 

y = ar+£ ± {— (a? — y) (#-8)}* (5). 


Since (a?— 7 ) (a?— 8 ) is positive, except when a? lies between 
7 and 8 , the values of y in (5) are real only so long as x lies 
between 7 and 8 . Moreover y is always finite, and thus the 
curve represented by (5) is limited in every direction. 
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Since we know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 269, it 
follows that it must represent an ellipse . 

From the form of equation (5) we see that the chords 
parallel to the axis of y are bisected by the line 

y = olx + P. ( 6 ). 

For let there be two points on the curve (5) having the 
common abscissa and the ordinates y\ y'\ respectively; and 
let y l be the corresponding ordinate of (6), 

then y x = ax 1 + /3, 

y' = ax, + & + {- n (x x - y) (x x - 8)}*, 

y" = aa;, + £ - {- n (x x - 7) {x x - $)}*. 

Thus y x = \ ( y ' + y ") ; 

and therefore the point (x x , y x ) lies midway between the points 
{x lt y) and {x v y"). 
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In the figure DGD' represents the line y- aa; + j9; the 
abscissae of D and D are 7 and 8 respectively; supposing 
8 greater than 7 . The centre C is midway between D' ana 
D; its abscissa is therefore 4(y + 8 ). The equation to the 
curve will give the ordinates of D', D, G\ G. Since GG ' is 
parallel to the chords which D'D bisects, DD* and GG' are 
conjugate diameters. GG’ is a known quantity since the 
ordinates of G and G' are known. DD r is also a known 
quantity since the abscissae and ordinates of D and D' are 
known. The angle between GG ■ and DD' is known from 
the equation to DD ' ; the axes of the ellipse may therefore be 
found (Arts. 193, 195). 

II. Suppose h % — 4ac positive ; put p for — ; thus 
equation (3) becomes 


4c a 


Now 


y = ax + f3± {fi (x* + 2px + q )} 4 .. 
x 2 + 2px + q = (x +p) a + q -p * ; 


■CO- 


if then q— p* be positive, the quantity under the radical is 
always positive, whatever positive or negative value be as- 
signed to x . The curve therefore extends to infinity. Also 
it may be shewn as before, that the line 

y = ax + P 

is a diameter of the curve ; but it never meets the curve, be- 
cause the quantity x? + 2px + q or. (x+p)* + q—p !l cannot 
vanish. Hence the curve consists of two unconnected branches 
extending to infinity, and is therefore an liyperbokflr 

If J— 0 , (7) becomes 

y = ax + £}± */p(x+p). 

The locus now consists of two intersecting lines. 

If q-p % be negative we may as before write (7) in the 
form 

y-<xx + f3±{fi(x—y) (x-8)}*. 

Hence x may have any value, positive or negative, except 
those between 7 and S; hence the curve consists of two 
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unconnected branches extending to infinity, and is therefore an 
hyperbola. 

We shall be assisted in drawing an example of this case 
by ascertaining the position of the asymptotes. 

The equation to the curve is 

y = a x+fi± [n (x 2 + 2paj + ; 

.*. y = ax+/3±x^/j,(l + ^ + -2 

Expand by the Binomial Theorem ; thus 

y = ax+P + x V/t |l (j^ + fp) +&c.| 

= ax + /3 ± \fn (x +p) + &c. 

The terms included in the &c. involve negative powers of 
x, and may therefore be made as small as we please by suf- 
ficiently increasing x ; hence from the nature of an asymptote 
the required equations to the asymptotes are 

y = ax + /3 + V/* (» +p), 
and y=ax+ ft— \hi(x+p). 

Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asymptotes is the centre, and thus the 
situation and form of the hyperbola arc known. 

The expression 

» 0* - 4c/)" (&* - 4ac) - {be - 2 ci)* . 

i P~- (6* — 4ac)' 

this vanishes when 

(e* - 4c/) (i b 9 - 4ac) - [be - 2 cd) 9 = 0, 
and therefore when 

4J> 9 — lac) f+ ae 2 + cd 9 — bed = 0 ; 

so that if this relation holds the locus represented by (1) 
consists of two intersecting straight lines. 
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We have hitherto supposed that c is not zero, and as 
b 2 — 4oc cannot be negative if c be zero, it was not necessary 
to advert to the possibility of c being zero while considering 
the first case. But as c may be zero consistently with J a — 4ac 
being positive, we must now examine the consequences of 
supposing c zero. 

The equation (1) may be solved with respect to x instead 
of with respect to y. Hence it will be found on investigation 
that the results hitherto obtained, when 6 a — 4ac is positive, 
arc certainly true provided that a and c are not both zero ; the 
latter case requires further examination. Suppose then a = 0 
and c = 0; thus (1) becomes 

bxy + dx+ey +/= 0 ; 

by changing the origin this can be put in the form 

wy+z- o, 

where /' = — ! 

the curve is therefore an hyperbola with the new axes for its 
asymptotes, except when bf — de = 0, and then it becomes 
two intersecting straight lines. When a = 0 and c = 0, the 
expression 

( b 2 — 4 ac)f- b ae 2 + cd 2 — bed 

reduces to b (i bf — de) ; thus we conclude that when b 9 t- 4ac 
is positive the equation (1) always represents an hyperbola, 
except when 

(b 2 — 4ac)/+ ae 2 + cd 2 — bed — 0, 
and then it represents two intersecting straight lines. 

III. Suppose V — 4 ac = 0, then (2) becomes 

y ■ “ ± & ( 2 ” 2cd ) x + 6 '~ 4c ^ 4 » 

which may be written 

y = au5+/9±^(2)'aj+2')J, 


t. o. a. 


16 
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where 



p* = 2 {be — 2 cd), q = e* — 4c/I 

If jp' be positive, the expression under the radical is posi- 
tive or negative, according as x is algebraically greater or less 

than — if p be negative, the statement must be reversed. 

P 

In both cases the curve extends to infinity in one direction 
only and is therefore a parabola . 

The line y = ax+i 3 is a diameter, bisecting all ordinates 
parallel to the axis of t y, and meeting the parabola at the 

point for which » = — 

If p' = 0, the equation becomes 

y = oa; + /3±^|; 

this equation represents two parallel straight lines if q' is 
positive, and one straight line if q’ = 0 ; if q is negative, the 
locus is impossible. 

We have hitherto supposed in considering the third case 
that c is not zero; if c = 0, then S = 0, since b* — 4ac = 0 ; 
hence a and c cannot both be zero, for the equation (1) is 
supposed to be of the second degree. As before, we may 
solve equation (1) with respect to x, and thus determine the 
peculiarities which occur when c = 0. We have found for 
example when c is not zero, that the locus will consist of 
two parallel straight lines, when 

, be — 2cd » 0, and 6 9 — 4 cf is positive ; 

in like maimer, if a be not zero, we can shew that the locos 
will consist of two parallel straight lines when 

Id— 2oes0, and <£*— 4a/ is positive. 
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By means of the relation b* — 4 ac = 0, it is easily shewn that 
the second form of the conditions coincides with the first 
when a and c are both different from zero. When a = 0 the 
first is the necessary form of the conditions, but we see that 
the second form will then also hold. When c = 0 the second 
is the necessary form, though the first will then also hold. 
Hence we shall include every case by stating that both forms 
of the conditions must hold. 

Similarly the conditions under which the locus will con- 
sist of one straight line, or will be impossible, may be in- 
vestigated. 

280. We will recapitulate the results of the present 
chapter with respect to the locus of the equation 

ax 2 + bxy +ty 2 + dx + ey +/= 0. 

I. If b* — 4ac be negative, the locus is an e llipse admitting 
of the following varieties: 

(1) c = a, and j~ = cosine of the angle between the axes ; 

locus a circle (Art. 104). ' 

(2) (e 2 — 4 cf) (b 2 — 4ac) — (be — 2 cd)* positive ; locus im- 
possible. 

(3) (a 2 — 4 cf) (J a — 4 ac) — (be — 2 cd) 2 = 0 ; locus a point. 

IL If 4ac be positive, the locus is an hyperbola, 
except when 

(6 a — 4oc)/-h ae*+ ctf— bde = 0, 
and then it consists of two intersecting straight lines. 

III. If V — iac * 0, the locus is a parabola, except when 1 
be — 2cd = 0, and bd — 2ae = 0 ; and. then it consists of two 
parallel straight lines, or of one straight line, or is impossible, 
according as e? — 4 cf and cP — 4 af axe positive, zero, or 
negative. 


16-a 
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EXAMPLES. 

1. Find the centre of the curve , 

a? — 4 xy + 4 y 1 — 2 ax + 4 ay = 0. 

y 2. Find the centre of the ellipse 

ly(l-£j+cx(\-^=xy. 

3. What is represented by aa f + 2 bxy + cy 8 = 1, when 
V 2 = aci 

4. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the bounding radii of the 
sector remaining fixed. 

5. In the side AB of a triangle ABC, any point P is 
taken, and PQ is drawn perpendicular to AC; find the 
locus of the point of intersection ‘ of the straight lines BQ 
and CP. v 

6. BE is any chord parallel to the major axis AA ' of 
an ellipse whose centre is C \ and AD and CE intersect in P ; 
shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. \ 

7. Tangents to two concentric ellipses, the directions of 
whose axes coincide, are drawn from a point P, and the 
chords of contact intersect in Q; if the point P always lies 
pn a straight line, shew that the locus of Q will be a rect- 
angular hyperbola. 

; 8. What form does the result in the preceding example 

i take when two of the axes whose directions are coincident are 
| equal? 

9. Prove that an hyperbola may be described by the 
intersection of two straight lines which move parallel to 
themselves while the product of their distances from a fixed 
point remains constant. 
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10. Two lines are drawn from the focus of an ellipse in- 
cluding a constant angle ; tangents arc drawn to the ellipse 
at the points where the lines meet the ellipse ; find the locus 
of the intersection of the tangents. 

11. Find the latus rectum of the parabola 

(y — x)* = ax. 

12. Shew that the product of the semi-axes of the ellipse 
?/ 2 — ixy + 5# 2 = 2 is 2. 

13. Find the angle between the asymptotes of the hyper- - 
bola xy = bx? + c. 

14. Find the equation to a parabola which touches the 
axis of a? at a distance a, and cuts the axi3 of y at distances 
/9, /S' from the origin. 

15. If two points be taken in each of two rectangular 
axes, so as to satisfy the condition that a rectangular hyper- 
bola may pass through all the four, shew that the position of 
the hyperbola is indeterminate, and that its centre describes 
a circle which passes through the origin and bisects all the 
lines which join the points two and two. 

16. Two lines of given lengths coincide with and move 
along two fixed axes in such a manner that a circle may 
always be drawn through their extremities ; find the locus of 
the centre of the circle, and shew that it is ^n equilateral 
hyperbola. 

17. A variable ellipse always touches a given ellipse, and 
has a common focus with it; find the locus of its other focus, 
(1) when the major axis is given, (2) when the minor axis is 
given. 

18. Draw the curve 

y 1 — 5 xy + Go? — 14# + 5y + 4 = 0. 

r 19. Draw the curve 

x* + y* ~ 3 [x + y) -xy « 0. 

20. Find the nature and position of the curve _ ; c 

y* — Sxy + 25#* + 6cy — 42c# + 9c f = 0. 
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21. The equation to a conic section being 

aa? + 2bxy + cy* = 1, 
shew that the equation to its axes is 
xy{a—c)=b (as* — 

22. The locus of the vertices of all similar triangles whose 
bases are parallel chords of a parabola will in general be 
another parabola; but if any one of the triangles touch the 
parabola with its sides, the locus becomes a straight line. 

23. A series of circles pass through a given point 0, 
have their centres in a line OA, and meet another line BC. 
Let if be the point in which one of the circles meets the line 
OA again, and let N be either of the points in which this 
circle meets BO. From M and Alines are drawn parallel to 
BC and OA respectively, intersecting in P; shew that the 
locus of P is an hyperbola which becomes a parabola when 
the two lines are at right angles. 

24. The chord of contact of two tangents to a parabola 
subtends an angle /3 at the vertex ; shew that the locus of 
their point of intersection is an hyperbola whose asymptotes 
are inclined to the axis of the parabola at an angle <j> such 
that 

, tan^ = £ tan/8. 

25. Determine the locus of the middle points of the 
chords of the curve 

as? + 2bxy + cf + '2ex + + g — 0, 

which are parallel to the line x sin 6 — y cos 6 = 0 ; and hence 
find the position ’of the principal axes of the curve. 

26. Shew thit»the equation 

- a? = « 4 

represents two ellipses. 
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CHAPTER XIV. 


MISCELLANEOUS PROPOSITIONS. 


281. We shall give in this chapter some miscellaneous 
propositions for the most part applicable to all the conic 
sections. 


To find the equation to a conic section , the origin and axes 
being unrestricted in position . 

Let «, h be the co-ordinates of the focus; and let th^ 
equation to the directrix be 

Ax + By + C = 0. 

The distance of any point (x } y) from the focus is 

{(»-«)■+ (y -»)•)», 

and the distance of the same point from the directrix is 
Ax + By + C 
V(4 a +JB*) * 


Let e he the excentricity of the conic section; then if (x,y) 
he a point on the curve, we have, by definition, 


{(«-«)*+ = 


e (Ax + By + 0) 
>J(A' + J?) 


A 


(x-a)'+(y- 


if^e'iAx + By+C)* 
A'+B % ' 


(1) ; 

( 2 ) . 


We see from (1) that the distance of any point on a conifc 
section from the focus can he expressed in terms of the first 
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power of the co-ordinates of that point whatever "be the origin 
and axes. This is usually expressed by saying the distance 
of any point from the focus is a linear function of the co-ordi- 
nates of the point 

282. It will be seen by examining the equations to the 
conic sections given in the preceding chapters that any conic 
section may be represented by the equation 

y 2 = mx + nx*. 

— UK 4, ^ 

The origin is a vertex of the curve and the axis ,of x an 
axis of the curve; m is the latus rectum; in the parabola 
w = 0; n is negative in the ellipse and positive in the hyper- 
bola. In the circle m is the diameter, of the circle and 

ft = — 1. 

283. To find the equation to the tangent at any point of 
a curve of the second degree. 

Let the equation to the curve be 

aa?+ hxy + cy a -f dx + ey +/= 0 (1), 

the axes being oblique or rectangular. 

Let y be the co-ordinates of the point, 

x", y" the co-ordinates of an adjacent point on the curve. 

The equation to the secant through these points is 

y — y (*—*)•••••••■ (2). 

Since («', y'.) and (x", y”) are on the curve, 

ax ' * + Ix’y’ + cy 3 + dx + ey’ +f = 0, 
ax"* + lx"y" + cy" 3 + dx" + ey" +/= 6 ; * 

o (> -»•*)+$ (x'Y - x’y') + c (/'* - y' 3 ) 

+ d{x"-x’) + e(y"-y') = 0 } 
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or (*" — x') {o (x" + x') + by" + d\ 

+ W - y') W + y) + hi' + e] = 0 ; 

. y~?/_ a(x"+x') + by" + d 

"x"-x' c[y" + y') + bx'+e * 


Hence (2) may be written 

, a (x" + x') + by" + d . 


Now in the limit x" = x' and y " = y * ; hence the equation 
to the tangent at the point ( x\ y) is 


2ax +ly +d 
2cy -f bx + e 


(a; — x) 


(3). 


This equation may be simplified ; we have by reduction 

y (! 2cy 1 + bx' + e) +x (2 ax + by + d) 

= y (2cy' + bx + c) + x' (2 ax* + by 1 + d) 

= 2 (ax 2 + bxy + cy 2 + dx' + ey +/) - dx - ey - 2/; j 
y (2 cy 1 + bx’ + e) 4- x (2 ax + by' + d) + dx' + ey 1 + 2 f= 0, I 

(*). V 

If /= 0, the curve passes through the origin, and the equa- 
tion to the tangent at that point becomes 



which we see does not involve the coefficients of of, y*, or ocy, 
in the equation to the curve. 


284. The equation to the normal at the point (< x , y) 
when the curve is expressed by equation (1) of the preceding 
article and the axes are rectangular, will be 

2 cy 1 + bx 1 + e 
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CHORDS SUBTENDING A RIGHT ANGLE. 


285. It may be shewn as in Art. 183, that if from a 
point (A, 1c) two tangents be drawn to the curve expressed by 
equation (1) of Art. 283, the equation to the chord of eon « 
tact is 

y (2 ch + 5A + e) + x (2aA + Ik + d) + dh + eh + 2/= 0. 

286. All chords of a conic section which subtend a right 
angle at a given point of the curve intersect in the normal at 
that point. 

Take the given point of the curve as the origin of a sys- 
tem of rectangular axes, and let the equation to the curve be 

ax? -f bxy + cy* + dx + ey = 0 (1). 

The axis of x meets the curve at the points found by 
making y = 0 in the above equation, that is, at the points 

x = 0, and x = — — . 

a 

Similarly the axis of y meets the curve at the origin and 
also at the point for which y = — - . 


Hence the equation 


x 




or 


^ + *- C + l = 0. 
a e 


.( 2 ) 


represents the chord joining the points of intersection of the 
axes and curve. 

Also the equation to the normal to the curve at the origin 
is by Art. 284, 

y-J* ( 3 )- 

Hence (2) and (3) meet in the point whose co-ordinates are 
— d —e 
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and whose distance from the origin is therefore 

V(d 8 + e 8 ) 
a + c * 

# Now change the directions of the axes preserving the same 
origin ; the equation (1) will then become' 

dx ' 2 + + c y 8 + dv + ey = o. 

p 

Also it appears from Arts. 274 and 275, that 
a' + c' = a + c, and d' 8 + e' 2 = d 8 + e 8 . 

Hence the normal at the origin will meet the new chord 
at the same distance from the origin as it met the original 
chord, that is, will meet it in the same point. Since this is 
true whatever be the directions of the axes, it follows that all 
the chords intersect in the same point. 

287. By comparing Arts. 154, 204, and 264, we see that 
the polar equation to any conic section, the focus being the 
pole and the initial line the axis, is • 

l 

T 1 4- e cos 0 9 

where l = half the latus rectum. 

We shall use this in proving the following proposition. 

The semi-latus rectum of any conic section is an harmonic 
mean between the segments made by the focus of any focal chord 
of that conic section . 

Let A'/SP= 0, see fig. to Art. 158 ; 

• SP— ■ 

1+6 COS V 

Suppose PS produced to meet the curve again in P' j 

ap>. l 

° l + ocos^ + fl)’ 
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1 1 _ 1+6 COS 0 1— 6COS0 

SP + ~SF~ l + l 
2 

J V 

which proves the proposition. 

288. The polar equation to the tangent to a conic sec- 
tion, the focus being theq)ole and the initial line the axis, is 
(Art. 205) 

e cos 0 + cos (a — 0) (1), 

where a is the angular co-ordinate of the point of contact. 

Similarly the polar equation to the tangent at the point 
whose angular co-ordinate is is { 

- = e cos 0 + cos (fi - 0) (2). 

T 

At the point where these tangents meet, we have 
cos (a - 0) = cos (fi — 0). 

Now we cafmot have 

a - 0 = ft — 0, 

since a and /3 are by supposition different ; we therefore take 
a - 0 = 0 - 

• • " « • 


Thus the two tangents (1) and (2) meet at the point whose 
angular co-ordinate is - * - . 


For example, suppose the conic section an ellipse ; let 
ASP~ a, ASQ = t % 
and let the tangents at P and Q meet at T\ 
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T 



then A8T= 

... PST =^ — = Q8T-, 

that is, the two tangents drawn from any point to an ellipse 
subtend equal angles at either focus . 

Similarly the two tangents drawn from any point to a 
parabola subtend equal angles at the focus. 

With respect to the hyperbola we have to distinguish two 
cases. We have shewn in Art. 231, that from any point 
included between the asymptotes and the curve, two tangents 
can be drawn both meeting the same branch of the curve, but 
from any point included within the supplemental angles of 
the asymptotes two tangents can be drawn meeting different 
branches of the curve. 

If now the two tangents from a point meet the same branch 
of an hyperbola, it may be shewn as in the case of the ellipse, 
that they subtend equal angles at either focus. We will 
consider the case in which the tangents meet different 
branches. ; 
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TWO TANGENTS TO AN HYPERBOLA. 



Let T be a point from which tangents TP, TQ are drawn 
to different branches of an hyperbola. 

Let ASP^cl] and let the angle which QS produced 
* through 8 makes with AS be yS; then /? is an angle greater 
than 7 r, and A8Q — £ — 7r. 

Thus the equations to TP and TQ will be respectively 
- «= e cos 0 + cos (a - 9), - = e cos 0 + cos (/8 — 0). 

T T 

At the point T where they meet, we have 
cos (a — 6) = cos (fi—8). 

We may therefore take 6 = g - *^ , that is, we have 
as the angle which TS produced makes with AS; thus 

AST— nr- * + ^ 

TSP=ir- /3 ~ a TSQ=~ a - 
TSP+ TSQ = ,r; 
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that is, the angle which one tangent subtends at either focus 
is the supplement of the angle which the other tangent sub- 
terfds at the same focus. 

289. We have given in Art. 120 the definitions of a pole 
and polar with respect to a given circle. The same defini- 
tions are used generally substituting conic section for circle . 
If then the equation to the curve be 

ax f + bxy + cy* + dx + ey +/= 0, 
the equation to the polar of (x, y) is (Art. 283) 

x (2 ax' + by' + d)+y (! 2cy ' + bx' + e) + dx' + ey' + 2/= 0. 

290. If one straight line pass through the pole of another 
straight line , the second straight line will pass through the pole 
of the first straight line . 

Let (x 9 y) be the pole of the first straight Jine, and 
therefore 

x (2 ax 1 + by' + d)+y {2cy f + bx f + e) + dx' + ey’ + 2/= 0 ... (1) 
is the equation to the first straight line. 

Let (sc", y") be the pole of the second straight line, and 
therefore 

x (2asc" + by" + d)+y ( 2cy " + bx" + e) 

+ dx" + ey" + 2/=0.. (2) 
is the equation to the second straight line. 

Since (1) passes through ( x ", y") we have 
x" (2 ax’ + by’ + d)+ y" (2 cy f + b$i + e)+dx’ + ey ' + 2/=0, 
that is, 

x r (2 ax" + by" ^d) •\~y r (2 cy" + bx" + e) + dx" + ey" + 2 f— 0 j 
‘hence (2) passes through (sc', y'). 

291. The intersection of two straight lines is the pole of 
the line which joins the poles of those lines . See Art. 122, . 
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QUADRILATERAL IN A CONIC SECTION. 


292. If a quadrilateral ABCD be inscribed in a conic 
section , of the three points E, F, Gr, each is the pole of the line 
joining the other two . 


* 


F 



Let E be the origin ; EA, ED the directions of the axes 
of x and y ; and let the equation to -the conic section be 


aa? + bxy -f cy 2 + dx + ey +f= 0 

(1). 

Also suppose 

EA = h, EB=E, 


EB = k, EC = k'. 


The equation to A C is | — 1 

(2), 



... (3), 



... (4), 

®~M- 1 

... (5). 

From (2) and (3) it follows that the equation 


•G + J) + »G + j -*• 

,(6) 


represents some line passing through But from (4) and 
(5) it follows that (6) represents some line passing through JR 
Hence (6) must be the equation to FG* 
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Suppose in (1) that y = 0 ; then wo'have the quadratic 
ax 2 + dx +f= 0 ; 

and the roots of this equation are h and It ; lienee 

A + A' = — hh' = £; 
a 

1 1 _ d 

A + A' J ’ 

Similarly, \ + T? = ~j' 

Hence (6) becomes 

dx + ey + 2/= 0. */• 

But this, by Art. 289, is the equation to the polar of the 
origin ; therefore FG is the polar of E. Similarly EG is the 
polar of F. Hence, by Art. 291, G is the pole of EF. 

293. To determine the form of the general equation to a 
conic section when the axes are tangents . 

Let ax 9 + Ixy + c\f + dx + ey + f= 0 (1) 

be the equation to the conic section. 

To find where the curve meets the axis of x, put y = 0 
in the above equation ; thus 

ax * + dx +f= 0. 

If the axis of a? is a tangent to the curve it must meet the 
curve in only one point (see Art. 171) ; lienee the roots of the 
above quadratic must be equal ; "therefore 


d* = \.af, ( 2 ). 

Similarly that the axis of y may be a tangent to (1) we 
must have 

e* = 4 cf (3). 

T. C. S. 17 
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Substitute the values of a and c from (2) and (3), then (1) 
becomes 

d?x* + 4tdfx + e*y 2 ■+ 4 efy + 4 bfxy + 4/* =■ 0, 
or (dx + ey + 2 \f)* + (4 J/— 2 de) xy = 0, 

(d e \ f 2 bf—de 

or ( § y* + ^ + l) + ^-^ = 0. 

Put 

2f~ h’ 2/“ A’ 2/* 
thus we obtain for the required equation 

By*puttin * successively a? and y = 0, we see that A is the 
distance from the origin to the point where the curve meets 
the -axis of x 7 and k is the distance from the origin to the 
point where the curve meets the axis of y. 

If it be required to determine a conic section which touches 
two given straight lines in given points, and also passes 
through another given point, we may assume the last written 
equation to represent it, so that the lines to be touched are 
taken as the axes of x and y ; then by putting the co-ordi- 
nates of the additional given point in the equation we find a 
single value for /a. Thus there is only one conic section 
satisfying the data. 

294. Suppose the equation 

(I + I~ 1 )+/ 4a 2' = 0 - — 

to represent a parabola. Then, by Art. 280, 

(A + /4 ) =a /4 ; 

(* = 0, or = — 


( 1 ) 
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If /i = 0, (1) becomes 




this equation represents the straight line joining the points of 
contact of (1) with the axes. 


If p = — i } we have from (1), 



We may write this 

*Ji + \/k = ' (3) > 

rememhering that the radicals may be positive or negative. 
Thus (3) is the equation to a parabola referred to two tan- 
gents as axes. 

295. We may notice the form of the equation to the 
tangent to the parabola 

vWH “>■ 

The equation to the secant through (x, y') and (as", y") is 

Since [x, y) and ( x ", y") are on the parabola, we have 

17—2 
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SIMILAR CURVES. 


V / I + V / 4 =1 '“ d 

yS*yf-*« . 


V®"~y®' 

*'• *Jh 


yy-yy . 

* 


y-y_ yy-yy yy+yy_ y& yy+yy 

®" -® ,_ v®" - v*' * v®" + y®' ~ va ■ y®" + y®' * 

Hence the equation to the secant may be written 
V — v' = — — — ^ fa; V) 

y y vA'y®"+y®'^ 

Hence we have for the equation to the tangent at (x, y) 

y y y(/«eV }> 

w i g - t , 3,1 -i 

* //I~'\ Ul^J\ T //7 /\ — *• 


or 


y(%rv(A®')~y(%v y(A®r 


Similar Curves . 

r 296. Def. Two curves are said to be similar and *iW- 
ZarZy situated when a radius vector drawn from some fixed 
point in any direction to the first curve bears a constant ratio 
to the radius vector drawn from some fixed point in a parallel 
direction to the second curve. 

Two curves are said to be similar when a radius vector 
drawn from some fixed point in any direction to the first curve 
bears a constant ratio to the radius vector drawn from some 
fixed ppint to the second curve in a direction inclined at a 
constant angle to the former. 

The two fixed points are called centres of similarity. 

297. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number of pairs of centres of 
similarity can be found. 
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For, suppose 0, O' to denote one pair of centres of simi- 
larity; ana let OP, OQ be radii vectores of the first curve, 
and OF , O' Q the corresponding radii vectores of the second 
curve, so that the angle PO Q = the angle P' O' Q', and 

OP OQ 
OF OQ" 


Suppose any point 8 taken and joined to 0 ; then make 
the angle F OS' = the angle P08 , the angles being measured 
in the same direction, and take 08 ' so that 


OS’ OF 
08 : OP' 


then 8 and S' shall be centres of similarity. 


For join SP, 8Q , S'F , S'Q then the triangles SOP, 
S' OF are similar; and so also are the triangles 80 Q, 
S' O' Q'. Hence it easily follows that 

the angle Q8P= Q'S'F; 

, SP 8Q 

ana S'F"' S'Q" 

and thus the proposition is established. 


298. All parabolas are similar curves. 

Let 4 a be the latus rectum of a parabola, and 4a # the latus 
rectum of a second parabola. The polar equations of these 
curves, the foci being the respective poles, are 

2 a 

T 1 + cos 0 ’ 

2a ' 

r 1 + cos & * 

Hence, if 0 = 0\ we have 


r 1 a 

Thus any two parabolas are similar, and the foci are centres 
of similarity. 
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CONDITIONS OF SIMILARITY. 


299. To find the conditions that must hold that the 
curves 

ax 2 + bxy + cy 2 4- dx + ey + /= 0 (1), 

a'a? + Vxy + cy 2 + d'x + ey +f = 0 (2), 

may be similar and similarly situated. 

Suppose (h, Jc)> (ti, Jc) the respective centres of similarity; 
for x and y in (1) put 

h + r cos 0 , and k + r sin 0 

respectively; we shall thus obtain a quadratic in r which 
may be written 

Lr* + Mr + N= 0 (3). 


For x and y in (2) put 

h! + r cos 0 , and 1c + r sin 0 

respectively ; we shall thus obtain a quadratic in r which may 
be written 

L'r'* + M'r' + N' = 0* (4). 

Now that the curves may be similar and similarly situated, 
we must always have r =* \r, where X is some constant quan- 
tity; thus (4) becomes 

\*LV + \M'r + N' = Q (5). 

Since (3) or (5) will give the values of r, these equations 
must be identical ; thus 


L _ M _N 


( 6 ). 


Since neither N nor N' involves 0, we deduce as a neces- 
sary condition that -jj must be constant whatever 0 may be. 
Put for L and U their values ; then 

a cos*0 + b sin 0 cos 0 4 c sin a 0 _ . 

a cos a 0 + i sm0 cos0 +c sm a 0 r J w 

« 

(a — /id) cob 1 6 + (b — /ib') sin 6 cos 6 + (c — fut') sin *$ = 0. 



CONDITIONS OF SIMILARITY. 263 


Since this is to be true whatever 6 may he, it follows that 


a _ b _ c 

a'~V~e' 


.( 8 ). 


Hence we have avrived at (8) as necessary conditions, in 
order that (1) and (2) may be similar and similarly situated. 
We have still to ascertain whether these are sufficient to 
ensure the similarity. The direct method would be to exa- 
mine if A, A, A', A' can be so chosen as to make (6) hold; but 
the following method is more simple. The equations (1) and 
(2), by means of (8), may be written 

ax* + bxy 4* cy* + dx + ey +f = 0, 
ax 2 4- bxy 4- cy 2 + //. (d'x 4- ey +/') = 0. 

I. Suppose b 2 — 4 ac = 0 ; then each curve is in general a 
parabola, and therefore the curves are similar ; also their dia- 
meters are parallel so that the curves are similarly situated. 
See Art. 279 . This conclusion is subject to the exceptions 
that may arise when either locus instead of a parabola, be- 
comes one or two straight lines, or impossible. 


II. Suppose b *— 4 ac not = 0. We may then by changing 
the origin of co-ordinates for each curve reduce the equations 
to the form 

ax* + bxy + cy* +/ x = 0, 
av? + bxy 4- cy * +f = 0. 

By expressing these equations in polar co-ordinates, they 
give 

di_ 


r — 


a cos 2 0 4- b sin 6 cos 6 4- c sin 2 # * 

. 

a cos 2 #' 4- b sin #' cos #' + c sin 2 #' ' 


Thus, if # = #', we have -7 = constant. Hence the curves 

r 


are in general similar and similarly situated. This conclusion 
is subject to the exceptions that may arise when either locus 
instead, of a curve becomes two straight lines, or a point, or 
impossible. 
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CONDITIONS OF SIMILARITY. 


300. Next, suppose we require the curves (1) and (2) of 
Art. 299 to be similar without the limitation of being simi- 
larly situated \ For x and y in (1) we put respectively 

h + r cos 0, lc+r sin 0 . 

For x and y in (2) we put respectively 

K + r % cos (0 + a), k' -f r sin (0 + a), 

where a is some constant angle at present undetermined. Pro- 
ceed as in Article 299 ; instead of equation (7) we shall now 
have 

a cos *0 -f b sin 0 cos 0 + c sin 2 0 

a cos 8 (0 + a) + V sin [0 + a) cos (0 + a) + c sin 2 (0 + a) 

= a constant = p say. 

This may be written 

acos 2 0 + &sin0 cos0 + csin 2 0 _ 

A cos 2 0 + B sin 0 cos 0 + G sin 2 0 “ ^ 

where 

A— a cos 2 a + c' sin 2 a + V sin a cos a, 
j?= 2 {c - a) sin a cos a + V (cos 2 a — sin 8 a), 

G — a sin 2 a + c cos 2 a — V sin a cos a. 

That the curves may be similar we must have 

A_B_G 
a ~ b ~ c * 

Hence each of these ratios must equal ^ + ^ 

. a +c 

J3* ^+0) 8 

i 8 “ (a + o ) 8 ? 

& V 

,# (^+g) 2 ~(a+c) 2# 

^ig_ (,4 + g) a . 
ac (a + c) 8 * 


And 
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Hence, 


AG ac 
" (A + Gy (a + c) a * 

B 2 - LAO b* — 4ac 
(A+(7) a ”(a + c) a ‘ 


But A + G=a' + c\ 
and B a — 4-4 C = J' 2 — 4a'c, (Art. 274) ; 

6 /2 — 4aV __ J 2 — 4ac 
" (a+ c') 2 ~ (^+7) 2- 

This relation must therefore hold, in order that the given 
curves may be similar. 


EXAMPLES. 

1. Straight lines are drawn through a fixed point; shew 
that the locus of the middle points of the portions of them 
intercepted between two fixed straight lines is an hyperbola 
whose asymptotes are parallel to those fixed lines. 

$^2. Through any point P of an ellipse QPQ is drawn 
parallel to the axis major, and PQ and PQ each made equal 
to the focal distance SP \ find the loci of Q and Q\ 

3. In the given right lines AP, A Q , are taken variable 

{ joints p, q, such that Ap : pP :: Qq : qA ; prove that the 
ocus of the point of intersection of Pq and Qp is an ellipse 
which touches the given right lines in the points P, Q . 


4. TP \ TQ are two tangents to a parabola, P, Q being 
the points of contact ; a third tangent cuts these in p , q 
respectively ; shew that 


TP_JL.Il 

TP + TQ 


- 1 . 


5. TP, TQ are equal tangents to a parabola, P, Q being 
the points of contact; if PT, QT be both cut by a third 
tangent, prove that their alternate segments will be equal. 
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MISCELLANEOUS EXAMPLES. 


6. From a point 0 are drawn two lines to touch a para- 
bola in the points P and Q ; another line touches the parabola 
in R and intersects OP, OQ, in S and T\ if Fbe the inter- 
section of the lines joining P2 7 , QS , crosswise, 0, P, V are in 
the same straight line. 

7. From an external point two tangents are drawn to an 
ellipse; shew that an ellipse similar and similarly situated 
will pass through the external point, the points of contact, and 
the centre of the given ellipse. 

8. A and B are two similar, similarly situated, and con- 
centric ellipses ; 0 is a third ellipse similar to A and B , its 
centre being on the circumference of B, and its axes parallel 
to those of A or B ; shew that the chord of intersection of A 
and 0 is parallel to the tangent to B at the centre of G. 

9. The line joining any point with the intersection of the 
polar of that point with a directrix subtends a right angle at 
the corresponding focus. 

10. If normals be drawn to an ellipse from a given point, 
the points where they cut the curve will lie on a rectangular 
hyperbola which passes through the given point and has its 
asymptotes parallel to the axes of the ellipse. 

11. If CM, MP are the abscissa and ordinate of any 
point P, on the circumference of a circle, and MQ is taken 
equal to MP and inclined to it at a constant angle, the locus 
of the point Q is an ellipse. 

12. Having given the equation to a conic section 

aa? + 2 bxy + y* +/= 0, 

find the locus of the intersection of normals drawn at the 
extremities of each pair of ordinates to the same abscissa. 

13. Any two points P, Q are taken in two fixed lines in 
one plane such that the line PQ is always parallel to a given 
line; P, Q are severally joined with two hxed points U, R; 
find the locus of the intersection of PM and QR. 
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14. The tangent at any point Pof’a circle meets the tan- 
gent at a fixed point A in T \ and T is joined with B the 
extremity of the diameter passing through A ; shew that the 
locus of the point of intersection of AP and BT y is an ellipse. 

- 15. The polar equation to a conic section from the focus 
^ being 

- — c cos 6 = A, 
r 

shew that the equation to a straight line which cuts it at the 
points for which 0 = a and ft respect ively, is 

1 /) i ( * CL + a — 0 

— c cos0 = Acos [0 sec — 

r \ 2 / 2 

■V 16. Chords arp dyawn in a conic section so as to subtend 
a constant angle ' af the focus ; j)rove that the locus of the foot 
of the perpendicular dropped from the focus upon the chord 
is a circle, except in a particular case when it becomes a 
straight line. 

17. If SP, SQ be focal distances of a conic section in- 
cluding a constant angle ; shew that PQ touches a confocal 
conic. 

18. Having given two fixed points through which a conic 
section is to pass, and the directrix, find the locus of the 
corresponding focus. 

19. The focus and directrix of an ellipse are given ; 
through the former a line is drawn making with the latter an 
angle whose sine is the excentricity of the ellipse. Find the 
locus of the points where this line meets the curve, the excen- 
tricity being variable. 

20. A series of conic sections is described having a com- 
mon focus and directrix, and in each curve a point is taken 
whose distance from the focus varies inversely as the latus 
rectum ; find the locus of these points. 
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MISCELLANEOUS EXAMPLES. 


21. Two conic sections have a common focus S through 
which any radius rector is drawn meeting the curves in P, Q , 
respectively. Prove that the locus of the point of intersection 
of the tangents at P, Q ) is a straight line. 

Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these lines are inversely pro- 
portional to the corresponding excentricities. 

22. Aline is drawn cutting an ellipse in the points P, p ; 
let Q be either of the points in which the same line meets a 
similar, similarly situated, and concentric ellipse ; shew that 
if the line moves parallel to itself, PQ . Qp is constant. 

23. In two straight lines OX , OY , which intersect in O, 
take OA = a, OB = b ; shew that the centres of all the conic 
sections which touch the lines in A and B lie on the straight 
line 

ay = bx . 

24. About two equal ellipses whose centres coincide, and 
whose major axes are inclined to each other at a given angle 
an ellipse is circumscribed ; if A and B be the semi-axes of 
the circumscribing ellipse, a and b the semi-axes of the equal 
ellipses, and 2a the inclination of their major axes, then will 

aV + A 2 B* = (A*b 2 + PV) cos 2 a + (AW + B*b 2 ) sin 2 a. 

Hence shew that about the two equal ellipses a similar 
ellipse may be circumscribed. 

25. Two similar ellipses have a common centre and touch 
each other; if n be the ratio of their linear magnitudes, m 
the ratio of the major to the minor axis in either, and a the 
inclination of their major axes, prove that 


1 

n — 
n 
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26. Two tangents (a, b) to a parabola intersect in Pat an 
angle ©, and a circle is described between these tangents and 
the curve ; shew that the distance of its centre from P is 

ab 

(a + b) sec ^ + 2 *J{ab) tan ^ 

« A 

* 27. If two chords at right angles bo drawn through a 
fixed point to meet a curve of the second degree, shew that 

± . 1 _ 

Rr + RV 

is constant, where R and r are the segments of one chord made 
by the fixed point, and R' and r* those of the other. \ 

28. The equation to the locus of the foci of all parabolas 
whose chords of contact with axes inclined at an angle a cut 
off a triangle of constant area is 

r = k V{sin 6 sin (a ~ 0)}. 

29. A parabola slides between two rectangular axes, find 
the curve traced out by the focus. 

30. A parabola slides between two rectangular axes, find 
the curve traced out by the vertex. 

31. Successive circles are drawn each touching the pre- 
ceding one externally and each having double contact with a 
given parabola; shew that their radii form an arithmetical 
progression whose common difference is the latus rectum. 

32. A system of ellipses is represented by the equation 
in rectangular co-ordinates 

am? + 2 cxy + by 2 = n (a + b) 9 

where a , b, c are variable and n constant ; shew that every 
parallelogram constructed on a pair of perpendicular diameters 
as diagonals will circumscribe a certain fixed circle. 
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MISCELLANEOUS EXAMPLES. 


33. If from any point in the tangent to a conic section a 
perpendicular be dropped upon the line joining the focus and 
the point of contact, prove that the distance of the point in 
the tangent from the directrix is to the distance of the foot of 
the perpendicular from the focus as 1 : e. 

34. Upon a given straight line as latus rectum, let any 
number of conic sections be drawn, and from the focus let 
two straight lines be drawn intersecting them all; then the" 
chords of all the intercepted arcs will, if produced, pass 
through a single point. 

35. A line of constant length moves so that its ends 
always lie on two given lines ; find the locus traced out by 
a point in the line which divides it in a given ratio. 

\ 36. In any conic section if r and r be focal distances at 

right angles to each other, and l be half the latus rectum, then 

(r 7 ) ^ (r 7 l) * S constant - 

37. Two conic sections equal in every respect are placed 
with their axes at right angles and with a common focus 8; 
SP, SQ being radii vectores of the one and the other at right 
angles to each other, find the locus of the intersection of the 
tangents at P and Q. 

Also find the locus when 8PQ is a straight line. 

38. 8 and Bare the foci of an ellipse, and round 8 , II, as 
focus and centre, another ellipse is described, having its minor 
axis equal to the latus rectum of the former. Through any 
point P in the first draw SPQ to meet the second ; it is re- 
quired to find the locus of the intersection of HP and the 
ordinate QM. 

% 

39. A and B are the centres of two equal circles ; AP, 
BQ, radii of these circles at right angles. If Aff= 2AP*, 
the line PQ always passes through one of the points of inter- 
section of the circles. 
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40. Tangents are drawn to a conic section at the points P, 
R ; another tangent is drawn at an intermediate point Q, and 
meets the other tangents in M, N; shew that the angle MSN 
is half the angle P8R, S being a focus. 

41. In a parabola the angle between any two tangents is 
half the angle subtended at the focus by the chord of contact. 

^ 42. A triangle is formed by the intersections of three 
tangents to a parabola ; shew that the circle which circum- 
scribes this triangle passes through the focus. - f * 

43. Given a focus and two tangents to a conic section, 
shew that the chord of contact passes through a fixed point. 

44. A circle is described upon the minor axis of an ellipse 
as diameter; find the locus of the pole with respect to the 
ellipse of a tangent to the circle. 

45. In a parabola two focal chords PS/?, QSgr, are drawn; 
shew that a focal chord parallel to PQ will meet produced 
on the tangent at the vertex. 

46. Tf from the vertex of a parabola a pair of chords be 
drawn at right angles to each other, and on them a rectangle 
be completed, prove that the locus of the further angle is an- 
other parabola. 

^ 47. From a point P in the circumference of an ellipse 
chords PQ, PR are drawn at right angles; express the co- 
ordinates of the point of intersection of QR with the normal 
at P in terms of the co-ordinates of P. Shew that as P move? 
along the ellipse this point of intersection will describe the 
ellipse 



48. Shew that the locus of the centre of an equilateral 
hyperbola described about a given equilateral triangle is the 
circle inscribed in the triangle. 
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49. Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other ; shew that the locus of the middle 
points of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

50. The co-ordinates of the focus of the parabola whose 
equation when referred to two tangents inclined at an angle 

" i8 A/0 + \/(f) =1 ’ 8rc 

ab 2 g 2 b 

a* + b* + 2 ab cos a > ’ an a* + b* + 2 ab cos to * 


51. If ax*+ 2bxy + cy* -f 2a x + 2c y + d = Q be the equa- 
tion to a parabola, the axis of the parabola will be given by 
the equation 


(° + &)(* + + ( & + e) (y + 


52. Two equal parabolas have the same focus and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal to the other; prove that 
the locus of the intersection of such normals is a parabola. 

53. Find the locus of the intersection of two normals in 
an ellipse which are at right ariglcs. 


54. Normals are drawn at the extremities of the conju- 
gate diameters of an ellipse, and by their intersections form 
a parallelogram. If <f> denote the excentric angle of an ex- 
tremity of one of the conjugate diameters, shew that the area 
of the parallelogram is 


8 

ab 


sin 8 <£ cos 3 


55,' Through the four angular points of a given square a 
circle is drawn, and also a series of curves of the second 
order, and common tangents to the circle and each curve are 
drawn. Find the locus*of the points of contact of each curve 
with its tangent. 
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56. From any point T outside an ellipse two tangents TP 
and TQ are drawn to the ellipse ; shew that a circle can be 
described with T as centre so as to touch SP> HP, \ SQ , HQ y 
or these lines produced. 

If x and y are the co-ordinates of T } shew that the radius 
of the circle is 

VW + W-qW) . 

a 


T. C. S. 


18 



CHAPTER XV. 


ABRIDGED NOTATION. 

301. Through five jioints, no three of which are in one 
straight line , one conic section and only one can he drawn . 

Let tlie axis of x pass through two of the five points, and 
the axis of y through two of the remaining three points. Let 
the distances of the first two points from the origin he h v 7/ 2 , 
respectively, and those of the second two points k v 7r 2 , re- 
spectively ; also let A, k he the co-ordinates of the remaining 
point. Suppose (Art. 2G9) 

ax 2 + hxy + cy 2 + dx + ey + 1 = 0 (1) 

to he the equation to a conic section passing through the five 
points. Since the curve passes through the points (7q, 0) 
[h 2 , 0), we have from (1) 

ah 2 + dh t + 1 ='0 (2) , 

ah 2 + dh 2 + 1 = 0 : (3). 

Similarly, since the curve passes through (0, & x ), (0, & 2 ), 
*vve have 

cfc l f + efc l + 1 = 0 (4), 

ck* + ek 2 +1 = 0 (5). 

Lastly, since the curve passes through (A, 7c), we have 
ah 2 + hhk + ck* + dli + ek + 1 = 0 (6). 

From (2) and (3) we find 
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From (4) and (5) we find 

1 h x + h 

C ~1\W ; 

then from (6) we can determine the value of b. Since no 
three of the five given points are in the same straight line, 
none of the quantities 7q, h 27 Jc v k 2l li , k f can he zero ; hence 
the values of the coefficients a, b , c, d , e arc all finite. If 
we substitute these values in (l), we obtain the equation to a 
conic section passing through the five given points. As each 
of the quantities a, b , c, d, e , has only one value, only one 
conic section can be made to pass through the five given 
points. 

302. The investigation of the preceding article may still 
be applied when three of the given points arc in one straight 
line; the point (A, k) for instance may be supposed to lie on 
the line joining (0, 7q) and (7q, 0) ; the conic section in this 
case cannot be an ellipse, parabola, or hyperbola, since these, 
curves cannot be cut by a straight line in more than two 
points ; the conic section must therefore reduce to two straight 
lines, namely the line joining the three points already spe- 
cified, and the line joining the other two points. If, however, 
four o|the given points are in one- straight line, the method 
of the preceding article is inapplicable; it is obvious that 
more than one pair of straight lines can then be made to pass 
dirough the five points. 

303. Wc shall now give some useful forms of the cqua- 
ions to conic sections passing through the angular points of a 
riangle or touching its sides. 

Let u = 0, v = 0, 10 — 0 be the equations to three straight 
ines which meet and form a triangle ; the equation 

Ivw + mwu + nuv = 0 (1), 

vlierc Z, m, n are constants, will represent a conic section 
[escribed round the triangle ; also by giving suitable values 
o Z, m , w, the above equation may be made to represent any 
onic section described round the triafigle. This we proceed 
o prove. 


18—2 
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I. The equation (1) is of the second degree in the variables 
x and y, which occur in the expressions u, v, w ; hence (1) 
must represent a conic section. 

II. The equation (1) is satisfied by the values of x and 
y, which make simultaneously v = 0, w = 0 ; the conic section 
therefore passes through the intersection of the lines repre- 
sented by v = 0 and w = 0. Similarly the conic section passes 
through the intersection of w = 0 and u = 0, and also through 
the intersection of u = 0 and v = 0. Hence the conic section 
represented by (1) is described round the triangle formed 
by the intersection of the lines represented by u = 0, v = 0, 
10 = 0 . 


III. By giving suitable values to Z, m, n , the equation 
(l) will represent any conic section described round the tri- 
angle. For let 8 denote a given conic section described round 
the triangle ; take two points on 8 ; suppose h v k the co-ordi- 
nates of one of these points, and A 2 , Jc 2 those of the other. If 
we first substitute h x and k x for x and y respectively in (1), and 
then substitute h % and k 2 , we have two equations from which 

we can find the values of ^ and suppose y and | = ?* 

Substitute these values in (1), which becomes 


vw +pwu + guv = 0 (2) ; 

this is therefore the equation to a conic section which has 
jive points in common with 8 } namely, the three angular 
points of the triangle and the points [h v k x ), (A , k 2 ). The 
conic section (2) must therefore coincide with 8 by Art. 301. 
Hence the assertion is proved. 

We might replace one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 
written 

l m n 

- + - + - = 0 . 

U V to 

304. Equation (1) of the preceding article may be written 
to (Jv + mu) + nuv = 0 (1) ; 
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we will now determine where (1) meets the straight line 
represented by 

fo + wm = 0 (2). 

By combining (2) with (1) we deduce nuv = 0 ; therefore 
either u = 0, or v = 0 ; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold ; hence the line (2) meets the curve (1) 
in only one point, namely, the point of intersection of u = 0 
and v = 0. 

Hence (2) is the tangent to (1) at this point. Similarly 
mw + nv=z 0 is the tangent to (1) at the point of intersection 
of w = 0 and v = 0, and nu + lw = 0 is the tangent at the point 
of intersection of u = 0 and w = 0. 


305. The demonstration of the preceding article is imper- 
fect, because we know from Arts. 132, 222, that a line parallel 
to the axis of a parabola or to either asymptote of an hyper- 
bola meets the curve in only one point, but is not the tangent 
at that point. The proposition may however be established 
in the following manner. Take the axis of x coincident with 
the line u = 0, so that u becomes yy, where q is some con- 
stant ; also take the axis of y coincident with the line v = 0, 
so that v becomes px , where p is some constant. Suppose 
w = JL» + By + <7. Then (1) of the preceding article be- 
comes 

(Ax + By + C ) (Ipx + mqy) + npqxy = 0. 

By Art. 283 the equation to the tangent at the origin, that 
is, at the intersection of x = 0 and y = 0, is Ipx + mqy = 0, or 
Iv + mu = 0 ; which was to be proved. 


306. Let each of the three tangents in Art. 304 be pro- 
duced to meet the opposite side of the triangle formed by the 
lines u = 0, v = 0, to = > 0 ; then it may be shewn that the 
three points of intersection lie on the straight line 



v w 
— + - 
m n 


0 . 


The lines joining the angular points of the triangle formed 
by the tangents with the angular points of the original 
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triangle respectively opposite to them, arc represented by the 
equations 

u v A v w - w u 

- 7 = 0, = 0, 7 = 0; 

i m m n n l ■ 

these three lines meet in a point. Thus when a triangle is 
inscribed in a conic section the lines joining each point with 
the pole of the opposite side meet in a point. 

307. Let u = 0, v = 0, w = 0 be the equations to three 
straight lines, then the equation 

Au 2 + Bv 2 -f Gw 2 + 2 A'vw + 2 B'wn + 2 C f uv = 0 

will generally represent any assigned conic section, if the 
constants A, B, C , A\ B\ C’ are properly determined. 

For suppose we divide the equation by one of the constants 
as G\ there are then five independent constants left. Now 
let 8 denote any assigned conic section ; take five points in S 
and substitute the co-ordinates of the five points successively 
in the above equation ; we shall thus have five equations for 
determining the five constants. Suppose a, b , c, a, V the 
values thus determined, then the equation 

ail + bv 2 + cw 2 + 2a vw + 2 Vwu -f 2uv = 0 

represents a conic section which has five points in common 
with 8 , and which therefore coincides with 8 (Art. 301.) 

308. The method of the preceding article, although im- 
portant and instructive, is not satisfactory, because we have 
not proved that the five equations from which the constants 
are to be determined arc consistent and independent. There may 
be exceptions to the theorem, and we therefore use the word 
generally in the enunciation. If the three’ straight lines meet 
in a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned conic section . If the three straight 
lines arc parallel, w, v, w take the forms 

Ix + my+p, lx + my +p’ 9 lx + my + p\ 
and the equation takes the form 

\(lx + my)* + jt(lx + fny) +V — Q, 
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which represents two parallel straight lines, and thus will not 
represent any assigned conic section . With these exceptions, 
however, the theorem is universally true, as we shall now 
shew by another demonstration. 

Since the lines are not all parallel, two of them at least will 
meet ; suppose u = 0 and v = 0 to be these two, and take their 
directions for the axes of y and x respectively; then w = 0 
becomes x = 0, and v = 0 becomes y = 0 ; also w = 0 may be 
written lx + my + n = 0. Wc have then to shew that the 
equation 

Ax? -f By 2 + G (lx 4- my -f n) 2 + 2 A 'y (lx + my + n ) 

-f 2 B'x (lx + my + n) + 2 C'xy = 0 (1) 

will represent any assigned conic section by properly deter- 
mining the constants A, B , &c. Suppose 

ax? + 2 bxy + cif + 2dx + 2 ey +/= 0 (2) 

to be the equation to the assigned conic section. Arrange the 
terms in (1) and equate the coefficients of the corresponding- 
terms in (1) and (2) ; thus 

Cri 2 =f An + Cmn = e t B f n + Gin = d, 

B + Cm? + 2 Am = c, A + C1? + 2B'l ==a, 

Clm + Al + B'm+C' = b. 

These equations determine successively (7, A\ B y B y A 9 C\ 
As the given lines do not meet in a point, n is not zero; hence 
the values found for C, A , &c. are all finite and determinate. 
Thus (1) is shewn to coincide with (2), and the required 
theorem is proved. 

309. To express the equation to a conic section which 
touches the sides of a triangle . 

Let u = 0, v = 0, w = 0 be the equations to the sides of a 
triangle; then any conic section may be m represented by the 
equation 

Av? + Bv % + CM 2 + 2 Avw + 2B'wu + 2 C'uv = 0 (1). 
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To find where this conic section meets the line u = 0, we must 
putw = 0; thus (1) becomes 

Bv I. 2 + Gv? + 2 A'vw = 0 (2). 

Now from (2) we obtain by solution two values of ^ , say 

^ = p x , and ^ = fjb 2 . The equation v—fijW represents some 

straight line passing through the intersection of v=0, and 
w sb 0. Hence since (1) is satisfied by those values of x and 
y which make simultaneously u = 0 and v — p x w = 0, the inter- 
section of the lines u=0 and v — ftjW — 0 is a point on (1). 
Similarly the intersection of u = 0 and v — fi 2 w = 0 is a point 
on (1). Hence the line u== 0 will meet (1) in two points, and 
therefore will not be a tangent to it, unless the lines 

v — fAjW = 0, and v — fi 2 w = 0, 

coincide * Hence that u = 0 may touch (1) we must have 
/ u a , and therefore A ,2 — BC. 

Similarly that v = 0 may touch (1) we must have B’*= GA ; 
and that w = 0 may touch (1) we must have O' 2 = AB. From 
these three relations we see that A , B \ and C must have the 
same sign, because the product of each two is positive. Also 
the sign of A, B , and C may be supposed positive, because 
if each of them were negative we could change the sign of 
every term in (1), and thus make the coefficients of m 2 , v 2 , 
and w 2 positive. We may therefore put 

A = l\ B = m\ C=n 2 ; 

thus 

A* = £ mn 9 B* = £ nl 9 C* = £ hn. 

Hence (1) becomes 

IV + wV + n V ± 2mnvw £ 2nlwu £ 2lmuv = 0 (3). 

We shall now examine the ambiguity of signs that appears 
in this expression. 

I. Suppose all the upper signs to be taken. The equa- 
tion may then be written 

(lu + mv + nw)* =*0. 
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# This is the equation to a straight line, or rather to two 
coincident straight lines. 

II. Suppose the lower sign to be taken twice and the 
upper sign once ; we have then three cases, 

(lu + mv — nw) 2 = 0, or (lu — mv + nw) 2 = 0, 

or (— lu + mv + nw) 2 =0. 

Each equation represents two coincident straight lines. 

III. Since then the forms in I. and II. represent straight 
lines, we see by excluding these cases from (3), that if a curve 
of the second degree touch the straight lines 

u — 0, v = 0, w = 0, 

its equation must take one of the forms 

Fu 2 4* wV 4* nV — 2mnvw — 2 nlwu — 2 Imuv = 0 ... (4), 

Fu 2 + mV + n 2 w 2 — 2 mnvw + 2 nlwu 4- 2lrtiuv = 0 . . . (5), 

Fu 2 + m 2 v 2 + wW 4- 2mnvw — 2nTwu 4- 2 Imuv = 0 ... (6), 

Fu 2 4- mV 4- nV 4- 2mnvw 4- 2 nlwu — 2 Imuv = 0 ... (7). 


These four forms may also be written 



V(Zw) + V ( mv ) + V( n «0 = o 

. (8) from (4), 

V(— lu) + + *J{nw) =0 

• W 

... (5), 

V(?u) + V(~ mv ) + V( nw ) = 0 ..... 

..(10) 

... (6), 

*J(lu) + +*/(—nw) = 0 ..... 

.(11) 

... (7), 


which may be verified by transposing and squaring, so as to 
put the equations in a rational form. 

310. It is easy to verify the proposition that the curve 
represented by the equation 

V(fo) + V(wv) + hj(nw) =0 

cannot cut the lines u =0, v = 0, w = 0. For suppose the 



282 CONIC SECTION TOUCHING THE SIDES OP A TRIANGLE. 


above equation satisfied by the co-ordinates of a point ; then 
these co-ordinates must make lu, mv, and nw, all positive , or 
all negative . Suppose lu is positive ; then for any point on 
the other side of u = 0, the expression lu becomes negative, 
and thus the co-ordinates of such a point will not satisfy the 
equation unless both mv and nw are also negative. But if the 
curve cuts the line u = 0, there will be points on both sides of 
w = 0 lying on the cuiwe, and it will be possible to change 
the sign of u without changing the signs of v and w . Hence 
the curve cannot cut the line u = 0. Similarly it cannot cut 
the lines v = 0 , w = 0 . 

The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), and (11), of the preceding article 
cannot cut the lines u = 0, v = 0, w = 0. 

311. The forms in equations (5), (6), and (7) of Art. 309 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) may be derived from (4) 
by changing the sign of l. In the following article we shall 
use (4) as the equation to a conic section touching the sides 
of a triangle; it will be found that we might have used (5), (0). 
or (7). We shall see in a subsequent article, a case in which 
it is necessary to distinguish the forms. See Arts. 314, 315. 

312. Equation (4) of Art. 309 may be written 

(lu — mv) 2 + nw (nw — 2 mv — 2 lu) =0 (1). 

If we combine this with w = 0, we deduce that 


lu — 0..... (2); 

lienee we can interpret the last equation ; it represents a line 
passing through the intersection of w = 0 and v = 0, and also 
through the point where the line w ^D meets the curve (1). 
It may be shewn as in Art. 304, that 

nw — 2mv — 2 lu = 0 (3) 

represents the tangent to (1) at fhe other point where (2) 
meets it. 



CIRCUMSCRIBED CIRCLE. 


283 


Similarly we can interpret ■ 

mv — nw = 0 (4), 

hi — 2 nw — 2wi? == 0 (5), 

nw — lu = 0 (G), 

mv — 2lu — 2m*? = 0 .. (7). 


The intersection of (3) with w = 0, of (5) with w = 0, ami 
of (7) witli 0 = 0 will lie on the line 

lu 4* mv + nw = 0. 

The line lu + mv = 0 passes through the intersection of 
0 = 0 and v =-- 0, and also through the intersection of (3) 
and w = 0; hence its position is known. 

Similarly mv + nw = 0, and nw + hi = 0, can be inter- 
preted. 


313. To find the equation to the circle described round a 
triangle . 

It will be convenient in this and the two following articles 
to use the form 

a; cos a + y sin a — p = 0 

as the type of the equation to a straight line ; wc shall there- 
fore put a, /3 , 7 for u, v , w respectively (Art. 73). 

Let a = 0, /3 = 0, 7 = 0 be the equations to the sides of 
a triangle ; then, by Art. 303, 

1/3 7 + mya + m/3 = 0 ( 1 ) 

will represent any conic section described round the triangle ; 
hence by giving proper values to l, rn , n, this equation may 
be made to represent the circle which we know by geometry 
can be described round the^ triangle. We might proceed 
thus: in (1) write for a, 7 the expressions which they 
represent, then equate the coefficient of xy to zero, and the 
coefficient of a? to that of y a ; we shall thus have two equa- 
tions for determining j and ^ ; and with the values thus 
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obtained (1) will represent the required circle. We leave 
this as an exercise for the student, and adopt another method. 
The equation to the tangent to (1) at the intersection of 
a = 0, and /8 = 0, is, by Art. 304, 

l& + ma = 0 (2). 

Let A, B, C denote the angles of the triangle opposite the 
sides a = 0, £=*0, 7 = 0, respectively; by EucJJa, hi. 32, 
the tangent denoted by (2) must make an angle A with the 
line a = 0, and an angle B with the line £ = 0. Suppose the 
origin of co-ordinates within the triangle, then the equation 
to the line passing through the intersection of a = 0 and 
$ = 0, and making angles A and B respectively with these 
lines, is 

a sin B + /3 sin A = 0 (3). 

Thus (2) must coincide with (3) ; therefore 

l sin A 
m sin B ’ 


Similarly, 


7Yi sin B 

n ~~ sin C ’ 


Thus the equation to the circle described round the tri- 
angle is 


fi y sin A + ya sin B + a/S sin C = 0. 


314. To find the equation to the circle inscribed in a 
triangle . 

Suppose the origin of co-ordinates within the triangle ; then 
for all points on the circle a, ft, y are negative quantities 
(see Art. 54). Now the equation to the circle must be of one 
of the forms (8), (9), (10), (11) given in Art. 309 ; the first is 
the only form applicable, namely, 

V(k) + Vfa£) + V(«7) - 0 (1), 

which is equivalent to 

V(-fe) + V(-w£) +V(-*y)«o 


( 2 ). 
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The other forms are inapplicable, because they would 
introduce impossible expressions. We have then to deter- 
mine the values of l } m , and n . If we put a = 0 in (1), we 

8 71 Jl • 

obtain — = — ; thus — is the ratio of the perpendiculars drawn 
7 m m r r 

to the sides £ = 0, 7 = 0, respectively, from the point where 
the circle meets the line a = 0. Let r be the radius of the 
circle; then we know from geometry that -the perpendicular 
from this point on $ = 0 is 

C . C 

r cot — sin G or 2 r cos* - - ; 

2 2 

a similar expression holds for the perpendicular on 7 = 0. 
Hence 

* 0 
cos* — 
n__ 2 

cos — 

2 


Similarly 


l 

n 


cos* 


2 


9 v 

cos* - 


Hence the required equation is 

cos ~ V a + cos ^ + cos \Ay = 0. 


315 . To find the equation to the circle which touches one 
side of a triangle and the other two sides 'produced . 

Let the circle be required to touch the side opposite to 
the angle A and the other two sides produced. Suppose 
the origin within the triangle ; then for all points comprised 
between the side a = 0 and the other sides produced, a is 
positive and fi and 7 are negative. Hence by Art. 309 , the 
form of the equation to the circle must be 

V(- fa) + + V(ny) - 0. 
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Hence, as before, by considering the point where the circle 
meets the line a = 0, we have 




COS ^ 

n 2 


-a 


. 2 G 

sin -- 


m 


cos' 


7 r-B . 2 B’ 

am 4 


8m 2 


and 


l 

n 


cos" 


cos 


2 7T — CJ . 2 

cos sin — 


O' 

2 


Hence the required equation is 


cos — V(- a) + sin^V/3 + sin ~ >Jy = o. 

Similarly the equations to the other two circles may be 
written down. 


316. The results in Arts. 306 and 312 which hold for 
any conic section, will of course hold for a circle inscribed in, 
or described about, a triangle respectively. We have only to 
use the values of l , m 9 n 9 found in Arts. 313 — 315. 

317. Let there be any quadrilateral, and let its sides be 
represented by the equations 

t = 0, u = 0, v = 0, to = 0, 
then the equation tu + hvw = 0, 

where h is a constant, represents a conic section circumscribing 
the quadrilateral. For the equation represents a conic section 
passing through the four points determined respectively by 

£ = 0 and v = 0 9 t = 0 and w = 0, 

u = 0 and v=0 9 u = 0 and w = 0. 

Also by giving a suitable value to Jc 9 the equation may be 
made to represent any conic section passing through these 
four points. 
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The above equation has the following geometrical inter- 
pretation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears a constant ratio 
to the product of the perpendiculars on the other two sides. 

Wc may observe that the term quadrilateral is often used 
in analytical geometry in a wider sense than in ordinary 
synthetical geometry. Thus, if we have four given points, we 
may obtain three different quadrilaterals by connecting these 
points in different ways. Take, for example, the figure in 
Art. 76 ; and let A , B, G, B be the given points. The three 
different quadrilaterals are (1) the figure bounded by AB, 
BG , GB, BA ; (2) the figure bounded by A G, CD, BB , BA ; 
which in fact consists of the two triangles GAB and G GB ; 
(3) the figure bounded by AC, GB, BB, BA, which in fact 
consists of the two triangles GBC and GBA. 

Similarly, four given straight lines may be considered to 
form three different quadrilaterals by their intersections. 
Take, for example, the figure in Art. 76, and let the given 
lines be EDC, EAB, AG G, BGB. The three different quad- 
rilaterals are (1) the figure bounded by GG, GE \ EB, BG; 
(2) the figure bounded by GB, BE, EA, AG; (3) the figure 
bounded by AC, GB, BB, BA. 

If four lines have for their equations 

2 = 0, u = 0, v = 0, w = 0, 

the conic sections passing through the angular points of the 
three different quadrilaterals which these lines form, may be 
denoted by the equations 

tu + ^vw — 0, tv+Jc 2 uw=* 0, tto+k B uv = 0. 

318. We shall next consider the equation 
uv + Tew* — 0. 

This represents a conic section which passes through the point 
determined by w = 0 and w = 0, and also through the point 
determined by v = 0 and w = 0. Also each of the lines u = 0 
and v = 0 touches the conic section where it meets it ; for if 
we combine u = 0 with the above equation, we see that w = 0 
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also, that is, the line u = 0, meets the curve in only one point, 
namely, that point in which u = 0 and w = 0 intersect. Simi- 
larly the line v = 0 touches the curve. Thus w = 0 and v = 0 
represent two tangents to the conic section, and w = 0 repre- 
sents the corresponding chord of contact. 

We may also shew in the following way that the line u = 0 
cannot cut the curve ; for points on one side of the line u = 0, 
the expression u is* positive, and for points on the other side 
of the line, negative ; but kw* is of invariable sign ; thus u = 0 
cannot cut the curve. 

The geometrical interpretation of the above equation is as 
follows. The product of the perpendiculars from any point of 
a conic section on a pair of tangents bears a constant ratio to 
the square of the perpendicular from the same point on the 
chord of contact. 

319. Next take the equation 

Z V + mV = n*w 9 . 

This may be written 

{nw + mv) (nw — mv) = ZV. 

Hence by the preceding article 

nw + mv = 0 and nw — mv = 0 

are tangents to the conic section represented by the equation, 
and i 4 = 0 is the equation to the corresponding chord of con- 
tact. Since these two tangents meet in the point of intersec- 
tion of v = 0 and w = 0, it follows that this point is the pole 
of w = 0. 

Similarly we may write the equation in the form 
{nw + lu) [nw — lu) = mV, 

and infer that the point of intersection of w = 0 and w — 0 is 
the pole of v = Q. 

Hence it follows that the point of intersection of u = 0 and 
v = 0 is the pole of w = 0. See Art. 291. 

320. The following is a particular case of the preceding 

article 

a , +/S B **nV' (See Art. 73.) 
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Suppose the lines a = 0, /8 = 0, at right angles; thena*+jQ a 
is the square of the distance of the point (ar, y) from the inter- 
section of a = 0 and £ = 0. Hence the above equation repre- 
sents a conic section which has 7 = 0 for its directrix, and the 
intersection of a = 0 and ft = 0 for its focus. The lines 

ny — a = 0 and ny + a = 0 

are tangents to the conic section touching it at the extremities 
of the focal chord /3 = 0 ; also these tangents meet in the line 
7 = 0; hence, the tangents at the extremities of any focal chord 
meet in the corresponding directrix . Also the above tangents 
meet on the line a = 0, which by supposition is perpendicular 
to yS = 0; hence, the line which joins the focus to the intersection 
of tangents at the extremities of a focal chord is perpendicular 
to that focal chord. 

321. If u = 0 and v = 0 be the equations to two conic 
sections which meet in four points, then u + lv = 0 will repre- 
sent any conic section which passes through the four points 
of intersection. This will be obvious after the proofs given 
of similar propositions. 

Also if to = 0 and w = 0 be the equations to two straight 
lines, u -f Iww = 0 will represent any conic section passing 
through the four points in which the lines w = 0 and w'= 0 
meet the conic section u = 0. 

Also u + Zw 2 = 0 will represent a conic section passing 
through the points of intersection of the conic section u = 0, 
and the line w = 0. This conic section will have the same 
tangent as u = 0 at the points where u = 0 and w = 0 inter- 
sect; we might anticipate this would be the case from ob- 
serving the interpretation of the equation u + lww’— 0, and 
supposing the liae w = 0 to approach the line w = 0, and 
ultimately to coincide with it. We may prove it strictly 
by taking one of the points where u = 0 meets w = 0 for the 
origin, and the line w = 0 for the axis of x; thus u becomes 
of the form 

Ax * + Bxy + Gy 2 + Dx + Ey> 
and we can see, by Art. 283, that 

Ax 7 + Bxy + Cy* + Dx + Ey — 0 


T. C. 8. 


19 
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and Ax 2 + Bxy + Cy 2 +Dx + JEy + ly* = 0 

have the same tangent at the origin. 

Also by giving a suitable value to l the equation u+lw 2 = 0 
may be made to represent the two straight lines which touch 
the conic section u = 0 at the points where it intersects the 
straight line w = 0. This may be inferred from Art. 293 ; 
the equation w = 0 is equivalent to the equation 


and the equation u = 0 is equivalent to 

l+f-1 )*+^=0. 

Thus by taking l = —l we have u -f lw 2 = fixy ; and the 
equation xy = 0 denotes the two tangents to the conic section 
n = 0 at its points of intersection with the straight line w = 0. 


, 322. Pascal’s Theorem. The three intersections of the 

. opposite sides of any hexagon inscribed in a conic section are 
in one Straight line . 

Let r = 0 , 5 = 0, t = 0, u = 0, v = 0, w = 0, 


be the equations to the sides of a hexagon which is inscribed 
in the conic section #=0. Let the hexagon be divided by a 
new line <f) = 0 into two quadrilaterals, one of which has foT 
its sides the lines obtained by equating to zero successively, 
r , 5 , t , and the other the lines obtained by equating to zero 
successively, u , v, w, <f>. Now we know that if a , b, l , m are 
appropriate constants, the equation to the conic section may 
be written in the forms # 


as<j> + brt = 0 and lv<f> + muw = 0 ; 

V 

therefore as<j> + brt and lv(f) + muw must each be identical 
with 8; therefore 

asty + brt = lv<j> -f muw ; 

(as — Iv) <f) = muw — brt. 
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The right-hand member of this equation vanishes when 
u and r simultaneously vanish, and when u and t simulta- 
neously vanish ; also when w and r simultaneously vanish, 
and when w and t simultaneously vanish. Since the left- 
hand member is identically equal to the right-hand, the left- 
hand member must also vanish in these four cases ; that is, 
one of its two factors </> and as — Iv must vanish in each of 
these four cases, By construction, <f> = 0 • represents the line 
joining the point determined by r = 0 and 10 = 0, with the 
point determined by t = 0 and u = 0 ; and thus we see that 
as — lv = 0 is the line joining the intersection of w = 0 and 
r = 0 with that of t — 0 and w = 0. But the line a* — Zv = 0 
obviously passes through the intersection of s = 0 and v = 0 ; 
therefore the three points determined respectively by 

u = 0 and r = 0, t = 0 and w = 0, s = 0 and v = 0, 
lie on a straight line. 

It is to be observed that if six points be connected by 
straight lines in different ways, as many as sixty figures can 
be formed which may be called hexagons in an extended sense 
of that word. Thus for six given points on a conic section 
there will be sixty applications of Pascal’s Theorem. 

323. Let s = 0 be the equation to a conic section, and 

u — 0, v = 0, w — 0, 

equations to three straight lines ; then 

s — l V = 0, s — mV = 0, 8 — n 2 w* = 0, 

represent curves, of the second degree touching the proposed 
conic section. By properly choosing u, v, w, l 9 m, n, wc may 
make each of the last three equations represent a pair of 
straight lines touching s = 0. (See Art. 321.) Tnus, if 
there be a hexagon circumscribed round the conic section 
5 = 0, the equations 

8 — ZV = 0...(1), 8 — 0...(2), 5 — wV = 0...(3), 

may be taken to represent the six sides of the hexagon. 
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By combining (1) and (2) we obtain 
s — Z V — (s — mV) = 0, or (mv — lu) (mv 4- lu) =0... (4) , 
for the equation to a pair of lines which pass through the 


intersections of (1) and (2). 

Similarly (nw — mv) ( nw 4- mv) = 0 (5) 

represents a pair of lines which pass through the intersectio 
of (2) and (3). And 

(lu — nw) (lu 4- mo) =0 (G) 


represents a pair of lines which pass through the intersections 
of (3) and (1). 

The six lines which we have obtained may be arranged 
in four groups, each containing three lines which meet in a 
point, namely, 


mv — lu = 0, 
mv 4- lu = 0, 
mv 4- lu = 0, 
mv —lu = 0, 


mo — mv = 0 3 
nw 4- mv = 0 3 
nw — mv = 0 : 
nw 4- mv = 0. 


lu — nw = 0, 
lu — nw- 0, 
lu 4- nw = 0, 
lu 4* nw = 0. 


This result is consistent with Brianchon’s theorem; if a 
hexagon he described about a conic section the three diagonals 
which join opposite angles meet in a point. 

For suppose that a hexagon is described round a conic 
section, and let its angular points be denoted by A, B, C , 1), 
j E, F. By properly choosing u y v } w , l , m, w, we may make 
equation (1) denote the lines AB and DE, equation (2) denote 
the lines BG and EF> and equation (3) denote the lines CD 
and FA. We will now examine what lines are determined 
equations (4), (5), and (6). Equation (4) determines the 
two lines which pass through the intersections of the lines 
determined by (1) and (2) ; and as the signs of l and m are 
at present in our power we may take them so that mv — lu = 0 
shall represent the line BE \ and then mv 4- lu = 0 will repre- 
sent the line joining the point which is common to AB and 
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EF with the point which is common to BG and DE. Simi- 
larly as the sign of n is still in onr power, we may take it 
so that nw — mv = 0 shall represent the line CF, and then 
nw + mv=0 will represent the line joining the point which 
is common to BG and FA with the point which is common 
to CD and EF. One of the two lines represented by (6) is 
AD , and the other is the line joining the point which is 
common to DE and FA with the point; which is common 
to CD aiid AB; it is however not obvious how we are in 
general to discriminate between these two lines. Thus the 
proof of Brianchon’s theorem is not perfectly satisfactory, 
and accordingly we shall give another proof by which the 
theorem is deduced from that of Pascal. 

Let the angular points of the hexagon be denoted as 
before by the letters A, B, C, D , E : F. Let the line be drawn 
which passes through the points of contact of the conic sec- 
tion and the tangents AB , BC; also let the line be drawn 
which passes through the points of contact of the conic sec- 
tion and the tangents DE, EF; and let P denote the point 
which is common to these two lines. Then P is the pole of 
BE; see Arts. 103, 120, 289. In the same way we may 
determine the pole of CF which we shall denote by Q, and 
th<| pole of AD which we shall denote by 11 . By Pascal’s 
theorem P, Q, and JR lie in a straight line ; hence CF \ BE, 
and AD meet in a point, namely, in the pole of the line 
PQR ; see Art. 291. 

For further information on the subject of this chapter the 
student is referred to Salmon’s Conic Sections . 


EXAMPLES. 

1. Shew that if a — c : a' — c f :: b : V, a circle may be 
described through the intersections of the two conic sections 

aa? + bxy + cf + dx + ey +/= 0, 

da ? + b’xy + c'y* + d'x + e’y +f= 0. 

Find also the condition that a parabola may be described 
passing through the origin and the points of intersection of 
these curves. ' 
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2. Two conic sections have their principal axes at right 
angles ; shew that a circle will pass through their points of 
intersection. 

3. The equations to two conic sections are 

Ay 2 + 2 Bxy + Cx 1 + 2 A'x = 0, 
ay 2 + 2bxy + cx 2 + %a'x = 0. 

Shew that the lines joining the origin with their points of 
intersection will he perpendicular to each other if 

* a 8 9 {A+0)=A'(a + c). 

4. An ellipse is described so as to touch the asymptotes 
of an hyperbola; shew that two of the chords joining the 
points of intersection of the ellipse and hyperbola are parallel. 

5. If a /3 = c 2 be the equation to an hyperbola (Art. 73), 
then aft = 0, a a — jS 2 = 0, a* — n 2 f 3 2 = 0, are the respective equa- 
tions to the asymptotes, the axes, and a pair of conjugate 
diameters, n being any constant. 

6. The straight lines which bisect the angles of a triangle, 
meet the opposite sides in the points P, Q , P, respectively; 
find the equation to an ellipse described bo as to touch the 
sides of the triangle in these points. 

7. From any point two straight lines are drawn, one in- 
clined at an angle a, the other at an angle ^ + a, to the axis 

of a parabola ; Shew that another parabola may be described 
whicn shall pass through the four points of intersection, 
whose axis is inclined at an angle 2a to that of the given 
parabola. 

8. Prove that the equation to the conic section which 
passes through the point (A, A), and touches the parabola 
y 2 — lx at the vertex and at an extremity of the latus rec- 
tum, is 

(y*. - J x ) (fc - 2h) 2 = (y - 2x)* (It - Ih). 

Shew that it is an ellipse or hyperbola according as the 
point (A, k) is within or without the parabola. 
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9. A conic section touches the sides of a triangle ABC in 
the points a, b, c ; and the straight lines Aa , Bb f Cc , intersect 
the conic in a, b\ o'; shew that 

(1) the lines Aa , £6, Cfc pass respectively through the 
intersections of Bd and Cb\ Ca and Ac\ AV and Ba , 

(2) the intersections of the lines ab and aV, be and b'c\ 
ac and aV, lie respectively in AB 9 BC } CA. 

10. A conic section is described round a triangle ABC ; 
lines bisecting the angles of this triangle meet the conic in 
the points A', B\ C\ respectively; express the equations to 
A'B,A'C 7 A'B'. 

11. If a conic section be described about any triangle, and 
the points where the lines bisecting the angles of the -triangle 
meet the conic be joined, the intersection of the sides of the 
triangle so formed with the corresponding sides of the original 
triangle lie in a straight line. 

12. Interpret the equation 

how many parabolas can be drawn through four given 
points ? 

13. If u * 0, v = 0, w = 0 represent the sides of a tri- 

angle, shew that the sides of any triangle which has one 
angle on each side of the former may be represented by 

w U 7 ^ v 

u + nv + — = 0, - + v + Iw mu + t + w = 0, 

?ti n l 

where Z, m , n are constants. 

* Find also the relation which must hold between Z, m, n, in 
order that the lines joining corresponding angles of the two 
triangles may meet in a point. 

14. A circle and a rectangular hyperbola intersect in four 

J oints, and one of their common chords is a diameter of the 
yperbola ; shew that another of them is a diameter of the 
circle. ' 
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15. A CA ' is the major axis of an ellipse, P any point' on 
the circle described on the major axis, AP, A'P meet the 
ellipse in Q , Q\ shew that the equation to QQ is 

(a* + V) y sin 0 + 2 b 2 x cos 6 — 2 ab 2 = 0 , 

the ellipse being referred to its axes, and 6 being the angle 
A CP, 

If an ordinate to P meet Q Q in R, the locus of It is an 
ellipse. 

16. The locus of a point such that the sum of the squares 
of the perpendiculars drawn from it to the sides of a given 
triangle shall be constant,, is an ellipse ; and if the constant 
be so chosen that the ellipse may touch the side opposite to 
the angle A in D, then 

CD : BD :: V : c\ 

17. With the notation of Art. 313, shew that the equation 
to the line through C and the centre of the circle is 

a cos P = j 8 cos A, 

18. Suppose in Art. 313 that D is the middle point of the 
arc AB) then the equations to BD and AD are respectively 

a sin C + 7 (sin A + sin B) = 0 ; 

j 8 sin C + 7 (sin A + sin B) — 0 . 

19. I 11 Art. 309, equation (4), if A\ P, C f be the points 
of contact of the triangle and conic section, shew that the 
equation to A!B’ is 

llL + 171V — 71W = 0 . 

20. In the figure of Art. 292, suppose u = 0 the equation 
XoAC, v = 0 the equation to BD, ana w = 0 the equation to 
EF, and that 

ZV + mV — ri V = 0 

represents a conic section passing through A , B, C, D ; then 
express the equations to the tangents at A, B, C, D, and also 
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to the lines AB , BC> CB> BA. Shew also that the line FO 
passes through the intersection of the tangents at A and B , 
and of those at C and B. 

21. Find the condition that the line 

\u + /av + vw = 0 

may touch the conic section • 

+ \Z{mv) + *J(nw) =0. 

22. Give a geometrical interpretation of equation (1) in 
Art. 304, and shew that it is a particular case of the theorem 
in Art. 317. 

23. Interpret the last equation in Art. 313; deduce the 
following theorem ; if from any point of the circle which 
circumscribes a triangle, perpendiculars arc drawn on the 
sides of the triangle, the feet of the perpendiculars lie in one 
straight line. 

24. If ellipses be inscribed in a triangle each with one 
focus in a fixed straight line, the locus of the other focus is 
a conic section passing through the angular points of the 
triangle. 

1 25. Three conic sections are drawn touching respectively 

each pair of the sides of a triangle at the angular points where 
they meet the third side, and each passing through the centre 
of the inscribed circle ; shew that the three tangents at their 
common point meet the sides of the triangle which intersect 
their respective conics in three points lying in a straight line. 
Shew also that the common tangents to each pair of conics 
intersect the sides of the triangle which touch the several 
pairs of conics in the above three points. 

26. With the angular points of a triangle ABC as centres, 
and the sides as asymptotes, three hyperbolas are described, 
having A\ S’, C' as their vertices respectively: prove that if 

AA' sin — = BB' sin CC' sin|, 
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the intersections of each pair of hyperbolas lie on the axis of 
the third. 

27. The necessary and sufficient condition in order that 
the equation la 2 + mf? + nrf = 0 may represent a rectajigular 
hyperbola is l + m + n = 0. 

28. Shew that V(^) + V(™/3) + *J(ny) = 0 represents in 
general an ellipse, parabola, or hyperbola according as 

. *»('+-+ 5 ) 

\a b cj 

is positive, zero, or negative ; where a, b, c denote the lengths 
of the sides of the triangle formed by a = 0, /3 = 0, 7 = 0. 

. 29. Shew that l/3y + mya, + mfi = 0 represents in general 
an ellipse, parabola, or hyperbola according as 

Pa 2 + m 2 b 2 + wV — 2 Imab — 2 mnbc — 2 nlca 
is negative, zero, or positive. 

30. Find the condition that the line 

1 

\u + fiv + vw = 0 
may touch the conic section 

lu 2 + mv 2 + riw 2 = 0. 

31. Find the fourth point of intersection of the conic 
sections 

Ivw + mwu + nuv = 0, 
and Vvw + mwu + riuv = 0. 

32. Shew that the equation to the radical axis of the 
circles inscribed in a triangle and circumscribed about it is 

a cosec A cos 4 ~ + fi cosec B cos 4 — + 7 cosec G cos 4 ~ — 0. 

2 2 A 

33. Find the equation to the diameter of the curve 

7/9 y + my a + wa/9 = 0 ‘ 

which passes through the point of intersection of the lines 
/9 = 0 and y=*,0. 
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34. Find the equation to the tangent to the curve 

V(fe) + V(™£) + V(«7) = °> 

which is parallel to the line 7 = 0 ; and thence shew that the 
centre of the curve is determined by 

« = ft = 7 

wc -f nb na + Ic lb + ma ’ 

35. From a point P two tangents arc drawn to a conic 
section meeting it in the points M and N respectively ; the 
line through P which bisects the angle MPN meets the 
chord MN in Q ; any chord of the conic section is drawn 
through Q ; shew that the segments into which the chord is 
divided by the point Q subtend equal angles at P. 
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CHAPTER XVI. 

SECTIONS OF A COffE. ANHARMONIC RATIO AND HARMONIC 
PENCIL. 

Sections of a Cone . 

324. We shall now shew that the curves which are 
included under the name conic sections , can be obtained by 
the intersection of a cone and a plane. 

Def. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which remains fixed. The fixed side is 
called the axis of the cone. 





Let OH be the fixed side, and OHC the right-angled 
triangle which revolves round OH. In order to obtain a 
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cone suclx as is considered in ordinary synthetical geometry, 
we should take only a finite line OG; but in analytical 
geometry it is usual to suppose OG indefinitely produced both 
ways. A section of the cone made by a plane through OH 
and OG will meet the cone in a line, OP, which is the 
position OG would occupy after revolving half way round. 
Let a section of the cone be made by a plane perpendicular 
to the plane BOG ; let AP be the section* A being the point 
where the cutting plane meets OG; we have to find the 
nature of this curve AP. Let a plane pass through any point 
P of the curve, and be perpendicular to the axis Oil ; this 
plane will obviously meet the cone in a circle BPE , having 
its diameter BE in the plane BOO. Let MP be the line 
in which the plane of this circle meets the plane section we 
are considering, M being in the line BE. Wince each of the 
planes which intersect in MP is perpendicular to the plane 
BOG , MP is perpendicular to that plane, and therefore to 
every line in that plane. 

Draw AF parallel to ED, and ML parallel to OB; join 
AM. Let AM=x, MP=y , OA = c, JfOG=a, OAM=0; 
the angle AML will be equal to the inclination of AM to OB , 
that is, to 7r — 0 — 2a. 


Now 


MB __ sin MA T) __ sin 0 # _ x sin 0 

MA sin MBA cos a 9 '' cos a 


EM = L L = FA - A L = 2 c si n a - A L ; 

AL _ sin AML _ sin (7 t~ 0 — 2a) 
AM~ sin ALM~~ . (tt \ 7 

~ k + V 


sm 


AL = 


x sin (0 + 2a) 


cos a 


EM = 2 c sin a — 


x sin (0 4- 2a) 


cos a 


But, from a property of the circle, MP* = EM . MB ; 

* x sin 0 . x sin (0 + 2a)\ 

9 cos a \ cos a ) 


cos a 
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If we compare this equation with that in Art. 282, we see 
that the section is an ellipse, hyperbola, or parabola, accord- 

sin 0 sin {6 + 2a) . . ... ,, , 

ing as —2— is negative, positive, or zero, that 

is, according as 0 + 2 a is less that tt, greater than n r, or 
equal to 7 r. 


Hence if AM is parallel to OB the section is a parabola, 
if AM produced through M meets OB the section is an ellipse, 
if A M produced through A meets OB produced through 0 the 
section is an hyperbola. 

If c = 0 the section is a point if 0 + 2a is less than 7 r, two 
straight lines if 0 + 2a is greater than 7 r, and one straight line 
if 0 + 2a = 7r. The section is also a straight line whatever c 
may be, if 0=0 or 7 r. * 

The equation above obtained may be written 


2 __ sin 0 sin (0 + 2a) (2c sin a cos a 
^ cos 2 a | sin (0 + 2a) 


x — x 


suppose 0 + 2a to be less than 7 r, so that the curve is an 
ellipse; then by comparing this equation with the equation 

y 2 = ^2 (2 ax — x 2 ) , we have 


2c si n q cos a V _ sin 0 sin (0 + 2a) 
sin (0 + 2a) * a 2 cos 2 a 


Thus 


_ c sin 2a , 2 __c 9 sin 2 a sin0 

a ~ sin (0 + 2a ) 9 sin (0 + 2a) 


Also 


P_ _ cos 2 a - {sin 8 {0+ a) - sin 2 a} _ cos 2 (0+ a) 
a 2 cos 2 a cos 2 a 


If wo suppose in the figure of Art. 324 that AM is pro- 
duced to meet the cone again in A\ then 2a = AA', as might 
have been anticipated; also b may be shewn to be a mean 
proportional between the perpendiculars from A and A! on 
the axis OH. Similar results may be obtained when the 
curve is an hyperbola. 
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Anharmonic Ratio and Harmonic Pencil. 


325. We will now give a short account of anharmonic 
ratios and harmonic pencils, which arc often used in investi- 
gating and enunciating properties of the conic sections. 

Let there be four straight lines meeting in a point ; then 
if any straight line ADGB be drawn across the system, 


AB DB 
AC : DC 


will be a constant ratio. 



Suppose 0 the point where the lines meet ; then 

AB _ sin A OB 

AC~smABd’ 


AC = sin ACC, 

AO sin AGO ’’ 

AB sin A OB sin AGO 
A G ~ sin A 0 G ' sin AB 0 ' 

DB sin DOB sin D CO 
■Similarly #C~ sinDOC' buiDBO’ 

AB DB _ sin A OB , sin DOB 
AXJ* DG~ am AOC ' sin I) 0(7’ 
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Now suppose any other straight line AD'C'B ' drawn 
across the system, then since AOB and A' OB' are the same 
angle, and so on for the other angles, we have 

AB JDB A' B' 1)'B' 

AC * DC* AC' : DC" 

which proves the proposition. 

Similarly wc can prove that each of the following is a 
constant ratio, 

AB CB AC BO 
AD 1 CD and AD : BD * 


326. Dees. Any four lines meeting in a point form a 
pencil . 

A straight line drawn across a pencil is called a trans- 
versal. 

a , , . AB DB AB CB 

Any one of the constant ratios ~JC^DC' AD* CD 9 

35 *~BI) 19 ca ^ c ^ a ? ratio of the pencil. 


The pencil is called harmonic if. AB . DC = AD .BC, that 
is, if the rectangle formed by the whole line {AB) and the 
middle part {DC) is equal to the rectangle of the other two 
parts (3 jD), {BC). 


327. The harmonic pencil is so called because it divides 
any transversal harmonically. F or since AB . DC = AD . BG } 

AB BC 
AD DC' 

that is, if we call AB, AC, AD, the first, second, and third 
quantities respectively, the first is to the third as the differ- 
ence of the first and second is to the difference of the second 
and third. 

When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 
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We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as the anharmonic ratio of the pencil. 

328. Suppose OA, OB, 00, OB form an harmonic pencil; 
if we take any new origin O, and join O' A, O'B, O' G, O'D , 
these four lines form a new harmonic pencil; for the trans- 
versal ABCB is cut harmonically. 

329. The anharmonic ratio of a pencil is not altered if 
the trausversal meet the lines of the pencils produced, instead 
of the lines themselves. 



Suppose OA, OB, OG, OB to be a pencil, and let a 
transversal A'B' O'B' meet three lines of the pencil, and the 
fourth AO produced in A'. The angles A' OB', A OB are 
supplemental ; and so are A OB, A' OH ; and so on. Hence 
any anharmonic ratio formed on ABCB is equal to the cor- 
responding ratio formed on A'B' C'B\ 

330. Suppose AB. CB^AB.BC, so that OA, OB, OC, 
OB form an harmonic pencil.’ By the last proposition 

AB 1 O'B* AB OB 
AH* C'H~AD ’ CD~ l; 

. .\ OA, OB', OC', OH form an harmonic pencil. 

T.„c. S. 20 
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Similarly OC, OB\ OA', and BO produced through 0 
will form an harmonic pencil. Thus from one harmonic 
pencil by producing the lines through the vertex, we can 
derive four other harmonic pencils. 

331. The lines whose equations are a=0, /8=0, a— 7o8=0, 
a 4- k/3 = 0 form an harmonic pencil. 



Let OM be the line a = 0, 


ON 

0-0, 

OP 

© 

II 

s 

1 

OQ 



Let a transversal meet the pencil in mpnq ; then (Art. 72) 

sin POM , _ sin QOM 
sin PON ~~ sin (J ON 1 

sin POM sin QON 
sin PON * sin Q O)$~~ * ’ 


(as in Art. 325) 

pn qm 



pm . qn =pn . qm. 
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The same result will follow if we draw the transversal in a 
different position. The harmonic pencil is so formed that its 
outside lines are always one of the two a = 0 and 0 = 0, and 
one of the two a — 7c0 = 0 and a + k0 = 0. 

332. The anharmonic ratio of the four lines a = 0, 0 = 0, 
a-k0 = O, a + 7c 0 = 0, is ~ . 

For as in the preceding article we have 
sin POM 7 sin Q OM _ , , 
mPON “ ’ sin <2 ON ~ ; 

k 

therefore, by Art. 326, jy expresses the anharmonic ratio. 


333. Article 331 will also hold if the equations to the 
lines be u = 0, v = 0, u — 7cv = 0, and u + kn = 0. For, by 
Art. 57, we have u = Xa, v = jul0, where X and fi arc constant 
quantities ; hence the equations u — ko — 0 and u -f kv = 0 
may be written Xol — kfi0 = 0 and Xa + kfi0 = 0, or a — 7c 0 = 0 

and a + 7c 0 = 0, where k ' = ^ . Hence Article 331 becomes 

immediately applicable. 


334. The four lines EB, EC, EG, EF, in Art. 76, form 
an harmonic pencil ; for their equations are 

u = 0 , w = 0 , lu — nw = 0 , lu -f mo = 0 . 

By symmetry FB, FA, FG , FE, will also form an harmo- 
nic pencil. 

Also GD, GC, GF, GE form an harmonic pencil, for their 
equations are respectively 

lu—mv = 0, mv — mo = 0, lu — mv — (wt? — nw) = 0, 

Zu — wv + mt> — ma = 0. 


335. A straight line drawn through the intersection of two 
tangents to a conic section is divided harmonically by the 
curve and the chord of contact* 


20—2 
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Refer the curve to the tangents as axes ; its equation will 
be of the form (Art. 293) 


S + !- 1 ) + ^=° w- 


Suppose a straight line drawn through the origin, and let 
its equation be (Art. 27) 


* = l =r 
l m 


Thus the distances" from the origin of the points of inter- 
section of (1) and (2) will be the values of r tound from the 
equation 

(J+T-* ■)+*--«. 

»' (j + ^ " (3)- 

If r' and r" be the roots of the equation, we have 

?+£-»(jr+f) <*>• 

Also the equation to the chord of contact is 

H- 1=0 <«• 


Hencfc for the distance (r x ) of the point of intersection of 
(2) and (5) from the origin, we have the equation 

lr. mr ; * 1 l m M 

ot ?,-S + I (*)• 

From (4) and (6) we have 

2 = I, A 

“ >t f 

T x T T 

thus r l is an harmonic mean between r' and r". 
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Since LMNO is divided harmonically, if from any point in 
AB we draw lines to L f N f and 0 } these lines with An form 


o 



an harmonic pencil. A particular case is that in which the 
point in AB is the intersection of the tangents at N and X, 
which we know will meet on AB. (See Arts. 103, 186.) 


336. Let A, B, C, D be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on AB, P the perpendicular from the same point on BC, 
7 on CD, S on DA. Then by Art. 317 we know that 
wherever P may be, 017 bears a constant ratio to /3S. Now 
A^P . a = twice the area of the triangle PA B 

^PA.PB.sinAPB; 

PA . PB . sin APB 


a = 


AB 


Similar values may be found for /8, 7, S. Thus 

PA. PB. PC. PD . Arju . 

T Yr-yr n sin APB . sin CPD 

AB. CD 

bears a constant ratio to 

PA. PB. PC. PD . „„„ . 

zttt — a i\ sin BPC. sin DPA : 

BC.AD 

sin APB . sin CPD . , - . . ., , 

— • — tytTa 13 constant, that is, the pencil drawn 

from any point P to the four points A, B, <7, D, has a constant 
anharmonic ratio. 
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CHAPTER i. 

8. Tiie co-ordinates of D are (x x 4- xj and \ (y l + y„). The 
co-ordinates of G are J (x } + x 2 + x A ) and J {y x + y 2 + y 3 ). 

10. Let v and 0 be the polar co-ordinates of C. Then the 
angle AOC - the angle BOG ; that is, 0-0 x -0 2 -6; 0=^(0 l +6 a ). 

Again, from the known expression for the area of a triangle 
(see Trigonometry, Chapter xvi.), we have 

triangle AOB = ^ r x r a sin ( 6 2 - 6 1 ), 
triangle AOC = %r x r sin ( 0 - 6 x ) y 
triangle BOG = \rjr sin (0 2 — 0). 

Thus r x r 3 sin (0 2 - 0 ,) = r x r sin (0 - 6 X ) + r 2 r sin (0 2 - 6) 

= r(r l + r J )sin 4(0, -6>); 
r (r, + r„) = 2r 1 r 2 cos £(0, - 6,). 

CHAPTER III. 

!• (1) y + 2a? = l, (2) x = 2. (3) y-x. (4) * = 0. 

2. y-4 =- 3(aj-4), y-4 = |(*-4). 

3. y-l = U3-2)x, y-l=-{JZ + 2)x, 

4. y=«, y=-x. 5. y=~x, x = 0. 

6. 90o, x=-i, y = §. 7 . 60°. 8. 45*. 

9. y = *(as-a). 10. y = ®. 11. 2J2. 
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12 . 


ah 


13. 


ah . 

x = y = . 

a + h 


i4 

a‘ b^a b 


VK+&V 

15. (1) The origin. (2) Two straight lines, y - x and y a;. 

(3) Two straight lines, ic=0 and x + y = Q.. (4) The axes. (5) Im- 
possible. (6) Two straight lines, x - 0 and y = a. 16. (1) Two 
straight lines, x — a and y - h. (2) The point (a, 6). (3) The 

point (0, a ). 17. The lines y~ x and y = 3a*. 10. 4 y~5x, 
and 3y + 2x -20-0. 20. Let a be the length of the side of 

the hexagon ; the equations are to AH, y - 0 ; AO, y J3 - x\ 
AD, y — x J3 ; AD, x = 0 ; A F, y + x J3 = 0 ; HO, y — J3 (x — a) ; 
HI), x - a • BE, y + J3 (x - a) --- 0 ; BF, y J3 + x - a - 0 ; CD, 
y + x J3 - 2a J3 ; OF, y J3 + x - 3a ; OF, 2 y a J3 ; 1)E, 
y = J3a; DF, y J3~x-2a‘, EF, y-xJ3 = aJ3. 21. If 
{ X i, 2 / 1)3 v)i ( x ji V?) ho tlie angular points, the co-ordinates of 


X "I - X 'll -4- ?/ 

the point midway between the first and second are ----- , - ; 

2 2 

similarly the co-ordinates of the point midway between the second 
and third points are known ; and then the required equation cau 

be found by Art. 35. 22. - „ tan to. 24. - + \ = 1, 

J m - 1 ah 

X = % : tangent of the angle between them - . 29. The 

ah* * a-b- 


jgoints whose abscissae are a + ^ J(a 2 4 - h s ) and a - ^ J(a a + b*). 

31. ~+C~~ 35. 36. F (6) - 0 gives a system 

of^Hnes througl^thc origin; sin 30- 0 gives the three lines y- 0, 
2/== ^^3, if=^oc\J3. ' 40. The second pair of lines bisect the 
angles includfedlby the first pair. 44. r Let ABO be the triangle ; 4 
take At fof tlf^ origin and lines through A parallel to the two 
given^ines as axe*; lgt v\, s y} be the co-ordinates of B, and x g , y 9 
those of C. Then it may be shewn that the equations to the three 
diagonals mentioned are 

(*-*.)> y-y,=-%*> y-y^-~ x > 

from these equations it may be shewn that the three diagonals 
meet in a point. 45. Take 0 as origin and use polar equations 



312 


ANSWERS TO TIIE EXAMPLES. 


to the given fixed straight lines. 46. Let x x be the abscissa of the 
point of intersection of the two lines ; then the area of the triangle 
is -c,) 47. This may be solved by Art. 11. Or we 

may use the result of the preceding question ; for by drawing a 
figure we shall obtain three triangles to which the preceding 
question applies, and the required area is the difference between 
two of these triangles and the third. The result is 

L - ( c .- c .)* , ( c a — c ») 3 \ 

(2 (m a - m ,) 2 (to, - to s ) 2 (to, - to,) J ’ 

which may also be written thus 

T {c, K - m s ) + c, (to, - to 3 ) + c a (to, - m, )}» 

2 K - m .) K - «».) K - m .) 

That sign should be taken which gives a positive result. 


CHAPTER IV. 


1 . 


a b"' a' b f 


7. Since the required lino is parallel to the line considered in 
Example 5, we may assume for its equation 

a cos A - ft cos B + k ~ 0, 

where h is some constant to be determined. How at the middle 
point of AS, we have 

c ^ c 
- a = - sin B } -J3 = -sin A ; 

J £ 

c c 

therefore — 5 sin B cos A + - sin A cos B + h = 0 
& Z __ 

thus k is determined. •• £ ~ t ' 

13. (mu' — m'n ) u + (rd' - n'T) v + (lm f — J'm) w = 0. 

14. ab (u - v) + c (b + a) 10 = 0. 

*15. Assume for the required equation la + + ny = O^at the 
centre of the inscribed circle a= fi = y ; thus Z + m + w = 0 ; at the 
centre of the circumscribed circle a, /?, y are proportional respec- 
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tively to cos A, cos B, cos C ; thus l cos* A + m cos B + n cos C = 0. 
Hence the required result may be obtained. 

18. To CP, 2mv — nw = 0 ; to DP , 2£m — 2ww? + nw = 0 ; 
to AQ , lu-2mv + 2nw~Q ; to BQ , /w - 2mv- 0. 

23. It may be shewn that if u 0, v = 0, w-.z 0 denote the 
sides of the triangle, the lines AP, BP y CP may be denoted by 
mv — nw = 0, nw -lu — 0, and lu — mv = p respectively ; then 
the equations to the other linos can easily be expressed. 

24. Take a = 0, j3 = 0, y - 0 to represent the sides of the 
triangle A 'B'C'; then the equations to PC, CA , AB will be respectively 
ft + y - 0, y + a-0, a + /3 = 0. Then the equation to A A' will bo 
ft — y = 0, so that A A' is perpendicular to BC. 

25. Tlio equation to 00 ' is ft — y = 0 ; take (3 — y - Aa ---• 0 
for the equation to the line drawn through D. Then it will be 
found that the equation to OF is ft — y — A (a — y) = 0, and that 
the equation to 0 f E is ft — y - \ (a + ft) 0. Thus at the point P 
we have f3--y. The same relation holds at the point Q . 

CHAPTER Y. 

1. (^ + y7 = a 2 (*'-/). 3. y'*=cJM~£. 

I ^ 

4. y'* sin* a -- iax. 6. By Art. 83, we have 

sin(u> — a) sin(cD — (3) , sin a , sin (3 

m = — r - , n = r — , m = - — , n= - - . 

sin of • sin o) sm a> sin o> 

CHAPTER VI. 

1. (1) Co-ordinates of the centre 2 and -2, radius 3. 

(2) Co-ordinates of the centre - 3 and f , radius \ . 

2. The first line meets the circle at the points (— 4, 3) and 
(3, - 4) ; the second at the points (0, — 5) and (— 5, 0) ; the third 
touches it at the point (— 4, — 3). 

5. o # -cc(a5 / + a;' / ) + y*-2/(y + i/') +a/aj" + ^y' = 0. 

8. For determining the abscissae of the points of intersection 
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we have x 2 ( 1 ~ (b —k) x — 2ax + & 2 — 2bk = 0 ; if the line 

touches the circle we must liavo {kb — hu) 2 + 2kli (ka+lib) = h*k*. 
9. 2y + Sx - 0. 14. a? + y 2 — xy~ hx — = 0. 

15. Inclination of axes 120°; co-ordinates of the centre each = h ; 
radius ~ h. 1C. Inclination of axes 60°; co-ordinates of the 

centre each --- \ ; radius - . 17. x* + y 2 + xy J2 -9 = 0. 

6 % J6 

1CI . j .. A 0 J(h* + h 2 - 2 hk cos c.») 

18. x* + y* + xy + x + u-\ = 0. 19. v - ' 

2 sin to 

23. x 2 + y 2 = a (x + ; r = ^ cos ^0 - . 27. A circle. 

28. Use the equation in question 26. 29. Using polar 

co-ordinates, we have 

r + r 2 + a 2 — 2m cos 6) = |r 2 + a 2 - 2m cos ^ — 

reduce and we get 2a cos ^0 - 0 j =0; thus the locus is 

the circle circumscribing the triangle. 

30. sin 2 a + sin 2 /3 + sin 9 y + . . . = cos 3 a -f cos 2 /3 + cos 2 y + ... 
and sin 2a + sin 2/3 + sin 2y + . .. =0. 

32. If the perpendiculars are both on the same side of the line 
the locus is a circle ; if on different sides the locus consists of two 
straight lines. 33. A circle. 34. A circle. 36. Solve 
the quadratic in r ; it will be found that r = 2a cos 6 or — a sec 6 ; 
thus the locus consists of a straight line and a circle. 


38. Take the extremity of the diameter as the pole ; it will 
follow from Example 37, that the tangent at P is represented by 
the equation Itacos 8 a~r cos (2a — 6 ), and the tangent at Q by the 
equation 2c cos 2 /3 = r cos (2/3 - 0). These tangents meet at 1\ so 
at tha't point we have 

cos (2a - 0) _ cos ( 2/3 - 0) 
cos 8 a ~ cos 2 /3 9 

from this we shall find tan 0 = 

2 cos p cos a 
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so that if C be the centre of the circle Ct - • 

2 cos p cos a 

Hence we can shew that Cq -Ct - Ct - Cp . 


CHAPTER YII. 


. - urtry 

4. x - y, and x + y = 7 . 

° a f b 

5. Let y - r/w; be tho equation to one line ; then 

Xr^;-v ••• -<*— 

i ?/ 

this is a quadratic for finding m, and we may replace m >y - . 
C. 4V + 6V + A 3 «c + -16V - 2ACuc - M (Ac + Ca) - 0. 


CHAPTER YIII. 

1. y-2x. 2. if=rmx~x\ 3. Tho locus consists 

of two parabolas of which the centre of the circle is the common 
focus, and the directrices are the two tangents to the circle which 
are parallel to the fixed diameter. 4. The second curve is 
a parabola having its axis coinciding witli the negative part of 
Ihe axis of y, the curves intersect at the origin and at the point 
a— 4a, y= -4a. o. y = x-\-a. 0. tan" 1 &. 7. y+x^3a. 

8. At the point (9a, - 6a); length 8a J2. 9. y-2aJS, 

x = Sa. 11. The abscissa of the required point is 0 or 3a. 
13. The curve is a parabola having its axis parallel to that of y, 
and its vertex at the point x^^y=\- The line is a tangent at 
the point 1, y = 0. - 20. Abscissa of required point is 

JL (^ r + y^j , ordinate - + y^j \ length of chord —fi + V )*’ A 

22. Locus 2«* = 23 - 

the parabola to PT and the diameter at P as axe£* B S«*'.A*k V 

25 See Art. 155. 27. Transform equation (1) of Art. 12# 

cos 6 * ./(cos 20) 

to polar co-ordinates, and we shall deduce r - 2a q 
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28. Use the result of the preceding example. 

29. r= 2a — Q - ! b - ^T' - C0S . 30. The locus is a pa- 

cos 8 6 

rabola; sec Art. 147. 32. Jx + fy = f(a2 f2). 

33. (y' - xy~8ax J2 = 0. 34. x*+y*-x(a+x')~yy' + aoi - 0. 

37. Use the result of example 5, Chap. vi. 41. The equation 

to one tangent can be written y = m (x + a) + ^ , (see example 40), 

and that to the other y = - — (x + a!) — aim, By eliminating m 

we have for the required locus x + a + a! = 0. 42. Take for the 

joquation to the chord y = mx + n ; then to find the abscissa of the 
(middle point of the chord we must take half the sum of the roots 

I of the equation (mx + n) 2 = 4 ax ; so that the abscissa is • 

* Now since the chord touches the parabola y 2 = 8 a (x—c) the equa- 
tion (mx 4- n ) 2 8 a (x — c) must have equal roots; by means of this 

I condition it can be shewn that — — J^ = c. 44. Form the 

' m 

equation which determines the ordinate of a poijit in a parabola 

such that the normal shall . pass through a given point ; the equa- 
tion will be a cubic. 45. The tangents of the inclinations to 
the axis of x of the three normals that can be drawn through a 

point (xj y) are determined by the equation m n + m ( 2 — - ) + - =0. 

See Art. 1 35. Suppose m x , m a , m 3 the roots of this cubic, then by the. 

theory of equations m x + m g + m a = 0, m a m 3 + mjn x + m x m a = 2 - ~ , 

m x mjm 3 = — ^ ; if two of the normals are at right angles we may 

put m g m a = - 1; from these equations by eliminating m lf m a , and m. A> 

, we find y*-a(x — 3a). 46. By the breadth is meant the distance 

it. llJi. T>S\ APT & ~ 4flA 


between the two tangents which are parallel to PQ. 47. 


N /(^+4a a ) • 


55. The equation y = mx + —represents a tangent to the parabola ) 
if this passes through the point (h, k) we have k = mA+^; also 
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m ~~x^h y w ^ ere ( x > y) is any point on tlie tangent; thus 
i y — h a(x—h) . 

K ^ZTj h h i thw will give the first form of the equation. 

The second form may be deduced from the first ; the student will see 
hereafter what suggested the second form ; sec Arts. 321 and 322. 
•)6. The equation y 2 = 4 ax represents the parabola; and the equation 
hy — 2a.x = 2ah represents the chord of contact ; hence the equation 
(Jcy — 2 ax) = 2ahy* represents some locus passing through the 
intersection of the parabola and chord ; then see Art. 61. 

CHAPTER IX. 


!• * 2. y + ex = a ; the intercept on the axis of 

a . x 

x--j and the intercept on the axis of y = a. 3. y + <xc* = - . 

i 

4. The excentricity is determined by e 4 + e* = 1. 5. y = - (a; + a ) ; 

6 b £c b 

the lines are parallel if 2e 2 =l. 6. y--^(x-ae) ; 

the abscissa of the point of intersection is ^ — y . 

r 1 +e y 

* 7. y—(l+e)(*-«);taa-* 8 . . 

J v M 1 + e + « a(l+e) — 2ea; 

9. The co-ordinates of the point are 2 = - (7 ~-— , « = . 

V(a’+ 6") „/(«'+ 6) 

10. The co-ordinates of the point are x =*■ , y=z 

S/* SI* 

19. It will be found that the circle falls entirely without the 
ellipse if the inclination of the two parallel straight lines to the 

major axis be greater than tan” 1 ~ . 22. ? cos ^ + s ; n ^ \ , 

25. The co-ordinates of the required point are x = 

y = ~— — *P: the lines are parallel when e 4 + e*=l. 

6 - ae 

28. a? , + y*-a(ae + a/)-yy , + (wa/=0. 30. If the point (A, A) be 
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between tlie directrices, the sum of the perpendiculars is - ■■ ----- - • 

K +0 /t ) 

if the point (h, h) be not between the directrices, the sum of the per- 
pendiculars is 5 t ^ 1G u l ) I )er or * ower s ig n being taken 

according as h is positive or negative. 31. A circle having its 
centre at the centre of the ellip.se and radius =a + 5. 

32. y = J(a 2 + b*)> See Art. 171. 34. Locus is the 

circle x“ +y a ~ a 2 + b 2 } this may be deduced from the second part 
of example 33. 35. See remark on Ex. 55 of Chap. vm. 

42. The first part of this example may be solved by finding the 
equation to the line passing through the points of intersection of 
tho two ellipses. 45. x 2 + y 2 = (a 3 + b 2 )^ (x + y). 4G. Let 

h t h be the co-ordinates of an external point ; the equation 
to the corresponding chord of contact is a 2 Jcy + b~hx ~ a 2 b 2 ; the 
equation to the line through (h t k) perpendicular to the chord is 
{if — lc) b*h ~ a 2 k (x — h). We require that the latter line shall be 
a tangent to the ellipse ; the necessary condition may be found by 
comparing this equation with the equation y — mx + J(m 2 a 2 + b 2 ) ; 
thus we shall obtain for the condition /Pa 6 + h*h* — h 2 k 2 (a 2 — b 2 ) 2 . 
48. a 2 (y 2 + 2 yh) + b 3 (x 2 + 2xh) = 0. 52. An ellipse. 53. The 

locus is an ellipse ; if A be the origin, AB the axis of x , each of the 
co-ordinates of the focus is equal to half the radius of the circle. 

54. . 55. Put a cos for x and b sin for y in the 


preceding result (Art. 168); then the greatest value is 

2 b 

57. Let P denote a point on the ellipse, and Q the centre 

of the circle inscribed in the triangle SPH ; then if y' be the 

ordinate of P it may be shewn that the radius of the circle whicji 

area of triangle SPH / ei/ \ ... . A _ _ 

: : — 7 ttt”: j this is the ordinate of Q. 

semiperimeter oi triangle 1 + e 

Let trf be the abscissa of P, then it may be shewn that the ab- 
scissa of Q is ex' ) thus it will be found that the required locus is 
an ellipse. 58. Find the point in which SZ meets the normal 
.at P; also find the point in which HZ f meets the normal at P; 
it will then appear that the points coincide. 
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CHAPTER X. 


1. xb (bx — ay) + ya (ai/+ bx) - aV. 2. Refer the ellipse 
to the diameter arid its conjugate as axes. 3. Sec Art. 11. 
8. r (train 2 0 + b s cos 2 0) - 2 ah* cos 6. 0 and 10. Use the re- 

sult of 8. 12. Result the same as that in Ex. 11. 13. They 


intersect when 6-0 and when 0 = . Tl. The equations to 

2 

the tangents at the ends of the latera recta are (Art. 205) 

/• ( e cos 6 + sin 6) - a (1 - c B ) ; r (sin 6 - e cos 6)~a( 1 + c 2 ) ; 

r (e cos 6 - sin 6) - a (l - e 2 ) ; r (sin 6 + e cos 0) - - a (1 + e s ). 

The equations to the tangents at the ends of the minor axis are 
rsintf- b; rsin0 = -&. 15. A straight lino through S. 

See Art. 205. 17. cos 0 - - r— 7 , r ~ a (1 + ee). 18. Be- 

1 +ee 9 v 1 

tween ^ and 20. See Art. 208. 22. The sine of the 

a b 

angle between the radius vector from the centre and the tangent 


is ^ , where p 2 (a~ -f b 2 - r 2 ) ~a 3 b 2 by Art. 196; then the least value 


ip 

of may be shewn to be when 2r 2 -a 3 4 b 2 . 29. It may be 

shewn that the axis of the parabola must coincide with one 
of the axes of the ellipse, hence the latus rectum will be either 
2a a 2b* 

i — 7 a: or -rr-j — 31. An ellipse. 32. An ellipse. 

35. Use the polar equations to PQ and pq ; see Art. 205. 
38. Two of the sides- of the parallelogram are determined by the 

equations ^ cos <f> + sin <f> = ± 1, and the other two by the 


equations - cos <£' + 1 sin <£' = ± 1 ; see example 22 of Chap. ix. 

It may be shewn that the diagonals of the parallelogram inter- 
sect at the centre of the ellipse ; then if the centre of the ellipse 
be joined with two adjacent corners of the parallelogram the 
triangle thus formed is one fourth of the parallelogram; and 
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the area of the triangle is known by example 7 of Chap, l 

41. The abscissa is ^ T a ^- , and the ordinate — - — . 42. The 
b a 

coordinates of the intersection of the tangents are found in 
Ex. 41 ; call them It and h , then use the second form given in 
Ex. 35 of Chap. ix. 44. The greatest value may be found by 
substituting for x' ar.d y their values from Art. 168 ; it is 
ab (J2 — 1). 47. An ellipse. 48. An ellipse referred to 

its equal conjugate diameters. 51. This may be solved by 
means of Ex. 50. Or we may take the usual axes, then if x, y' be 

the co-ordinates of P those of M will be a and - ; 

a* +6* a a +6 a 

those of A will be — ^ and • Hence the solu- 

a + 6 a*+b * 

tion can be completed. 

CHAPTER XI. 

1. y* — 3sc a =-3a a . 2. A straight line. 


CHAPTER XII. 


3. Let a line be drawn through the focus meeting the hyperbola 

in P and p and the asymptotes in Q and q ; then it may be shewn 

„ 2a(e*-l) 2a sin a a ^ 2a sin a sin 0 , 

that Pp = - — t 27 ; = — s tt; , Qq= - * 57 T, and tlie 

r 1 — e cos 0 cos a — cos 0 cos a — cos 0 

required length is half the difference of Pp and Qq. 4. Take 

the centre of the circle as the origin, AB as the axis of x, and a 

diameter parallel to PQ as the axis of y ; then the locus is given 

by the equation y*=x*— a* } and is therefore a rectangular hyperbola 

referred to conjugate diameters. 9. By example 53 of Chapter ix 

we shall obtain tana = — (& + a)* tan® a = &* - 4aA ; 

h + a 

(A + a)* sec a a = Jc* + (A — a) s . 10. Both the diameters must 
meet the curve j it will be found that this requires the conjugate 
axis to be greater than the transverse axis. 
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CHAPTER XIII. 


1. The equation may be written (x — 2y) (x — 2y — 2 a) — 0, and 
therefore represents two parallel straiglit lines ; a lino parallel to 
them, and midway between them, will be a lino of centres. 
b c 

2. A = g, ^ = 3. Two parallel straight lines. 4. A 

parabola. 5. An hyperbola if the angle A is less than 

2 


an ellipse if it is greater than x , a straiglit lino if it is equal to 

2 2 


6 . The equation to the hyperbola is a s y s = a% 2 - 4 ab 9 x + 36V; tho 
asymptotes are determined by the equations ay = ±(x — b 

8. The locus is then a straight lino which coincides with the 

g J 2 11 rp„„-. 1 


equal axes. 10. IJso Art. 205. 11. 


. . 13. Tan- 1 - 

4 b 


14. {ay + x 2a.pp'x - a* (fi + ft) y + 0. 

17. (1) A circle about the other focus of tho given ellipse as 
centre; (2) an ellipse about tho other focus of the given ellipse 
as focus, and having the same excentricity as tho given ellipse, 
ifc. The equation is (y — 3x + 1) (y — 2x -f 4) = 0, and therefore 
represents two straight lines. 24. Use the result given in the 
last example to Chap. vm. 26. The equation may be written 
(x 2 + y 2 + ocyJ2- a a ) (x* +y*~xy J2 - a 8 ) = 0. 


CHAPTER XIV. 

2. Each locus is an ellipse. 4, 5, 6. Use the equation 

a? if 

in Art. 294. 7. The equation to the ellipse is ^ 1 ; 


xh yh 


the equation to the chord of contact is + ~-=*l > hence the 


equation — a + 


a? v' 


= ”7 + TT represents some locus passing through 


a- b a a* 6* 

the points of contact. 10. The equation to tho hyperbola 
T. C. S. 21 
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is (y - Jc) b 9 x = {x-h) a*y . 1 2. Let y', denote the two ordi- 

nates which correspond to the same abscissa a/; then 

y' = -bocf+ J{b 9 xf 9 - ax' 9 +/), y" = - hoi - sj(b*x' 9 - ax' 9 +/). 
The equations to the normals are, by Art. 284, 

(y - y) {ax! + by') = (y' + bx') (x - a/), and 

by addition (e& - 6 s ) cc' (y + 26a/) + 6/*= 0 ... (1) ; 
by subtraction b (y + bx') - {a- b 9 ) x' =-x — x\ 

therefore a/ (1 + 26* - a) = x - 6y (2). 

Substitute the value of a/ from (2) in (1) and the required equa- 
tion will be obtained. The locus is an hyperbola. 13. Locus 
a conic section, which passes through II and R, and through the 
intersection of the fixed lines. 18. A circle having its centre 
on the line joining the two points. 19. Two loci, an ellipse, 
and a parabola. 20. A circle. 23. See Art. 293. 

26. Use the equation to the parabola given in Art. 294, and 
the equation to tho circle given in Example 21 to Chap. VI. 

29. r sin 26 = c. 30. x + y^x^ = a 9 . 32. See Example 

30 to Chap. x. 35. An ellipse. 37. In the first case the 
locus is a circle; in the second it is a straight line. 38. A circle 

6V v 9 

having its centre at II, 44. ^ = 1. 46. The equa- 


tion is y 9 = 4a(x- 8a). 50. The line - - v = 0, bisects the 

a b 

chord of contact, and is therefore parallel to the axis of the para- 
bola ; if through the point {a, 0) a line be drawn making the same 
angle with the tangent at that point as the axis makes, the focus 
must be in this line ; y {a + 26 cos <d) + 6 (x — a) = 0 is the equation 
to this line. Similarly we can draw a line through the point 
(0, 6) which will also contain the focus. 52. We may take for 
the equation to one normal y = mx — am - am 9 , and for the other 
x = m'y—am'—am' 9 } also m =-m. Then by addition y+x=m(x-y)i 
Substitute for m in the first equation and reduce ; thus we obtain 
2a (x + y) = (x — y) 9 . 53. We have to eliminate m between 


y-?7W5=- 


m {a 9 - 6*) 
J{a 9 +m 9 b*)* 


and my+ x =s 


m (a 9 — b 9 ) 
^/(mV+6*) 
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Square and add ; we shall obtain after reduction 


(a a + b a ) (a°-by 


a‘b‘ (to — + (a 8 + li 1 )* 


•(!)• 


Also {y - mx) a (a a + m a b a ) ~ {my + x) a {m a a a + V ) ; 
by reduction we obtain 

(«V- 6V) (*»") = ~ 2a ^ (a"+V) (2). 

From (1) and (2) 

(a* + ft 2 ) (x 2 + y 2 ) (< % 2 y 8 + 6V) 2 - (a 2 - 6 2 ) 8 (a a y 9 - b 2 x 2 ) 2 . 

5 4. Suppose the figure in Art. 102 to represent the ellipse 
and the conjugate diameters. Take the equation in Example 23 
of Chapter ix. for the equation to the normal at P, and an ana- 
logous equation for the normal at I). Let Q denote the point of 
intersection of these normals, and x, y its co-ordinates. Then it 
will be found that 

ax = (a 2 - b 2 ) sin cos </> (sin $ - cos <f>) 9 
by = ( b 2 - a 2 ) sin cos tf> (sin </> + cos <£). 

Similarly we can determine the co-ordinates of the point of inter- 
section of the normals at P and D ; denote this point by R . Then 
express the area of the triangle CPR , which is one-fourth of the 
required area. 

55. Take the centre of the square as the origin, and the axes 
parallel to the sides of the square. Then for the equation to the 
circle take x 2 +y 2 = 2a 2 , and for the equation to the conic take 
y*— a* = X(as a — a 2 ). The equation to the tangent to the circle at 
the point (as,, y x ) is xx l 4- yy x = 2a 2 . The equation to the tangent 
to the conic at the point (x\ y') is yij - Xxxf = a 2 (1 - X). These 
equations must represent the same line. Hence eliminating X 
and x x and y x we shall arrive at an equatibn which determines’ 
the required locus. It will be found that this equation may be 
written 

{(x* +y' 2 - 2a 2 )} {a 2 (x' 2 + t/ 2 ) - 2afy 8 } = 0. 

56. The former part follows from Art. 288. For the latter 
part proceed thus. Let a perpendicular be drawn from H on 
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the tangent TQ, and let R denote the intersection of this per- 
pendicular with SQ produced. Then SR = SQ + QR = 2a : and 
TR = TH. We have to find the value of the perpendicular from 
2^6n SR ; denote it by r ; then r2a = twice the area of the trian- 
gle TSR. Let TS= c v and TR or Til — c g ; then by using the 
known expression for the area of a triangle in terms' of its sides, 
we have 4 m - J(2 c*fi£+ Safe* + 8 a 2 c s 2 - c*- c*- 16a 4 ). This will 
lead to the required result. Or thus. Let cj> denote the angle 

between HP and TP; then we shall have r = TP sin <£ = TP x 

(jJU 

where CD is conjugate to CP; see Arts. 181 and 193. Audit 
may be shewn by Art. 208 that 



CHAPTER XY. 


6. Ja + + Jy ~ 0. 10. The equation to the conic sec- 

tion being lfiy+ mya + nap = 0, that to A'JB is (m + n) a + ly = 0, 
that to A'C is (m + n) a -\- Ifi = 0, and that to A!B is 
(m + n)a + (l-bn)P-ny=Q. 13. Imn + 1=0. 

I .m n ^ 24. Suppose the focus S is to lie on the 


21 


m n A 

+ — + - = 0 . 

A ft V 


line la + mj$ + ny = 0. Let a', [X, 7/ denote the values of a, ft, y 
respectively for the other focus H of one of the ellipses. Then, by 
Art. 181, aa = ppl =77'= the square of the semi-axis minor. Hence, 

substituting in the given equation we obtain jv + + * = 0, that 

is, If jy + +wa')3' = 0. This shews that tho locus of H is a 

conic section passing through the angular points of the triangle. 

25. It will be found that tho conic sections may be repre- 
sented by the equations 

(1) /Jy — a 8 = 0, (2) ya — /J 8 = 0, (3) a/J-y 8 «0. 

Now, (1) may be written p (y + P - 2a) - (a - p)*= 0, 

( 2 ) y(a + y-2/J)-(/? — y)* = 0, 

(3) a08 + a-2y)-(y-a)* = O; 
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this shews that the tangents to the conio sections at the common 
point are given by 

^ — 2a = 0, a + y — 2)3 = 0, /J + a — 2y = 0 ; 

these three linos intersect respectively the lines a = 0, )3 = 0, y = 0, 
in three points which all lie in the line a + /3 + y = 0. Again, (1) may 
be written $ (y + 4a + 4)3) - (a + 2)3)* = 0, and (2) may be written 
a (y + 4a + 4)3) - ()3 + 2a) 8 = 0 ; and this shews that y + 4a + 4/3 = 0 
is a common tangent of (1) and (2), and this common tangent 
meets y = 0 at the point where )3 4- a - 2y = 0 meets it. And so on. 

2G. The equation to the iirst hyperbola is /3y = AA'* sin 8 —; 


sinfilarly for the others. 27. See Art. 274. 

*' '0 28 and 29. These may be solved by taking oblique axes coin- 
ciding with the sides of the triangle. For instance, consider 29. 

have aa -f 6/3 ■+• cy = — ab sin C. Tlius the equation may be 
^Tritten c/ia/3 - (Z/3 + ma) (ab sin G + aa 4- 6)3) = 0 ; and taking CA 
for the axis of x , and CB for the axis of y, wo have a = x sin C, 
/3~y sin C. Substitute for a and /3 and then to the equation in 
x and y we may apply the ordinary test ; see Arts. 272 and 278. 


A 2 u 2 

30. t + - 
l m 


+ - = 0 . 


** 31. u (mri - m'n) = v (nV — n'F) = w (lm'~ I'm). 

32. Let S x = 0 be the equation to the inscribed circle, S g - 0 
the equation to the circumscribed circle, these equations not being 
necessarily in their simplest forms; see Art. 110. Then, if k be 
a suitable constant, <3, — hS g = 0 will represent the line required. 
In this way we shall have 

9 4 A mJB f 4 0 0 /j *B p G 

a 8 cos 4 g + /3 cos 4 ^-fy cos 4 ^ - 2/3y cos* ^ cos* -g 

0 9 C a A 9 A 9 B 

- 2ya cos* ^ cos* - 2a p cos* cos* -g 


-k(J3y sin A + ya sin B -f a)3 sin (7) 

= (aa -f 6/3 -f cy) (/a + wi/3 + Tiy), 

where Z, rc are to be found. Then by comparing like termB we 
can find Z, m, n. 
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33. It may be shewn that the equation 

nfl+my _ly + na 
a b 

represents a diameter; for this equation represents a line passing 
through the intersection of the tangents at A and B y ancf'through 
the middle point of AB. Hence the centre of the conic section is. 
determined by 

n{$ +my _ ly + na _ ma+lft 
a b ~ c y 

and then the required equation can be found. It is 

(L _ y 

m (al — bm + cn) n(al+ bm — cn) * 

34. Assume for the required equation y — constant, that^j. 
y ~k (aa + bp + cy\ Then by applying the result of Example 21 wcj. 
shall obtain for the required equation (lb + ma) (aa + 6/3) - naby 

35. The equation to the conic section may be taken to dP 
aft = ky*- } and the equation to the line PQ will be a - /J = 0. The 
equation to the chord will be a - £ = h'y. Thus h (a - /3) 8 = k f *af$ 
will represent the lines joining P with the points of intersection of 
the chord and the conic section. From the symmetrical form of 
the last equation we infer that one line makes the same angle 
with the line a = 0 which the other makes with the line /3 = 0. 


THE END. 
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